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Abstract. Many different atmospheric, physical and chemical processes are affected by ions. An important sink for
atmospheric ions is the reaction and mutual neutralisation of a positive and negative ion, also called ion-ion recombination.
While the value for the ion-ion recombination coefficient α is well-known for standard conditions (namely 1.7 · 10–6 cm3 s–1),
it needs to be calculated for deviating temperature and pressure conditions, especially for applications at higher altitudes of the
atmosphere. In this work, we review the history of theories and parameterisations of the ion-ion recombination coefficient,
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focussing on the temperature and pressure dependencies and on the altitude range of between 0 and 20 km. Commencing with
theories based on J. J. Thomson’s work, we describe important semi-empirical adjustments as well as field, model and
laboratory data sets, followed by a short review of physical theories that take the microscopic processes during recombination
into account, including a molecular dynamics approach. We present a comparison between all theories, parameterisations,
field, model, and laboratory data sets to conclude on a favourable parameterisation. While many theories agree well with field
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data above approximately 10 km altitude, the nature of the recombination coefficient is still widely unknown between Earth’s
surface and an altitude of 10 km. According to the current state of knowledge, it appears most reasonable to assume a constant
value for the recombination coefficient for this region, while we recommend using a parameterisation for altitudes above
10 km. Overall, the parameterisation of Brasseur and Chatel (1983) shows the most convincing results. The need for future
research, be it in the laboratory or by means of modelling, is identified.
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1 Introduction
Earth’s atmosphere is not only a neutral mixture of gases, but also contains gas-phase ions that are crucial to the phenomena
of atmospheric electricity. They play a central role in meteorological processes in thunderstorms (Sagalyn et al., 1985),
maintaining the global atmospheric electrical circuit (Harrison, 2004), the formation of aerosol particles with the ion-induced
nucleation mechanism (Hirsikko et al., 2011), and the propagation of radio waves in the ionosphere (Basu et al., 1985), to
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name but a few processes. It is, therefore, important to understand the production and loss of atmospheric ions. There are
several sources of ions in the atmosphere, of which ionisation by galactic cosmic rays (GCRs) is the most important
(Bazilevskaya et al., 2008). Close to the ground, ionisation by the radioactive decay of radon as well as lightning are further
sources of atmospheric ions (Viggiano and Arnold, 1995). Further, minor sources of ionisation in the atmosphere include solar
cosmic rays (also called solar energetic particles, SEPs) and magnetospheric electrons (Bazilevskaya et al., 2008). The two
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important sinks for atmospheric ions are the reaction of a positive ion and negative ion, the so-called recombination, as well
as the condensation of ions onto aerosol particles (Viggiano and Arnold, 1995). The ion-ion recombination coefficient α
describes the reaction rate of the recombination of a positive and negative ion in the gas phase; its unit is cm3 s–1, which is used
throughout this work unless noted otherwise.
In this work, we summarise the history and fundamentals of the theory behind ion-ion recombination in Sect. 2, followed by a
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description of empirical adjustments to the theory in Sect. 3. We focus on the applicability of the theory to atmospheric
conditions, especially for the troposphere and lower stratosphere, i.e. in an altitude range of 0 to 20 km. In Sect. 4, we highlight
2

https://doi.org/10.5194/acp-2021-795
Preprint. Discussion started: 3 November 2021
c Author(s) 2021. CC BY 4.0 License.

the most important advancements with respect to limiting sphere theories and describe their potential for the determination of
the ion-ion recombination. We compare the available parameterisations and theories with field data, laboratory data and a
model simulation for this range in Sect. 5, to conclude, finally, on the best parameterisation available today and to identify the
45

demand for future research in Sect. 6.

2 The fundamental theories
The theoretical foundation of the recombination of gaseous ions was laid down by J. J. Thomson and Ernest Rutherford. The
theory based on their approach is referred to as Thomson theory in the literature. In their work “On the Passage of Electricity
of Gases exposed to Röntgen Rays”, Thomson and Rutherford (1896) discuss, for the first time, the sources and sinks of ions
50

in the gas phase. In their experimental setup, the source of ions are X-rays while the sinks are the recombination of negative
and positive ions as well as losses to the electrodes. They describe the temporal change of the number concentration of ions n
according to Eq. (1):
d𝑛
d𝑡

= 𝑞 − α𝑛2 − 𝐿 ,

(1)

where q is the ion production rate, α is the ion-ion recombination coefficient, and L is the loss rate to the electrodes. This
55

formula already includes the assumption that the number concentrations of negative and positive ions, n– and n+, are about
equal and, therefore, the product n–n+ can be simplified to n2. They conclude that when the electrode current is small (L ≈ 0)
and the system is in a steady state (dn/dt = 0), the number concentration of gas-phase ions can be calculated in a simple way
(Eq. (2)):
𝑞

𝑛2 = .

(2)

𝛼
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As per today’s convention, q is the production rate for ion pairs so that n in Eq. (1) and (2) must be specified to be either n+ or
n–, not to be confused with ntotal = n+ + n–. Equation (2) can be rearranged to determine α when the ion pair production rate and
the number concentration of positive or negative ions are known. A few years later, in 1906, the Nobel Prize in Physics was
awarded to J. J. Thomson for his studies on the electrical conductivity of gases.
Soon after Thomson and Rutherford’s publication, several experiments to determine the ion-ion recombination coefficient
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were pursued by different scientists. It was shown that α is dependent on the chemical composition of the surrounding gas, as
well as on the temperature and pressure. Here, we focus on experiments in air. Many of these first approaches have been
reviewed by Lenz (1932), who himself had developed a sophisticated experimental setup in order to control losses due to
diffusion and deposition on walls. It is remarkable that even during this time, the determined values of α are similar to the one
used today and have not changed significantly since then. For standard conditions, i.e. 0 °C and 1013 hPa, Thirkill (1913)
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determined a value of 1.7 · 10–6 cm3 s–1, while Thomson (1924) determined a value of 2.0 · 10–6 cm3 s–1. Lenz (1932) reported
(1.7 ± 0.1) · 10–6 cm3 s–1 for the conditions of 18 °C and 1013 hPa. The value for α used nowadays is 1.6 · 10–6 cm3 s–1 (e.g.
Franchin et al., 2015) and is taken from Israël (1971) (which is the English translation of the first edition in German: Israël
3
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(1957)). In addition, Gardner (1938) reported the value of 2.1 · 10–6 cm3 s–1 for pure oxygen, 1013 hPa and 25 °C. Sayers
(1938) reported a value of 2.3 · 10–6 cm3 s–1, while Nolan (1943), who has also reviewed previous works, concluded on
75

1.4 · 10–6 cm3 s–1. Within a particular uncertainty range, these values do agree quite well and no further ado appears to be
necessary to discuss this value. However, the values for α differ tremendously when temperatures are lower than 0 °C and
pressures are lower than 1013 hPa, as Lenz (1932) has already shown. Nevertheless, a correct value for α is crucial for the
analysis of field data and for the calculations of atmospheric models at higher altitudes in the atmosphere where temperatures
and pressures are different from ground level. This calls for a good understanding of the mechanisms involved in ion-ion
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recombination and a solid parameterisation of α.
In a later work, Thomson (1924) explains his theory in more detail and provides a kinetic derivation of the recombination
coefficient. In his approach, recombination occurs when the two oppositely charged ions collide with a neutral molecule of the
surrounding gas within a certain sphere d around the ions. This sphere will be subject to a more detailed discussion in Sect. 4.
Here, it is defined as the sphere in which the ions of opposite signs experience Coulomb attraction (Loeb, 1960). Thomson
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deduced that α is dependent on the average speeds of the two ions, v+ and v–, respectively, according to Eq. (3) for low pressures
and Eq. (4) for high pressures:
𝛼 = 2𝜋 ∙ (𝑣+ 2 + 𝑣− 2 )0.5 ∙ 𝑑 3 ∙ (

1
𝜆+

+

1
𝜆−

),

(3)

where the pressure is low, i.e. d λ–1 is small, and where λ+ and λ– are the mean free paths of the positive and negative ions,
respectively. d is the radius of the (equally large) spheres around each of the ions, in which the collision occurs. This will be
90

discussed later.
𝛼 = 2𝜋 ∙ (𝑣+ 2 + 𝑣− 2 )0.5 ∙ 𝑑 2 ,

(4)

where the pressure is high, i.e. d λ–1 is large. From these equations, Thomson (1924) deduced that the recombination coefficient
is proportional to the pressure for low pressures (because of the sum of the reciprocal mean free paths of the ions), whereas it
is independent of the pressure for high pressures. This was supported by the measurements of Thirkill (1913) who found α to
95

be proportional to the pressure throughout the measurement range of approximately 200 to 1000 hPa. Thus, the pressure regime
of 1013 hPa and below is included in the low-pressure scenario. The transition pressure from the low-pressure to the highpressure regime is clearly above 1013 hPa and, thus, beyond the concern of atmospheric application. The temperature
dependence is given as α ~ T–2.5 for low pressures and α ~ T–1.5 for high pressures because d ~ T–1 and v+,– ~ T0.5 (Thomson,
1924). Hence, the recombination coefficient decreases with rising temperature for pressures below 1013 hPa. For the
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troposphere, this leads to a somewhat counterbalancing effect on α for increasing altitudes when both the temperature and the
pressure drop simultaneously.
Another approach to explain the recombination of ions was introduced by Langevin (1903a, 1903b) whose ansatz is based on
the speeds of ions in an electrical field, as opposed to the thermodynamic approach of Thomson. To account for the

4
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effectiveness of collisions of a negative and positive ion with regard to recombination, Langevin introduced the ratio of
105

successful recombinations per collision, εL, which is included in the formula proposed by him to determine α (Eq. (5)):
𝛼 = 4π ∙ (𝜇+ + 𝜇− ) ∙ 𝜀L ,

(5)

where μ+ and μ– are the ion mobilities of the positive and negative ions, respectively, defined by Eq. (6a) and (6b):
𝑣+ = 𝜇+ ∙ (𝐸 +

𝑒
𝑟2

𝑣− = −𝜇− ∙ (𝐸 +
110

),
𝑒

𝑟2

(6a)

),

(6b)

where v+ and v– are the speeds of the positive and negative ions, respectively, E is the external electrical field, and e · r–2 is the
electrical field produced by the ions. Here, e is the elementary charge and r is the distance between the two ions of opposite
charge (Langevin, 1903a). The consideration of the recombination efficiency leads to an adapted term for the recombination
sink (Langevin, 1903a), shown in Eq. (7):
d𝑛±
d𝑡
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= −4π ∙ (𝜇+ + 𝜇– ) ∙ 𝜀L ∙ 𝑛+ ∙ 𝑛− .

(7)

Langevin (1903b) further determined the pressure dependence of εL (and, thus, of α). For 1013 hPa, εL = 0.27 and εL ~ p2 (and,
thus, α ~ p2) for pressures below 1013 hPa. This, however, is in contradiction to Thomson (1924) who stated that α ~ p for low
pressures. Loeb and his colleagues later argued that the assumptions made by Langevin to calculate εL are based on incorrect,
sometimes even antithetical assumptions. They even stated that this correction factor was only introduced to make the
experimental results fit the theoretical ones. The application of Langevin theory is only considered valid for very high pressures
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(above approximately 10 atm) (Loeb and Marshall, 1929; Gardner, 1938; Loeb, 1960) and is, thus, not within the focus of this
work.
Loeb and Marshall (1929) greatly advanced and refined the Thomson theory. They introduced the concept of a ternary, or
three-body, recombination (without calling it this way). This means that the collision of the two ions of opposite sign needs a
neutral collision partner to dissipate excess energy. This mechanism is opposed to the two-body, or binary, recombination
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where two ions recombine upon collision without energy dissipation by a third body. Loeb and Marshall (1929) introduce a
probability term, similar to Langevin, for collisions leading to recombination, extending Eq. (4) to a more refined Eq. (8):
𝛼 = 𝜋 ∙ 𝑑 2 ∙ (𝑈+ 2 + 𝑈− 2 )

0.5

∙ [1 −

𝜆2

2𝑑

2𝑑

𝜆

−2𝑑/𝜆
∙(
2 ∙ (1 − e

2

+ 1))] ,

(8)

where the ratio 2d ⸱ λ–1 is defined as x. With a number of assumptions and simplifications, and together with validation from
experimental work, Gardner (1938) summarised the previous findings and advanced them to a set of equations (Eq. (9) to (12))
130

that contain macroscopic quantities that are more accessible for direct observation:
𝛼 = 1.9 ∙ 10−5 ∙ (

273 1.5
𝑇

)

1 0.5

∙( )
𝑀

∙ 𝜀T , where

(9)

𝜀T = 2𝑤 − 𝑤 2 ,
𝑤 = 1−2∙

(10)

[1 − 𝑒 −𝑥′ ∙ (𝑥′ + 1)]
𝑥′2

, and

(11)
5
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𝑥′ = 0.810 ∙ (
135

273 2
𝑇

) ∙(

𝑝
760

)∙

𝜆air
𝜆

,

(12)

where T is the temperature in K, M is the molecular mass in amu, εT is the recombination probability upon collision, p is the
pressure in Torr, λair is the mean free path of the surrounding air, λ is the mean free path of the ions, and the ratio λair ⸱ λ–1 = 5.
Here, x is not defined by the ratio of d and λ anymore, but by T, p, and the ratio λair ⸱ λ–1, and is therefore denoted as x’.
Importantly, Loeb and Marshall (1929) also discuss the limitations of their approach. Firstly, the exact masses of the ions are
unknown, as clustered ions and ions from impurities in the sample gas can also occur. This has a non-negligible effect on the
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value of the recombination coefficient. They argue that this circumstance could be the reason for the variation of results
between different authors. Apart from the difference in ion mass, the property of free electron pairs in the surrounding gas may
also influence the recombination (Loeb and Marshall, 1929). Secondly, based on the observation that at low temperatures, the
measured α value is much smaller than the calculated one, they discuss whether the presumed power of –1.5 for the T
dependence might be overestimated.
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Table 1: Selection of ion-ion recombination theories described in detail by Loeb (1960).

Theory

Pressure range

Conditions

Langevin

100 to 20 atm

d > r0 > λ

p and T
dependence
p–1, no T dep.
–1

Langevin-Harper

20 to 2 atm

r0 > d > λ

p , no T dep.

Thomson

1013 to 0.01 hPa

r0 > d ≈ λ

p–0.5, T–1.5

< 0.01 hPa

λ > r0 > d

no p dep., T–0.5

Collision cross
section

Description
both ions inside d, no diffusive approach
diffusion towards d, collision inside d certain
random diffusive approach, finite collision
probability ε
collision probability ε ≈ 0, collision driven by
cross section (ionosphere)

A detailed overview of the different theories and their experimental validations can be found in Loeb (1960) (second edition
of Loeb (1955)) where he discusses ion-electron and ion-ion recombination. For the latter, cases of α particle- or X-ray-induced
ion production are also described that feature a non-uniform spatial ion distribution. Until the beginning of the 1980s, it was
150

hypothesised that, in general, ions are not uniformly distributed in the atmosphere, because the ions are produced along the
GCR paths and diffusion may not be sufficiently fast. Bates (1982) showed that ions are mixed sufficiently rapidly in the
atmosphere so that the assumption of a uniform ion concentration of the “volume recombination” theories, described in the
following, is valid. In Table 1, a selection of recombination theories discussed in detail by Loeb is given. Above atmospheric
pressure, Langevin theory is applied. Loeb subclassifies it, firstly, to the range of 20 to 100 atm where there is no diffusional
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approach of the ions towards each other because they are already within the Coulomb attractive radius d and, secondly, to the
range of 2 to 20 atm (called Langevin-Harper theory), where the initial distance of the ions r0 is greater than d and so they first
have to diffuse towards each other. The subsequent collision inside d is almost certain because of the high pressure. For the
pressure range of 0.01 to 1013 hPa, i.e. for the lower and middle atmosphere, Thomson theory is applicable. Here, the initial
6
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distance of the ions is greater than d and the mean free path λ, therefore a random diffusive approach is necessary. Within d,
160

the collision probability ε is less than 1. Below 0.01 hPa, i.e. in the ionosphere, the collision probability becomes almost 0 and,
thus, the collision is then governed by the collision cross section. For super-atmospheric pressures (i.e. in the Langevin regime),
α is dependent on p–1 and almost independent of T (for p = const.). In the Thomson regime (i.e. from 1013 to 0.01 hPa), α is
dependent on p–0.5 and T–1.5, while in the cross section regime (i.e. < 0.01 hPa), it is independent of the pressure and dependent
on T–0.5. The radius d is derived from equalising the Coulomb potential energy (e2 d–1) and the thermal energy of motion of the
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surrounding molecules and ions in the absence of an electrical field, 1.5 kBT (Loeb, 1960), as shown in Eq. (13):
𝑑=

𝑒2
1.5 ∙ 𝑘B 𝑇

.

(13)

Loeb (1960) stresses that the pre-factor value of 1.5 for the thermal energy is debated, ranging from 1 (Tamadate et al., 2020),
1.5 (Thomson, 1924), and 2.4 (Natanson, 1959a) to 6 (Loeb and Marshall, 1929), amongst others. Loeb and Marshall (1929)
approximate the radius d to be in the order of 10 nm when the value of 6 kBT is used for the thermal energy. Thus, a rough
170

estimate of 10 to 60 nm for d can be derived from different Thomsonian theories.
A detailed derivation of all theories and the above mentioned equations is given within Loeb (1960). In his work, the only
variation in the Thomson parameterisation for α from the one presented by Gardner (1938) is the first factor in the formula for
the recombination coefficient, as shown in Eq. (14):
𝛼 = 1.73 ∙ 10−5 ∙ (

175

273 1.5
𝑇

)

1 0.5

∙( )
𝑀

∙ 𝜀T .

(14)

Israël (1957) has further altered this parameterisation. He also included the few experimental data available at that time into
his parameterisation. In the derivation of the formula, he used the normal value of 1.6 · 10–6 cm3 s–1 for α, however, he did not
include a reference for this. Furthermore, he stated that the recombination of small negative and small positive ions are
accompanied by the recombination of small and big ions and, also, of small ions with neutrals, so that a whole equation system
of recombination rates would result. He proposed the slightly altered parameterisation of the small ion recombination according
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to Eq. (15):
𝛼 = 1.95 ∙ 10−6 ∙ (
𝑓(𝑥′) = 1 −

4
𝑥′2

273 1.5

∙ 𝑓(𝑥′), where

(15)

∙ [1 − 𝑒 −𝑥′ ∙ (𝑥′ + 1)]2 ,

(16)

𝑇

)

where x’ is given in Eq. (12) and λair ⸱ λ–1 ≈ 3 for air. The molecular mass is not included anymore. Note that Gardner (1938)
and Loeb (1960) used the value of 5 for λair ⸱ λ–1.
185

In the course of time, additional sinks for atmospheric ions, other than the ion-ion recombination process, have been discussed.
Lenz (1932) explained the strong deviations observed between several experimentally derived values for α by the authors’
negligence of losses due to their experimental setups, for example, by wall losses. In addition, the attachment of ions to aerosol
particles suspended in the surrounding gas has been found to cause problems in the quantification of α, especially in field
studies performed in the atmosphere (Rosen and Hofmann, 1981; Morita, 1983), while Franchin et al. (2015), who conducted
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chamber experiments, included the aerosol sink and wall losses to their calculations. Nevertheless, the theory of ion-ion
recombination experienced more advances in the decades following Loeb, Gardner and Israël, as discussed in the next section.

3 Empirical adjustments to Thomson theory
The next important theoretical step in order to understand and predict the ion-ion recombination was to investigate further the
different influences of binary and ternary collisions on the recombination coefficient. Smith and Church (1977) determined
195

the recombination rates of NO+ and NO2– in an experimental setup for different temperatures and pressures typical for the
atmosphere. They inferred the binary (α2) and ternary (α3) recombination rates for different altitudes. They found that above
30 km, where air is less dense, the binary recombination is dominant, while below 30 km, where air is denser and three-body
collisions become more likely, the ternary recombination is more important. For ground level, they determined a rather high
value of α3 = 3 · 10–6 cm3 s–1. Interestingly, the total ion-ion recombination rate is almost constant throughout the whole
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troposphere according to their work. Only above 10 km, does the value decrease until an altitude of about 50 km. With regard
to the temperature, they determined a dependency of T–0.4 from their data for binary recombination. For the ternary
recombination, they expected a dependency of T–2.5 to T–3, while Fisk et al. (1967) even determined T–4.1 in a recombination
experiment with Tl2I+ and TlI2–. Smith and Church (1977) have inferred an equation for the binary recombination from further
experiments (Eq. (17)), which was later adapted by Bates (1982) (Eq. (18)):

205

𝛼2 = 6.8 ∙ 10−7 ∙ 𝑇 −0.4 and
𝛼2 = 5 ∙ 10−8 ∙ (

(17)

300 0.5
𝑇

) ,

(18)

where T is in K. Furthermore, Smith and Adams (1982) presented a parameterisation valid for the altitude range of 10 to 60 km;
this is simple because it only depends on the altitude, as Eq. (19) shows:
ℎ

𝛼 = 1.63 ∙ 10−5 ∙ 𝑒 −7.38 + 5.25 ∙ 10−8 ,
210

(19)

where h is the altitude in km. The two terms of Eq. (19) represent the ternary and binary recombination, respectively.
Bates (1982) criticised that the binary and ternary recombination rates had been erroneously considered additive in previous
works, stating that both processes are not independent of each other. Instead of the binary recombination rate α2, he defined
the enhancement due to the binary channel, Δα2, and calculated α3, Δα2, and the resulting total recombination coefficient, αT,
in a Monte Carlo simulation for altitudes between 0 and 40 km. Interestingly, Smith, Church, Adams and Bates have never

215

cited the works of Israël (1957) or Lenz (1932). It seems that the two latter authors have been overseen, probably because they
published their works in German (however, Israël’s textbook was translated into English in 1971). This is especially remarkable
as Bates (1982) determined αT to be 1.67 · 10–6 cm3 s–1 at ground level which is in striking agreement with Israël (1957)
(1.6 · 10–6 cm3 s–1) and Lenz (1932) ((1.7±0.1) · 10–6 cm3 s–1). Instead, Bates referred to Sayers (1938) (2.3 · 10–6 cm3 s–1) and
Nolan (1943) (1.4 · 10–6 cm3 s–1) whom he thought to be the first experimenters to quantitatively and accurately determine α.

8
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By that time, science was in urgent need of correct and altitude-resolved values for the recombination coefficient. Arnold and
Fabian (1980) presented a method to calculate the concentration of gaseous sulfuric acid from measured concentration ratios
of the ambient HSO4– and NO3– ions. The recombination coefficient, which describes the sink for ions, forms part of the
formula (see Arnold and Qiu (1984) for a more detailed derivation). Until the early 1980s, this method was the only way to
determine the concentration of trace gases, such as sulfuric or nitric acid, in the different layers of the atmosphere.

225

The need for an experimental investigation in the atmosphere was answered by Gringel et al. (1978), Rosen and Hofmann
(1981), and Morita (1983). Gringel et al. (1978) conducted balloon-borne measurements of the air conductivity and the
ionisation rate q. They reported a recombination coefficient of 1.4 · 10–6 cm3 s–1 at ground level and 4 · 10–7 cm3 s–1 at 25 km
altitude. Rosen and Hofmann (1981) and Morita (1983), on the other hand, measured the positive ion number concentration n+
directly along with the ionisation rate q. Thus, Rosen and Hofmann’s data, being available earlier than Morita’s, were
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considered to be the most reliable ones at that time because they measured the relevant parameters simultaneously (Arijs,
1983). Applying Eq. (2), they calculated α for different altitude levels. The derived data points followed a profile suggested
by theory that accounted for both binary and ternary recombination. However, below 9 km the derived values for the ion-ion
recombination were unexpectedly large. As the authors themselves wrote, in the troposphere, the losses of ions due to aerosol
particle attachment have to be taken into account, otherwise the loss due to ion-ion recombination is overestimated when using

235

Eq. (2); this is why only the values above 9 km are reliable. Nevertheless, these measurements have led to further adjustments
of the parameterisations, such as the ones by Arijs et al. (1983) and Brasseur and Chatel (1983). Arijs et al. (1983) presented
a formula that contains two terms, accounting for binary and ternary reactions, as shown in Eq. (20):
𝛼 = 6 ∙ 10−8 ∙ (

300 0.5
𝑇

)

+ 1.25 ∙ 10−25 ∙ [M] ∙ (

300 4
𝑇

) ,

(20)

where T is in K and [M] is the number density of air molecules (representing the pressure dependence), given by Eq. (21a):
240

𝑝

[M] = 9.656 ∙ 1018 ∙ ( ),

(21a)

𝑇

where [M] is in cm–3, p is in Torr, and T is in K. It can be converted to Eq. (21b) when the pressure unit of hPa is used instead:
𝑝

[M] = 7.243 ∙ 1018 ∙ ( ).

(21b)

𝑇

Independently, Brasseur and Chatel (1983) proposed a very similar formula that only differs in the factor of the ternary
recombination term (Eq. (22)):
245

𝛼 = 6 ∙ 10−8 ∙ (

300 0.5
𝑇

)

+ 6 ∙ 10−26 ∙ [M] ∙ (

300 4
𝑇

) .

(22)

Due to the T–1 dependence of [M], the ternary recombination coefficient ultimately shows a T–5 dependence in Arijs et al.
(1983) and Brasseur and Chatel (1983), which is even stronger than previously discussed.
In the same year, Morita (1983) conducted measurements comparable to Rosen and Hofmann’s. Morita also found reasonable
results for altitudes above 6 km and a strong disagreement of the observed results from the theoretically expected ones below
250

6 km for the above-mentioned reason. Bates (1985) synthesised his earlier model results and the measurements by Morita to
define another parameterisation that is merely dependent on the altitude, as shown in Eq. (23):
9
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𝛼 = 5.33 ∙ 10−6 ∙ 𝑒 −0.111 ∙ ℎ ,

(23)

where h is the altitude in km and which is valid for the range of 10 to 25 km. Below 10 km, α is expected to be constant at
1.7 · 10–6 cm3 s–1.
255

In parallel, Hickman (1979) developed another approach to determine α. Based on a complex potential model, the neutralisation
of two ions of opposite sign is determined by an electron transfer from the negative to the positive ion, taking into account
internal electron excitation changes. In the semi-empirical Eq. (24), α depends on the temperature T, the reduced mass m and
the electron affinity EA of the negative ion, i.e. its electron detachment energy:
𝛼 = 2.28 ∙ 10−5 ∙ (

260

𝑇
300

)

−0.5

∙ 𝑚−0.5 ∙ 𝐸𝐴−0.4 ,

(24)

where T is in K, m is in amu, and EA is in eV. Miller (1980), however, cites Hickman (1979) with an adapted formula (Eq.
(25)) for T ≤ 1000 K:
𝛼 = 5.33 ∙ 10−7 ∙ (

𝑇
300

)

−0.5

∙ 𝑚−0.5 ∙ 𝐸𝐴−0.4 .

(25)

Due to the mass and electron affinity dependencies, the recombination coefficient can vary by an order of magnitude or more,
e.g. from (49 ± 20) · 10–6 cm3 s–1 for NO+ + O– to (4.1 ± 0.4) · 10–6 cm3 s–1 for CClF2+ + Cl– (Hickman, 1979). The temperature
265

dependence of T–0.5 is in agreement with the binary mechanisms of Smith and Adams (1982), Arijs et al. (1983), and Brasseur
and Chatel (1983), while the mass dependence of m–0.5 is in accordance to Gardner (1938) and Loeb (1960). The dependence
on the electron affinity is unique compared to the other approaches. More recently, Miller et al. (2007) have taken on this
approach and conducted further experiments. They state, however, that the amount of data is insufficient to stringently prove
the equation or improve the exponents.
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More recently, Franchin et al. (2015) reported experimental data for the recombination coefficient for atmospheric conditions.
They have examined the dependency of α on the temperature, relative humidity RH, and the number concentrations of sulfur
dioxide, [SO2], and ozone, [O3], in a series of chamber experiments. Their experimental setup did not allow for pressures below
1013 hPa, therefore, it is not directly possible to derive new insights with regard to processes in the upper troposphere or
stratosphere. However, they did show that α is dependent on RH; with increasing relative humidity, the recombination

275

coefficient decreases. At 70 % RH, α is 2.0 · 10–6 cm3 s–1 which is within the known range of uncertainty; however, for 7 %
RH, it is as high as 8.1 · 10–6 cm3 s–1 (both at 20 °C). They convincingly explain this by an increase in ion sizes with increasing
RH. With a higher humidity, more water ligands are added to the ion cluster and, thus, its size and mass increases while its
mobility decreases. This effect could not be reproduced quantitatively by any theory (Franchin et al., 2015). Their data also
revealed the temperature dependence of α: at 20 °C, the value was (2.3 ± 0.7) · 10–6 cm3 s–1 and, at –55 °C, it was

280

(9.7 ± 1.2) · 10–6 cm3 s–1 (both at 40 % RH). Unfortunately, the standard deviations of the data points are large, thus, any
temperature dependence derived from the four data tuples is inaccurate in itself. Nevertheless, we derived a temperature
dependence of T–3 from their data. This is in a similar order of magnitude to the findings of Smith and Church (1977) (T–2.5 to
T–3) and is still comparable to Arijs et al. (1983) and Brasseur and Chatel (1983) (both teams: T–5) for the ternary recombination,
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considering that ternary recombination is the predominant process at atmospheric pressure. Besides this, the recombination
285

coefficient was found to be independent of [O3] and [SO2].
Since 1985, several physicochemical laboratory experiments have been conducted to shed light on the mystery of the
recombination processes; this will be discussed in the next section. However, further improvements of the parameterisation
for direct application in the atmosphere have not been made thereafter. One reason could be that the need for this value has
become less urgent, since, from that year, trace gases could be measured directly in their neutral forms (Arnold and Hauck,
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1985). In addition, most of the parameterisations were in good accordance for the altitude range of 10 to 40 km (Arijs, 1983)
so that no further improvement appeared to be necessary. As yet, for the troposphere, experimental validation of the
parameterisations remains open until this day. The best estimate available is the assumption that α remains constant between
0 and 10 km due to the cancellation of the opposing temperature and pressure effects.

4 Limiting sphere theories
295

As shown in the previous sections, there was a strong focus on developing semi-empirical parameterisations for the ion-ion
recombination coefficient within the atmospheric community. On the other hand, in the physical chemistry community, the
search for more refined theories progressed further. This research soon encompassed ion-aerosol attachment processes and it
became apparent that the microscopic mechanisms in the close vicinity of the ions and aerosol particles before and during
collision could not be ignored when developing the recombination theory. The limiting sphere approach appeared to be
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advantageous to study these processes theoretically. In short, the limiting sphere is the area around an ion in which the collision
with the second ion of opposite charge occurs. The limiting sphere and its radius are defined slightly differently depending on
the theory. A sphere of radius d, in which the recombination happens, has already been described by Thomson (1924), as
mentioned earlier (see Eq. (3) and (4)). In Fig. 1, we depict a schematic for the limiting sphere and the relevant associated
processes. In Fig. 1 (a), an ion (white circle) approaches the ion in the centre (black circle) which has the opposite charge. The
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approaching ion experiences its last collision with a neutral gas molecule approximately one mean free path away from the
limiting sphere. When entering the limiting sphere, the white ion collides with another neutral gas molecule, a process also
called three-body trapping, because the gas molecule, which is the third body, “traps” the white ion inside the limiting sphere
of the centre ion. However, not all of these collisions lead to the recombination of the two ions. This probability is accounted
for in many theories. Two possible outcomes of the third-body collision are shown as cases 1 and 2 in Fig. 1 (b). Note that this

310

depiction of the limiting sphere is just for illustration purposes; the different definitions will be discussed below. While a
comprehensive review of all the theoretical work, model simulations and experiments that have been carried out on this topic
is beyond the scope of this work, we would like to highlight the most important milestones and recent discussions in order to
identify the potential of these approaches for their application to the lower atmosphere.

11

https://doi.org/10.5194/acp-2021-795
Preprint. Discussion started: 3 November 2021
c Author(s) 2021. CC BY 4.0 License.

315

320

Figure 1: Schematic of the limiting sphere, based on López-Yglesias and Flagan (2013) and Tamadate et al. (2020). The black point
in the centre represents an ion and the white point represents an ion of opposite sign, while the grey circles represent neutral gas
molecules. The inner dotted circle δ is the limiting sphere, while the outer dotted circle δ + λ describes the radius of the inner sphere
plus one mean free path of the white ion. The spheres are defined differently in various theories; this schematic depicts one option
of many. a) The approaching white ion experiences its last collision with a neutral gas molecule outside the limiting sphere, on
average one mean free path away from the surface of the limiting sphere. b) The white ion collides with another neutral gas molecule,
this time leading to it entering the limiting sphere. In case 1, it collides and subsequently recombines with the black ion of opposite
sign. In case 2, no ion-ion collision and recombination occur and the white ion leaves the limiting sphere.

Natanson (1959a) (English translation of the original in Russian: Natanson (1959b)) developed a theory to unify Thomson’s
(low pressure) and Langevin’s (high pressure) approaches. The original formula is given in the Gaussian CGS system of units,
325

however, Tamadate et al. (2020) provided an SI version of Natanson’s equation, as shown in Eq. (26).
𝑒2 ∙𝜆

𝑒2

𝜋∙𝑑 2 ∙𝑣rel ∙𝜀N ∙[1+4𝜋∙𝜀 ∙𝑑∙(𝑑+𝜆)∙𝑘 𝑇]∙exp(4𝜋∙𝜀 ∙(𝑑+𝜆)∙𝑘 𝑇)
0
0
B
B

𝛼=

𝜋∙𝜀0 ∙𝑑2 ∙𝜀N ∙𝑘B 𝑇
𝑒2 ∙𝜆
𝑒2
∙[1+
]∙[exp(
)−1]
4𝜋∙𝜀0 ∙𝑑∙(𝑑+𝜆)∙𝑘B 𝑇
4𝜋∙𝜀0 ∙(𝑑+𝜆)∙𝑘B 𝑇
𝑒2 ∙𝜆

, with

(26)

1+

8∙𝑘B 𝑇

𝑣rel = √

𝜋∙𝑚

,

(27)

𝜀N = 2𝑤 − 𝑤 2 ,
𝑤 = 1+2∙|
330

𝑥=

2∙𝑑
𝜆

(28)

exp(−𝑥)
𝑥2

+

exp(−𝑥)
𝑥

−

1
𝑥2

|, and

(29)

,

(30)

where d is the ion-ion trapping distance, vrel is the mean relative thermal speed of the ions, εN is the probability that one ion
collides with a gas molecule while the other ion is at a distance < d (also named “absorption coefficient”), ε0 is the vacuum
permittivity, kB is the Boltzmann constant, and m is the reduced mass. Note the use of the absolute value in Eq. (29), which is
otherwise identical to Eq. (11). According to Gringel et al. (1978), εN = 1 at the Earth’s surface and decreases with increasing
335

altitude (0.75 at 10 km and 0.28 at 20 km).
In order to use Natanson’s theory, the trapping distance as well as the mean free path of the approaching ion must be known.
Hoppel and Frick (1986) have calculated the recombination coefficient as a function of the trapping distance for different ionic
12
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masses. Assuming a recombination coefficient of 1.7 · 10–6 cm3 s–1, the trapping distance is given as approximately 8 nm for
an ion mass of 28.8 amu, 14 nm for 60 amu, and 23 nm for 150 amu. At this point, it is worthwhile noting that the initial
340

problem is to calculate α from a known d, whereas here, the value for d needs to be first derived from a known α. Gringel et
al. (1978) conducted experiments in the atmosphere between 4 and 25 km over northern Germany in August and October 1976
to determine the ion-ion recombination coefficient and the ion-aerosol attachment coefficient. They found their experimentally
derived α values (1 to 2.5 · 10–6 cm3 s–1 for the troposphere) to be in good agreement with the theoretical one derived by
Natanson (1959a) up to an altitude of 20 km, i.e. within the three-body collision regime.
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Natanson (1960a) (English translation of the original in Russian: Natanson (1960b)) expanded his approach to the attachment
of ions to particles, while further theoretical development by other authors was later focussed on the ion-aerosol attachment,
including the work of Fuchs (1963), who discussed the limiting sphere theory in the context of aerosol charge distribution.
According to Fuchs, the limiting sphere is defined as a concentric sphere around the particle or ion with a radius of the distance
at which the other ion collides with a neutral gas molecule for the last time before the ion-aerosol attachment or ion-ion

350

recombination takes place. Outside the sphere, continuum equations are used, whereas inside the sphere, kinetic theory is
applied because steady-state, rather than equilibrium conditions, are valid inside the limiting sphere (Fuchs, 1963; Hoppel and
Frick, 1986). Coulomb as well as image forces are taken into account in this theory. The radius δF of the limiting sphere is
given in Eq. (31) (Fuchs, 1963), based on considerations by Wright (1960):
𝛿F =

355

𝑎3
𝜆2

1

𝜆 5

1

𝜆2

3

𝑎2

∙ [ ∙ (1 + ) − ∙ (1 +
5

𝑎

𝜆

3

) ∙ (1 + ) +
𝑎

2
15

∙ (1 +

𝜆2
𝑎2

2.5

)

],

(31)

where a is the particle radius (also denominated as the collision radius by Tamadate et al. (2020)) and λ is the mean free path
of the ion. Although Fuchs (1963) did not provide a formula for α himself, Tamadate et al. (2020) have used Fuchs’s approach
to derive the ion-ion recombination coefficient; this will be discussed later in this section.
However, there are two main problems with the theory of Fuchs (1963). Firstly, it ignores the three-body trapping, i.e. collisions
of the two ions (or the ion and the particle) with neutral gas molecules (Hoppel and Frick, 1986; Tamadate et al., 2020). Three-

360

body trapping becomes increasingly more relevant for aerosol particles approaching ionic sizes (or when two ions recombine)
and when the pressure is relatively high, as is the case in the lower atmosphere. Secondly, an ion entering the limiting sphere
of another ion with the opposite sign does not follow the thermal equilibrium distribution; stronger forces towards the centre
are experienced by the incoming ion because of their mutual attraction (Gopalakrishnan and Hogan, 2012; Tamadate et al.,
2020).

365

Subsequently, Hoppel and Frick (1986) developed a theory for ion-aerosol attachment based on Natanson (1960a), Keefe et
al. (1968), and Hoppel (1977) that uses the limiting sphere approach and includes image forces and three-body trapping. The
principle of their theory is that the inner ion current is proportional to the ion concentration at the limiting sphere radius δ’
(which will be defined later), while the ion current outside the limiting sphere is defined based on the macroscopic ion
concentration so that, at δ’, Eq. (32) is yielded for the ion-aerosol attachment coefficient:
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𝐹∙exp(

𝛽𝑘 =

−𝛷𝑘 (𝛿′)
)
𝑘B 𝑇

−𝛷𝑘 (𝛿′)
−𝛷𝑘 (𝑟)
)
exp(
)
𝑘B 𝑇
𝑘B 𝑇
∞
∙∫𝛿′
d𝑟
2
4∙𝜋∙𝐷
𝑟

,

(32)

𝐹∙exp(

1+

where βk is the ion-aerosol attachment coefficient, k is the number of elementary charges of the aerosol particle, F is a
proportionality constant, Φk(r) is the potential, D is the diffusion coefficient, and r is the radius which is to be integrated.
Hoppel and Frick (1986) introduced the concept of the image capture distance Δ; this is defined as the distance at which an
ion is captured by the image force it experiences (based on Keefe et al. (1968) and Hoppel (1977)). The image force becomes
375

more dominant compared to the Coulomb force when the particle radius increases, however, only including the image forces
does not completely solve the problem. Keefe et al. (1968) assumed that the ion is in free flight, infinitely far away from the
particle, but in reality, the ion collides with third bodies along the way and the last collision is about one mean free path away
from the image capture sphere (Hoppel and Frick, 1986). Hence, the ion-aerosol trapping distance, or three-body trapping
distance δ (without the prime), is introduced. However, it is impossible to determine this distance theoretically (Brueckner,
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1964; Hoppel and Frick, 1986), but it is empirically well known for the case of ion-ion trapping (Hoppel and Frick, 1986).
Hoppel and Frick (1986) show that the limiting sphere radius is defined differently depending on the relation of the image
capture distance Δ and the three-body trapping distance δ3, as indicated in Eq. (33a) and (33b):
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𝛿 ′ = ∆ + 𝜆, for Δ > 𝛿3 and

(33a)

𝛿 ′ = 𝛿3 + 𝜆, for Δ < 𝛿3 .

(33b)

Eq. (33a) applies for a particle radius greater than 40 nm. For smaller particle radii and especially for the ion-ion recombination,
Eq. (33b) is valid. Hence, for the case of the ion-ion recombination, which is the main focus of this work, the limiting sphere
is merely defined by the three-body trapping process, while the image forces can be neglected. The reported value for the
attachment coefficient of a singly charged particle smaller than 2 nm in radius and an ion of opposite sign approaches 1.3 · 10–
6
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cm3 s–1 and, thus, approaches the ion-ion recombination coefficient itself. Hoppel and Frick (1986) showed that Fuchs’s

theory would lead to an ever-growing underestimation of the attachment coefficient for decreasing particle radii (e.g. 4.4 · 10–
7

cm3 s–1 for a 1 nm radius) due to the negligence of the three-body trapping. However, Tamadate et al. (2020) criticised Hoppel

and Frick (1986) on two points. Firstly, Hoppel and Frick do not provide a calculation of Δ. In the case of ion-ion
recombination, this is of no great concern. Secondly, they do not discuss the effect of changing pressure on the trapping
distance. Hence, the approach of Hoppel and Frick (1986) is not suitable to determine α theoretically according to Tamadate
395

et al. (2020). Nevertheless, López-Yglesias and Flagan (2013) have improved some approximations made by Hoppel and Frick
(1986) and developed a model to calculate the ion-aerosol attachment for aerosol particles of different sizes and charges. The
amendment of using a Maxwellian speed distribution for the ion instead of a fixed average speed led to the most significant of
the deviations from Hoppel and Frick’s model.
Tamadate et al. (2020) recently reported a molecular dynamics (MD) approach to determine the ion-ion recombination

400

coefficient. Due to the necessary computing resources, applying an MD simulation for the whole range in which the two ions
experience mutual Coulomb interaction is not feasible. Thus, they restricted the MD simulation to the limiting sphere while
14
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using the continuum (diffusion) equations outside the limiting sphere. They conducted recombination simulations for NH 4+
and NO2– in He at 300 K and 102 to 105 hPa. In order to derive the recombination coefficient, they used two different
approaches: the theory by Fuchs (1963) and the one by Filippov (1993). The formula based on Fuchs’s theory, Eq. (34),
405

contains βδ, the ion-ion collision rate coefficient at distance δ, which can be compared conceptually to the probabilities ε of
successful collisions between two ions or an ion and a particle in Thomsonian theories. Tamadate et al. (2020) derived βδ with
the help of Filippov (1993) (Eq. (35) and (36)):
−1

𝛼=

(𝐷++𝐷− )∙𝑒 2
𝜀0 ∙𝑘B 𝑇∙[1−exp(

𝛽δ = 𝜋 ∙ 𝑎2 ∙ (
410

−𝑒2
)]
4𝜋∙𝜀0 ∙𝑘B 𝑇∙𝛿F

8𝑘B 𝑇 0.5
𝜋∙𝑚

)

𝑒2

𝛾(𝑎) = 1 +

4𝜋∙𝜀0 ∙𝑘B 𝑇

∙ (1 +

(𝐷+ +𝐷− )∙𝑒 2
𝛽δ ∙𝜀0 ∙𝑘B 𝑇∙[exp(

𝑒2
)−1]
4𝜋∙𝜀0 ∙𝑘B 𝑇∙𝛿F

) , with

∙ 𝛾(𝑎), and
1

1

𝑎

𝛿F

∙( −

(34)
(35)

),

(36)

where D+ and D– are the diffusion coefficients of the positive and negative ions, respectively, e is the electron charge, ε0 is the
permittivity of vacuum, δF is the radius of the limiting sphere (according to Fuchs), βδ is the ion-ion collision rate coefficient
at distance δ (i.e. on the surface of the limiting sphere), and m is the reduced mass of the ions.
For the MD simulations, Tamadate et al. (2020) implemented the theory of Filippov (1993), who examined the ionic charging
415

of small aerosol particles with respect to the Knudsen number, which was, again, based on the considerations of Fuchs (1963).
Tamadate et al. (2020) presented an equation (Eq. (37)) that defines the ion-ion recombination coefficient and which already
includes the collision probability for ions entering the limiting sphere, pδ, and is independent of βδ:
𝛼=

4𝜋∙(𝐷+ +𝐷−)∙𝛿∙𝛹δ

𝛹δ =
420

1−exp(−𝛹δ )
𝑒2
4𝜋∙𝜀0 ∙𝑘B 𝑇∙𝛿F

𝐾𝑛δ = (

𝑚
𝑘B 𝑇

)

0.5

𝜋 0.5

∙ [1 + ( )
2

∙

2−𝑝δ
𝑝δ

∙ 𝐾𝑛δ ∙

𝛹δ
exp(𝛹δ

−1

] , with
)−1

, and

∙

𝐷+ +𝐷−
𝛿F

(37)
(38)

,

(39)

where pδ is the collision probability for ions entering the limiting sphere, Ψδ is the ratio of Coulomb and thermal energy at the
limiting sphere surface, and Knδ is the Knudsen number for the limiting sphere. In order to compute pδ, a minimum of 100
collision events were simulated. Three scenarios occurred in the simulations: collision of the two ions, non-collision, and an
orbiting of one ion around the other. While the calculations require an input for the limiting sphere radius δ and the collision
425

radius of the ions, the results need to be independent of these parameters (Tamadate et al., 2020). They found that in order to
yield a constant α value, δ must be larger than 0.5 times Fuchs’s limiting sphere radius given by Eq. (31). For smaller radii,
the assumption of continuum transport inside the limiting sphere is no longer valid, as α was found not to stay constant with
decreasing radii. The MD simulations were run for different conditions: with and without the influence of electrostatic forces,
as well as with and without surrounding neutral gas atoms. Including or excluding the electrostatic forces yielded almost no

430

difference. When excluding the orbiting results, the simulations without the surrounding gas (i.e. no third-body collision)
agreed excellently with Fuchs (1963), whereas the agreement with Hoppel and Frick (1986) was overall much poorer because
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their theory does not converge to the two-body scenario for decreasing pressures. When including the neutral gas atoms in the
simulation, Tamadate et al. (2020) observed that collisions are neither certain nor prohibited for specific speeds or angles,
underlining the need to include neutral gas molecules in MD simulations. Moreover, they derived a recombination rate of
435

1.1 · 10–6 cm3 s–1 for NH4+ and NO2– in He at 300 K and 1000 hPa; this is in excellent agreement with Lee and Johnsen (1989)
who reported 1.1 · 10–6 cm3 s–1 for H3O+(H2O)2,3 and NO3– in He at 295 to 300 K and 1013 hPa. In addition, the result at a
lower pressure of approximately 300 hPa, 6.7 · 10–7 cm3 s–1, agreed well with Lee and Johnsen (1989) (7.0 · 10–7 cm3 s–1).
Apart from the increase of α with increasing pressure below atmospheric pressures, they could observe α decreasing with
increasing pressure above atmospheric pressures, as predicted by Langevin theory. While the approach of Tamadate et al.

440

(2020) is very promising, they correctly emphasise the need for hybrid continuum-MD simulations with N2 and O2, instead of
He, in order to achieve results comparable to atmospheric conditions. Simulation experiments at temperatures and pressures
representative of the different layers of the lower atmosphere could provide a better insight into the variation of the ion-ion
recombination coefficient α in the atmosphere. Eventually, parameterisations are needed for everyday use because MD
simulations require advanced computing power and experience.

445

5 Comparison of the parameterisations
In Table 2, all parameterisations, field and laboratory data sets and model results discussed in the previous sections are listed
for a better overview. In the following, the abbreviations listed in Table 2 will be used to address the different
parameterisations, data sets, and model results.
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Table 2: List of all theories, parameterisations, data sets, and models used for comparison.

Study

Abbr.

Formula (for parameterisations) / Range (for data sets)

Theories and parameterisations
Gardner, 1938

Ga38

273 1.5 1 0.5
𝛼 = 1.9 ∙ 10−5 ∙ (
) ∙ ( ) ∙ 𝜀T (𝑇, 𝑝)
𝑇
𝑀

εT: Eq. (10) to (12)

Loeb, 1955/1960

Lo60

273 1.5 1 0.5
𝛼 = 1.73 ∙ 10−5 ∙ (
) ∙ ( ) ∙ 𝜀T (𝑇, 𝑝)
𝑇
𝑀

εT: Eq. (10) to (12)

Israël, 1957/1971

Is57

273 1.5
𝛼 = 1.95 ∙ 10−6 ∙ (
) ∙ 𝑓(𝑇, 𝑝)
𝑇

f: Eq. (16) and (12)

Natanson, 1959

Na59

𝛼=

vrel, εN: Eq. (27) to

𝑒2 ∙ 𝜆
𝑒2
] ∙ exp (
)
𝜋 ∙ 𝑑2 ∙ 𝑣rel ∙ 𝜀N ∙ [1 +
4𝜋 ∙ 𝜀0 ∙ 𝑑 ∙ (𝑑 + 𝜆) ∙ 𝑘B 𝑇
4𝜋 ∙ 𝜀0 ∙ (𝑑 + 𝜆) ∙ 𝑘B 𝑇
𝜋 ∙ 𝜀0 ∙ 𝑑2 ∙ 𝜀N ∙ 𝑘B 𝑇
𝑒2 ∙ 𝜆
𝑒2
] ∙ [exp (
) − 1]
1+
∙ [1 +
2
𝑒 ∙𝜆
4𝜋 ∙ 𝜀0 ∙ 𝑑 ∙ (𝑑 + 𝜆) ∙ 𝑘B 𝑇
4𝜋 ∙ 𝜀0 ∙ (𝑑 + 𝜆) ∙ 𝑘B 𝑇

(30)

−0.5

Hickman, 1979

Hi79

𝑇
𝛼 = 2.28 ∙ 10−5 ∙ (
)
300

Miller, 1980

Mi80

𝑇 −0.5
𝛼 = 5.33 ∙ 10−7 ∙ (
)
∙ 𝑚−0.5 ∙ 𝐸𝐴−0.4
300

Smith and Adams, 1982

SA82

𝛼 = 1.63 ∙ 10−5 ∙ 𝑒 −7.38 + 5.25 ∙ 10−8

∙ 𝑚−0.5 ∙ 𝐸𝐴−0.4
for T ≤ 1000 K
valid from 10 to

ℎ

0.5

60 km

300
+ 1.25 ∙ 10−25 ∙ [M] ∙ (
)
𝑇

4

Arijs et al., 1983

Ar83

𝛼 = 6 ∙ 10−8 ∙ (

300
)
𝑇

Brasseur and Chatel, 1983

BC83

𝛼 = 6 ∙ 10−8 ∙ (

300 0.5
300 4
) + 6 ∙ 10−26 ∙ [M] ∙ (
)
𝑇
𝑇

Bates, 1985

Ba85

𝛼 = 5.33 ∙ 10−6 ∙ 𝑒 −0.111 ∙ ℎ

Hoppel and Frick, 1986

HF86

see Ta20

Tamadate et al., 2020

Ta20

𝛼=

Gringel et al., 1978

Gr78

α derived from measurements of q and air conductivity at 4 to 30 km

Rosen and Hofmann, 1981

RH81

α derived from measurements of q and n+ at 2 to 35 km

Morita, 1983

Mo83

α derived from measurements of q and n+ at 3 to 35 km

Fr15

α(T) for RH = const. and α(RH) for T = const.; α ~ T–3

Ba82

Monte Carlo simulation of α3, Δα2 and αT for 0 to 40 km in 5 km steps

[M]: Eq. (21b)
[M]: Eq. (21b)
valid from 10 to
25 km
βδ, γ: Eq. (43) to (47)

−1

(𝐷+ + 𝐷− ) ∙ 𝑒 2
(𝐷+ + 𝐷− ) ∙ 𝑒 2
)
∙ (1 +
−𝑒 2
𝑒2
𝜀0 ∙ 𝑘B 𝑇 ∙ [1 − exp (4𝜋 ∙ 𝜀 ∙ 𝑘 𝑇 ∙ 𝛿 )]
𝛽δ ∙ 𝜀0 ∙ 𝑘B 𝑇 ∙ [exp (4𝜋 ∙ 𝜀 ∙ 𝑘 𝑇 ∙ 𝛿 ) − 1]
0
B
F
0
B
F

βδ, γ: Eq. (35) and
(36)

Field data

Laboratory data
Franchin et al., 2015
Model data
Bates, 1982
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5.1 Sensitivity study of the limiting sphere theories
The limiting sphere theories are influenced by certain input parameters, such as the masses of the two ions, the ion mobilities
or diffusivities, and the limiting sphere radius, apart from the temperature and pressure. Small changes in these parameters can
already have a significant impact on the resulting ion-ion recombination coefficient.
455

For Na59, we utilised Eq. (26) to (30) and calculated λ according to Eq. (40) to (42) (Tamadate et al., 2020):
𝜆 = (𝐷+ + 𝐷− ) ∙ (

0.5

𝜋∙𝑚
8∙𝑘B 𝑇

) ,

(40)

where m is the reduced mass of the two ions and D+ and D– are calculated according to Eq. (41a) and (41b), respectively:

𝐷0 =

𝜇0 ∙𝑘B 𝑇
𝑒

∙( )

𝑝

𝑇0

𝑇 1.75

𝑝0

𝐷− = 𝐷−,0 ∙
460

𝑇 1.75

𝑝0

𝐷+ = 𝐷+,0 ∙

∙( )

𝑝

𝑇0

and

(41a)

, with

(41b)

,

(42)

where D+,0 and D–,0 are the reference diffusivities calculated from the reference ion mobility at standard pressure and
temperature, µ0, according to Eq. (42), given by López-Yglesias and Flagan (2013). The temperature dependence of 1.75 for
D is taken from Tang et al. (2014). (López-Yglesias and Flagan (2013) use T2 and the Chapman-Enskog theory predicts T1.5
(Chapman and Cowling, 1960).)
465

We calculated Ta20 based on the derivations after Fuchs (1963) (Eq. (34) to (36)) and after Filippov (1993) (Eq. (37) to (39)),
using Eq. (40) to (42) likewise. However, both derivations yielded the same results within our limits of uncertainty, therefore,
for a better overview, for Ta20 we only show the results based on Fuchs.
In order to model the recombination coefficient according to HF86, we used the set of formulae provided by Tamadate et al.
(2020), shown in Eq. (34) and (43) to (47). For Hoppel and Frick’s α, they also used Eq. (34), which they derived from Fuchs’s

470

theory. However, βδ, the ion-ion collision rate coefficient at distance δ, is defined differently for Hoppel and Frick, given in
Eq. (43). Here, the ion-ion collision rate βδ is not directly dependent on the particle radius a (see Eq. (35)), but on the ion-ion
trapping distance d. Furthermore, the additional probability factor for ions entering the trapping sphere, pd, is introduced to the
ion-ion collision rate:
𝛽δ = 𝜋 ∙ 𝑑 2 ∙ (

475

𝛾(𝑑) = 1 +
𝑝d = 1 −

8𝑘B 𝑇 0.5
𝜋∙𝑚

)

𝑒2
4𝜋∙𝜀0 ∙𝑘B 𝑇

𝜆2
2∙𝑑 2

∙ 𝛾(𝑑) ∙ 𝑝d , with
1

1

𝑑

𝛿F

∙( −

∙ (1 − exp (

(43)

),

−2∙𝑑∙cos 𝜃
𝜆

(44)
) ∙ (1 +

2∙𝑑
𝜆

∙ cos 𝜃)),

(45)

𝑏

𝜃 = sin−1 ( ), and

(46)

𝑑

𝑏 = 𝑎 ∙ √1 +

𝑒2
32∙𝑘B 𝑇∙𝜀0

1

1

𝑎

𝑑

∙ ( − ),

(47)

where θ is the critical angle to enter the trapping sphere and b is the critical collision parameter (Tamadate et al., 2020).
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480

For the particle radius a, we used the value of 0.335 nm provided by Tamadate et al. (2020). For the ion masses, we assumed
150 amu in our sensitivity studies for both the negative and positive ions since the most abundant atmospheric ions are usually
clustered with several water molecules (Viggiano and Arnold, 1995; Eisele and Hanson, 2000).
Using µ0 = 1.2 ⸱ 10–4 m2 V–1 s–1 (López-Yglesias and Flagan, 2013), the resulting value for D+,0 and D–,0 is 3.12 ⸱ 10–6 m2 s–1.
As the exact limiting sphere radius d is uncertain, we studied three cases for Na59 and HF86: 18, 23 and 28 nm (23 nm is the

485

proposed value of Hoppel and Frick (1986) for an ion of 150 amu, assuming an ion-ion recombination coefficient of 1.7 ⸱ 10–
6

cm3 s–1). Ta20 is independent of d. We compared Na59 and HF86 for the three limiting sphere radii and show the results of

this sensitivity study for an altitude range of 0 to 50 km in Fig 2. Between 0 and 30 km, the resulting recombination coefficients
show the same trend for both theories and all three radii. Above 30 km, HF86 decreases less strongly, converging towards a
few times 10–8 cm3 s–1, whereas Na59 shows an almost constant decrease. Between 0 and 10 km, the recombination coefficient
490

is almost constant for Na59 and HF86, however, a slight increase can be observed above 0 km before the decrease becomes
effective. The maxima in α values are between 2 and 7 km, depending on the theory and limiting sphere radius. HF86 shows
a strong gradient in α between 0 km (α = 1.6 ⸱ 10–6 cm3 s–1) and its maximum at 5 km (2.8 ⸱ 10–6 cm3 s–1) for d = 28 nm. The
recombination coefficients for the least assumed limiting sphere radius, 18 nm, and the greatest, 28 nm, differ by roughly a
factor of 2 for both theories at an altitude of 15 km. From these results, it becomes obvious that the input values for the limiting

495

sphere theories have to be chosen accurately in order to avoid greater uncertainties. This is not only the case for the limiting
sphere radii, but also for the ion masses and the ion mobilities.

Figure 2: Sensitivity study of the ion-ion recombination coefficient α to different limiting sphere radii d of the limiting sphere theories
Na59 and HF86 for an altitude range of 0 to 50 km.
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5.2 Comparison to laboratory data
In order to find the most accurate formula to parameterise the ion-ion recombination coefficient, we compare the above
mentioned parameterisations and theories to the field, laboratory and model data.
In a first step, the parameterisations and theories are compared to the constant-pressure and temperature-dependent data set
reported by Franchin et al. (2015). Here, only parameterisations are used that include the temperature as a parameter (i.e. Ga38,

505

Is57, Na59, Lo60, Hi79, Mi80, Ar83, BC83, HF86, and Ta20). Parameterisations that predict α based solely on the altitude
are, therefore, excluded (i.e. SA82 and Ba85). We used m+ = m– = 150 amu, µ0 = 1.2 ⸱ 10–4 m2 V–1 s–1, and EA = 1 eV (the
electron affinity was derived from Hickman (1979) for NO3– reacting with H3O+(H2O)3). The result of the comparison is shown
in Fig. 3. The temperature-dependent data points of Fr15 are shown in all three panels. For Fr15, there is a general trend
towards higher recombination coefficient values for lower temperatures, although the fluctuation is comparably strong. In Fig.

510

3 (a), the complex potential models Hi79 and Mi80 are plotted. At higher temperatures (278 and 293 K), Hi79 agrees well
with Fr15, although it deviates at lower temperatures because there is almost no response to the changing temperature (3.1 · 10–
6

cm3 s–1 at 218 K compared to 2.7 · 10–6 cm3 s–1 at 293 K). In addition, Hi79 does not reproduce the α value at standard

conditions, 1.7 · 10–6 cm3 s–1. The performance of Mi80 is poor, yielding values that are one to two orders of magnitude too
low. The other semi-empirical parameterisations, Ga38, Is57, Lo60, Ar83, and BC83, agree within a reasonable range at
515

ground-level temperatures (270 to 300 K) (Fig. 3 (b)), especially the Thomsonian theories Ga38, Is57, and Lo60 which yield
almost the same values. However, the Thomsonian and the semi-empirical theories (Ar83 and BC83) differ tremendously from
each other for tropopause temperatures (around 220 K). The weaker temperature dependence of the group Ga38, Is57, and
Lo60 (T–1.5) results in a negligible increase of α with decreasing temperatures. The laboratory data of Fr15, on the other hand,
show a stronger T dependence (around T–3) that is best reproduced by Ar83 and BC83, which assume a T–5 dependence for the

520

ternary recombination. This observation is to be expected, since a ternary recombination mechanism is supposed to be
dominant at ground-level pressure. BC83 appears to reproduce the data points slightly better than Ar83. In Fig. 3 (c), the
limiting sphere theories are shown. While Na59 and HF86 are in the same range as Fr15 for 278 K and 293 K, they yield much
lower values for cold temperatures compared to Fr15. HF86 shows an unexpected behaviour between 230 and 260 K, with
fluctuating α values that can even become negative. Ta20 yields values which are generally too low for the recombination

525

coefficient, e.g. 3.4 · 10–7 cm3 s–1 at 273 K and 1013 hPa. Thus, neither of the limiting sphere theories can reproduce the
laboratory data satisfactorily.
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Figure 3: Parameterisations (solid lines) and laboratory data (circles) of the recombination coefficient α for the temperature range
of 213 to 298 K. a) Complex potential models Hi79 and Mi80 (note the logarithmic y-axis), b) Thomsonian theories (Ga38, Lo60,
Is57) and semi-empirical parameterisations (Ar83, BC83), and c) limiting sphere theories (Na59, HF86, Ta20). In all panels, the data
from Fr15 are shown.
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Franchin et al. (2015) have additionally used the model by López-Yglesias and Flagan (2013) to simulate the ion-ion
recombination coefficient for the discussed temperature range. This model describes the ion-aerosol attachment coefficient,
although it can also be applied to the special case of two ions recombining. However, the model was unable to reproduce the
535

measured data in the low-temperature regime (Franchin et al., 2015).
5.3 Comparisons to field and model data
In a second step, the parameterisations and theories were compared to field and model data. The temperature, pressure and air
density data of the US Standard Atmosphere were used here (National Oceanic and Atmospheric Administration et al., 1976).
The results are plotted in Fig. 4. Here, the y-axis represents the altitude h and the x-axis represents the ion-ion recombination

540

coefficient α.
In Fig. 4 (a), the complex potential models of Hi79 and Mi80 are shown. In Fig. 4 (b), the Thomsonian theories of Ga38, Lo60,
and Is57 are depicted. Figure 4 (c) shows the semi-empirical adjustments to the Thomson theory of Ar83 and BC83 as well as
the Monte Carlo simulation of Ba82. Figure 4 (d) gives an overview of the solely altitude-dependent parameterisations of
SA82 and Ba85, as well as all the field data sets of Gr78, RH81, and Mo83. In Fig. 4 (e), the results of the limiting sphere

545

models (Na59, HF86, and Ta20) are plotted. For a better comparability, the measurements of RH81 are shown in all plots. It
should be noted, however, that the data of RH81 and Mo83 are erroneous below 10 km, although they are believed to be more
accurate than the data of Gr78, as mentioned previously.
The parameterisation of Hi79 (Fig. 4 (a)) is within the correct order of magnitude for the lower part of the troposphere, however,
this still yields too big a value for ground conditions (2.7 · 10–6 cm3 s–1). The value slightly increases with increasing altitude

550

up to 11 km (3.1 · 10–6 cm3 s–1) and stays practically constant above this altitude. Mi80, on the other hand, shows a poor
performance again, being orders of magnitude too low with a recombination coefficient of 6.3 to 7.2 · 10–8 cm3 s–1. Thus, both
theories are not able to reproduce properly the field data.
The Thomsonian parameterisations (Fig. 4 (b)) are within the correct order of magnitude in the troposphere. The two early
theories of Ga38 and Lo60 start with rather low values at ground level (1.4 and 1.3 · 10–6 cm3 s–1, respectively) and describe a

555

slight increase until 11 km. Above this, the values decrease slightly and are in good accordance to RH81. Is57 describes a
different curve, continuously increasing with altitude. Furthermore, the ground-level value of 1.2 · 10–6 cm3 s–1 is comparably
low which is remarkable since Israël used a value of 1.6 · 10–6 for the Earth’s surface to derive his simplified equation. Up to
8 km, Is57 is in good accordance to Ga38 and Lo60, however, above 10 km, where the measurements of RH81 can be
considered as relatively accurate, it drifts away from the field data.

560
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Figure 4: Parameterisations (solid lines), field data (squares), and model simulations (triangles) of the recombination coefficient α
for the altitude range of 0 to 20 km for conditions of the US Standard Atmosphere. a) Complex potential models (Hi79, Mi80), b)
Thomsonian theories (Ga38, Lo60, Is57), c) semi-empirical parameterisations (Ar83, BC83) and model simulation (Ba82), d)
altitude-dependent parameterisations (SA82, Ba85) and field data (Gr78, RH81, Mo83), and e) limiting sphere theories (Na59, HF86,
Ta20). The data points of RH81 are added to all panels for a better comparability.
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The model simulation of Ba82 (Fig. 4 (c)) yields a value of 1.7 · 10–6 cm3 s–1 from ground level up to 10 km. This value is in
good agreement with independent laboratory measurements, yielding (1.7 ± 0.1) · 10–6 cm3 s–1 at normal conditions (Lenz,
1932). Above 10 km, the value decreases and approaches the measurements of RH81 with good agreement. The
570

parameterisation of BC83 is able to closely represent Ba82, with slightly higher values up to 13 km. The recombination
coefficient only slightly decreases from 0 to 11 km for BC83 (1.9 · 10–6 cm3 s–1 at ground level; 1.7 · 10–6 cm3 s–1 at 11 km),
but decreases more dramatically above that altitude; this is because up to 11 km, the decreasing temperature and the decreasing
pressure nearly counterbalance. However, above 11 km, the temperature stays constant while the pressure further decreases,
leading to decreasing values of α altogether. The results of Ar83 also show this pattern but with much greater (and unrealistic)

575

values overall; for instance, the ground-level coefficient of 3.8 · 10–6 cm3 s–1 is beyond the range of uncertainty. The divergence
between Ar83 and BC83 is due to the higher factor in the three-body term of the formula of Ar83 (see Eq. (20) and (22)). The
curve eventually reaches closer to RH81 and BC83 at higher altitudes, when the two-body recombination process gains
increasing importance.
The comparison of the three measurement campaigns (Gr78, RH81, Mo83) in Fig. 4 (d) reveals that above 12 km, the data

580

points are in good agreement and can, therefore, be considered as reliable. Between 5 and 12 km, the reported values differ by
up to a factor of 2. Whilst RH81 and Mo83 describe relatively smooth curves, adjacent data points of Gr78 show a relatively
strong amplitude for the recombination coefficient. As discussed previously, the values of RH81 and Mo83 cannot be used
below approximately 9 km. The solely altitude-dependent parameterisation of Ba85, which is valid between 10 and 25 km,
reproduces the measured data and the simulations by Ba82 quite well within its range of validity. The parameterisation of

585

SA82, however, yields values that are too high and is, therefore, not recommended.
In Fig. 5 (e), the limiting sphere theories Na59, HF86, and Ta20 are shown. Whilst Na59 and HF86 agree fairly well with each
other, Ta20 yields α values which are one order of magnitude too low (2.7 · 10–6 cm3 s–1 at ground level) and is, therefore, not
recommended. Na59 and HF86 show maxima in the α values within the troposphere at 4.5 and 3.5 km, respectively, while at
ground level, they are slightly too high (2.2 · 10–6 cm3 s–1) and, furthermore, they are lower than RH81 above 9 km (HF86)

590

and 12 km (Na59).
To sum up the comparison, the field data of Gr78, RH81, and Mo83, the model calculation of Ba82, and the parameterisations
of Ga38, Na59, Lo60, BC83 and Ba85 agree well between altitudes of 10 and 20 km. At ground level, Ba82 and BC83 come
closest to the independent laboratory measurements of α. However, for the altitude range of slightly above 0 up to 10 km, there
is no benchmark available. It is reasonable to assume that the recombination coefficient essentially stays constant, a feature

595

reproduced by the results of Ba82, Ar83, and BC83 in a first approximation. It cannot be excluded, however, that the value of
α has a maximum in between, as predicted by Na59 and HF86. Bearing in mind the lack of knowledge for the altitudes below
10 km, we conclude that the parameterisation of Brasseur and Chatel (1983) (BC83) is favourable because it reproduces the
field data, model data and laboratory measurements reasonably well and includes a detailed temperature and pressure
dependence, thus, making it applicable to model calculations and field measurements for any modelled or measured

600

temperature and pressure at any altitude. Therefore, nuances of temperature and pressure variations can be resolved with this
24
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parameterisation. Furthermore, BC83 also showed the best performance in reproducing the data points of Franchin et al. (2015).
For altitudes above 10 km, the parameterisation of Bates (1985) (Ba85) may be used when data of temperature and pressure
are lacking; however, this appears to be unlikely for most applications.

6 Conclusion and outlook
605

The history of theoretical and empirical approaches to quantify the ion-ion recombination coefficient α and its
parameterisations have been reviewed. The parameterisations have been compared to field and laboratory data and to a model
calculation of α with a focus on temperature and pressure dependence and their applicability to the troposphere and lower
stratosphere, i.e. from 0 to 20 km altitude. For standard conditions (i.e. 0 °C, 1013 hPa), the value of 1.7 · 10–6 cm3 s–1 is
recommended to be used. Evidence is strong that this value is accurate because several authors have derived it independently

610

from laboratory measurements as well as from model calculations. As of today’s knowledge, it is the best assumption to use a
constant value for altitudes between 0 and 10 km; this is due to the roughly counterbalancing effects of temperature and
pressure on the recombination coefficient. Above 10 km, however, a temperature- and pressure-dependent parameterisation
must be used to account for the decreasing value of the ion-ion recombination coefficient. The parameterisation of Brasseur
and Chatel (1983) shows the best agreement with field and model data and with recent laboratory measurements of α. However,

615

the understanding of the processes in ion-ion recombination is far from complete. Binary and ternary recombination
mechanisms both play a role, however, their specific temperature and pressure dependencies are not fully resolved up to the
present day. The processes that take place inside the “limiting sphere” around the ions are still debated. In addition, the ionion recombination is influenced by the mobilities and masses of the ions. More experiments and state-of-the-art model
simulations, including molecular dynamics simulations, are needed to determine the ion-ion recombination coefficient in

620

dependence of temperature, pressure and ion masses and mobilities. This is crucial in order to calculate accurately the
recombination loss of ions for the diverse ambient conditions we observe in our atmosphere.

Nomenclature

625

a

particle (or ion) radius, also named collision radius, in m

b

critical collision parameter, in m

d

radius of the collision sphere around each ion (after Thomson), radius of mutual Coulomb attraction between two

ions of opposite charge (after Loeb), also called ion-ion trapping distance (after Natanson), in m

630

D

diffusion coefficient, in m2 s–1

D+,–

diffusion coefficient of the positive, negative ion, in m2 s–1

e

electron charge, 1.602 177 ⸱ 10–19 C

E

external electrical field, in V m–1
25
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640

645

650

655

660

EA

electron affinity, in eV

F

proportionality constant for Hoppel and Frick’s theory

h

altitude, in km

k

number of elementary charges of the aerosol particle

kB

Boltzmann constant, 1.380 649 ⸱ 10–23 J K–1

Knδ

Knudsen number for the limiting sphere

L

loss rate to the electrodes, in cm–3 s–1

m

reduced mass, in kg (unless noted otherwise)

M

molecular mass, in amu

[M]

number density of air molecules, in cm–3

n

number concentration of ions in the gas phase, in cm–3

n–,+

number concentration of negative, positive ions in the gas phase, in cm–3

p

pressure, in hPa (unless noted otherwise)

pδ

collision probability for ions entering the limiting sphere

q

ion pair production rate, in cm–3 s–1

r

distance of the two ions, in m

r0

initial distance of the two ions, in m

RH

relative humidity, in %

t

time, in s

T

temperature, in K

v+,–

mean thermal speed of the positive, negative ion, in m s–1

vrel

relative thermal speed of two ions of opposite charge, in m s–1

w

function of x (used in Thomson theory)

x

function of d and λ (used in Thomson theory)

x’

function of T and p (used in Thomson theory)

α

ion-ion recombination coefficient, in cm3 s–1

βk

ion-aerosol attachment coefficient, in cm3 s–1

βδ

ion-ion collision rate coefficient at distance δ (limiting sphere surface)

γ

function of a or d and δF (used for Fuchs’s and Hoppel and Frick’s theories)

Δ

image capture distance, in m

δ

limiting sphere radius, in m

δ’

Hoppel and Frick’s limiting sphere radius, in m

δ3

three-body trapping distance, in m

δF

Fuchs’s limiting sphere radius, in m
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670

ε0

vacuum permittivity, 8.854 188 ⸱ 10–23 A s V–1 m–1

εL,T

ratio of successful recombinations per collision (after Langevin, Thomson)

εN

ion-gas molecule collision probability, also named “adsorption coefficient” (after Natanson)

θ

critical angle to enter the trapping sphere

λ

mean free path of the ion, in m

λ+,–

mean free path of the positive, negative ion, in m

λair

mean free path of air, in m

μ+,–

ion mobility of the positive, negative ion, in m2 V–1 s–1

Φk

potential (in Hoppel and Frick’s theory)

Ψδ

ratio of Coulomb and thermal energy at distance δ (limiting sphere surface)
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