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We appreciate Dr. Luke Western’s attention and comments (hereafter Western (2020)) on our work 
(hereafter Lu et al. (2020)). We organize our response as 1) clarification of some misinterpretation 
of Lu et al. (2020) in Western (2020), 2) response to the need of parameterization parameter 𝛾𝛾 
(rather than using other methods) and its role in the Bayesian inversion framework (respond to 
Section 3 in Western (2020)), and 3) response to the concerns of using 𝐽𝐽𝐴𝐴(𝑥𝑥�) ≈ 𝑛𝑛 and 𝐽𝐽𝑂𝑂(𝑥𝑥�) ≈ 𝑚𝑚 
to inform the optimal parameterization parameter 𝛾𝛾 (respond to Section 2 in Western (2020)). 
 
1). We believe that Western (2020) at least partly misinterprets the statements in Lu et al. (2020). 
Western (2020) states in Page 3, the end of Section 2 that “If 𝐽𝐽𝐴𝐴(𝒙𝒙�) < n, and 𝐽𝐽𝑂𝑂(𝒙𝒙�) < m, why 
would this suggest an overfit?” and in Page 3, the beginning of Section 3 “My interpretation of, for 
example, equation 2 (Lu et al., 2020, equation 7), is that if 𝐽𝐽𝑂𝑂(𝒙𝒙�) ≤ m in equation 2, one would 
assume that the inversion is over confident in its estimated value, and hence the uncertainty is 
smaller than it should be.”. Our statement was “Nevertheless, 𝐽𝐽𝐴𝐴(𝑥𝑥�) ≫ 𝑛𝑛 implies overfit to the 
observations because the posterior state vector estimates are far outside the estimated errors on the 
prior estimates.” (Line 266). This is not contradict to Western (2020). 
 
2). The need for regularization parameter γ is to avoid overfitting to the observations because the 
number of observations (1.6 million for GOSAT) is much larger than the number of state vector 
elements (3378), and the error covariance of the observations cannot be properly quantified. We 
agree with Western (2020) that there are alternatives to adjust probability distributions rather than 
using regularization parameter, but they are not really practical in our case. The first alternative 
mentioned in Western (2020) is to explicitly include uncertainty in parameters within the inversion 
itself following either an empirical Bayes or hierarchical approach. However, this method does not 
provide explicitly the analytical solution (which is critical to our objective to quantify the 
information from inversion) and requires additional analyses, e.g. applying Markov chain Monte 
Carlo (MCMC) (Ganesan et al., 2014). The second is to create a better prior probability distribution 
that is representative of actual prior. This is mainly limited by the fact that we do not actually have 
objective information of the covariance for both state vectors and observations. Therefore, we argue 
that applying the regularization parameter is the simplest and most applicable method in our 
inversion framework. The regularization factor itself does not alter the Bayesian nature of the 
inversion--it is intended to address the lack of covariance structure in the error covariance matrices 
by modifying the weighting of the prior and observational terms. 
 
3). We agree with Western (2020) that the 𝐽𝐽𝐴𝐴(𝒙𝒙)  (similarly 𝐽𝐽𝑂𝑂(𝒙𝒙) ) should be expressed in the 
context of Chi-square distribution with n degrees of freedom (n=3378 in this case), an expected 
value of n (E(𝐽𝐽𝐴𝐴(𝒙𝒙) = 𝑛𝑛), and a standard deviation of √2𝑛𝑛. Note that the Chi-square distribution 



converges toward a normal distribution for large degrees of freedom (which is the case here). 
Interpretation of Figure 4 in Lu et al. (2020) shows that the solution with 𝛾𝛾 = 1 for the GOSAT-
only inversion yields the 𝐽𝐽𝐴𝐴(𝑥𝑥�) = 6𝑛𝑛 ≫ 𝑛𝑛 ± √2𝑛𝑛 , suggesting that the posterior state vector 
estimates are far outside the estimated errors on the prior estimate which indicates overfitting. Our 
application of comparing 𝐽𝐽𝐴𝐴(𝑥𝑥�) to 𝑛𝑛 for overfitting checking yields consistent result with Zhang 
et al. (2018), which used the L-curve method (Hansen, 2000) to determine the optimal regularization 
parameter 𝛾𝛾 to be 0.05-0.1 for GOSAT observation in a global inversion at 4°× 5° resolution. This 
method also provides a way to properly weigh the in situ and GOSAT observations in the inversion, 
by comparing 𝐽𝐽𝐴𝐴(𝑥𝑥�) from the two inversions as shown in the Figure 4. We have revised the text 
accordingly. 
 
In summary, we appreciate that Dr. Luke Western raises the discussion on this issue and helps to 
improve the clarification and presentation of the methods. Our method by applying a regularization 
parameter provides a means to account for unknown error covariance and to weigh different 
observations in the inversion, while we agree there are alternatives that can be more rigorous and 
advantageous in some cases. This will be an open question and we welcome further discussions and 
studies on this issue. 
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