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Abstract

Dust and black carbon aerosol have long been known to have potentially important and
diverse impacts on cloud droplet formation. Most studies to date focus on the soluble
fraction of such particles, and ignore interactions of the insoluble fraction with water va-
por (even if known to be hydrophilic). To address this gap, we develop a new parameter-5

ization framework that considers cloud droplet formation within an ascending air parcel
containing insoluble (but wettable) particles mixed with aerosol containing an apprecia-
ble soluble fraction. Activation of particles with a soluble fraction is described through
well-established Köhler Theory, while the activation of hydrophilic insoluble particles is
treated by “adsorption-activation” theory. In the latter, water vapor is adsorbed onto10

insoluble particles, the activity of which is described by a multilayer Frankel-Halsey-
Hill (FHH) adsorption isotherm modified to account for particle curvature. We further
develop FHH activation theory, and i) find combinations of the adsorption parameters
AFHH, BFHH for which activation into cloud droplets is not possible, and, ii) express ac-
tivation properties (critical supersaturation) that follow a simple power law with respect15

to dry particle diameter.
Parameterization formulations are developed for sectional and lognormal aerosol

size distribution functions. The new parameterization is tested by comparing the pa-
rameterized cloud droplet number concentration against predictions with a detailed
numerical cloud model, considering a wide range of particle populations, cloud updraft20

conditions, water vapor condensation coefficient and FHH adsorption isotherm charac-
teristics. The agreement between parameterization and parcel model is excellent, with
an average error of 10% and R2∼0.98.

1 Introduction

It is well established that atmospheric aerosols are often hydrophilic, and can serve as25

Cloud Condensation Nuclei (CCN), upon which cloud droplets are formed through the
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process of activation. Changes in CCN concentration affect the radiative properties of
clouds, known as the “first aerosol indirect” or “Twomey” effect (Twomey, 1974). The
enhanced number of droplets is often accompanied by a reduction in their size, there
by affecting cloud precipitation efficiency. This may result in increased cloudiness,
which gives rise to the so called “second aerosol” or “Albrecht” effect (Albrecht, 1989).5

Through their interactions with clouds, tropospheric aerosols play an important role in
changing the Earth’s radiative budget, being one of the most uncertain components of
climate change (IPCC 2007).

Cloud droplet activation is the direct microphysical link between aerosols and clouds,
and is at the heart of the indirect effect (Nenes and Seinfeld, 2003). Droplet activation in10

atmospheric models is calculated from parameterizations whose sophistication ranges
from empirical correlations (relating aerosol mass or number concentration to cloud
droplet number concentration) to physically-based prognostic formulations (Feingold
and Heymsfield, 1992; Boucher and Lohmann, 1995; Gultepe and Isaac, 1996; Abdul-
Razzak et al., 1998; Abdul Razzak and Ghan, 2000; Cohard et al., 2000; Nenes and15

Seinfeld, 2003; Fountoukis and Nenes, 2005; Ming et al., 2006; Barahona and Nenes,
2007). All parameterizations developed to date rely on Köhler theory (Köhler, 1936),
which considers curvature and solute effects on the equilibrium vapor pressure of a
growing droplet. Most often, this equilibrium curve exhibits a maximum in supersat-
uration, known as critical supersaturation, sc, at the critical wet droplet diameter, Dc.20

According to Köhler theory, when a particle is exposed to saturation above sc for long
enough to exceed Dc, it is in unstable equilibrium and can nucleate a cloud droplet.

Insoluble atmospheric particles, like mineral dust and soot, can also act as efficient
cloud condensation nuclei (e.g. Seisel et al., 2005), if they acquire some amount of
deliquescent materials (like (NH4)2SO4)). The threshold of nucleation substantially de-25

creases when water interacts (adsorbs) onto slightly soluble particles giving rise to the
process of adsorption activation (Sorjamma and Laaksonen, 2007; Henson, 2007).
Henson (2007) showed that a number of existing adsorption models (e.g., Fletcher,
1958; Wexler and Ge, 1998) for slightly soluble and insoluble particles can be suc-
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cessfully applied to represent droplet formation from adsorption activation. Similarly,
Sorjamma and Laaksonen (2007) used the Frankel-Halsey-Hill (FHH) multilayer phys-
ical adsorption model to describe water uptake as a function of relative humidity (i.e.,
water activity) and applied the theory to describe the activation of insoluble hydrophilic
CCN. As with Köhler theory, resulting equilibrium curves of Henson (2007) and Sor-5

jamma and Laaksonen (2007) exhibit a critical supersaturation that characterizes the
minimum level of s required for a particle to act as a CCN.

To date, there is no parameterization framework that can concurrently treat the com-
petition of insoluble and soluble CCN in the cloud droplet formation process; this gap
is addressed in this study. This new activation parameterization builds upon the frame-10

works of Nenes and Seinfeld (2003), Fountoukis and Nenes (2005) and Barahona and
Nenes (2007) to include effects of adsorption activation, based on the formulation of
Sorjamma and Laaksonen (2007). The insoluble particles (referred to in this study as
FHH particles) are considered to be externally mixed with hydrophilic deliquescent par-
ticles (referred to as Köhler particles) all of which compete for water vapor in a cloud15

updraft, thus allowing for the comprehensive treatment of kinetic limitations, chemi-
cal effects (i.e., slow water vapor condensation and surface tension depression) and
entrainment effects on cloud droplet formation.

A brief discussion of FHH adsorption activation and Köhler theory is given in Sect. 2.
Section 3 describes the formulation of the new parameterization for sectional and log-20

normal representation of size distribution. An evaluation of the parameterization by
comparing against predictions of a numerical cloud parcel model is done in Sect. 4.
Finally, a summary is presented in Sect. 5.

2 Theory of adsorption activation

A number of adsorption isotherm models exist to describe the process of physisorp-25

tion of gas-phase species onto solid surfaces, such as Langmuir (Langmuir, 1916),
BET (Brunauer, Emmet and Taylor) (Brunauer et al., 1938), and FHH (Frenkel, Halsey
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and Hill) isotherms. The Langmuir isotherm is the first and perhaps the most studied
adsorption model developed until to date. However, it is limited to describing the ad-
sorption of a monolayer of water vapor, and hence it is not applicable to atmospheric
particles, where the vapor pressure is high enough to form multiple layers of water
vapor adsorbed onto the CCN. BET and FHH adsorption isotherm models were de-5

veloped to treat multilayer adsorption, and have been explored to study adsorption
activation, or, the process of cloud droplet formation from adsorption of water vapor
onto insoluble particles (e.g., Henson, 2007; Sorjamma and Laaksonen, 2007).

2.1 FHH adsorption theory

In this study, we use the FHH adsorption theory (Sorjamma and Laaksonen, 2007) to10

describe the process of adsorption activation in which the water vapor saturation ratio,
S, of a particle in equilibrium with surrounding water vapor can be expressed as

S=αw exp

(
4σMw

RTρwDp

)
(1)

where αw is the activity of the water in the particle, σ is the surface tension at the
particle-gas interface, Mw is the molar mass of water, R is the universal gas constant,15

T is the temperature, ρw is the density of water, and Dp is the particle diameter. The ex-
ponential in Eq. (1) is commonly referred to as the curvature, or Kelvin effect. According
to FHH theory, αw=exp(−AFHHΘ

−BFHH) (Sorjamma and Laaksonen, 2007); substitution
in Eq. (1) then gives

S=exp

(
4σMw

RTρwDp

)
exp(−AFHHΘ

−BFHH) (2)20

where AFHH, BFHH are empirical constants, and Θ is the surface coverage (defined
as the number of adsorbed water molecules divided by the number of molecules in a
monolayer). AFHH characterizes interactions of adsorbed molecules with the aerosol
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surface and adjacent adsorbate molecules (i.e., those in the first monolayer). BFHH
characterizes the attraction between the aerosol surface and the adsorbate in subse-
quent layers; the smaller the value of BFHH, the greater the distance at which the at-
tractive forces act (Sorjamma and Laaksonen, 2007). AFHH and BFHH are compound-
specific and determined experimentally. It has been found experimentally that AFHH5

ranges from 0.1 to 3.0 while the value of BFHH ranges from 0.5 to 3.0 (Sorjamma and
Laaksonen, 2007).

Equation (2) expresses S in terms of two spatial scales, Dp and Θ. However, Θ can
be expressed in terms of Ddry as (Sorjamma and Laaksonen, 2007):

Θ=
Dp−Ddry

2Dw
(3)10

where Ddry is the dry particle diameter and Dw is the diameter of a water molecule
adsorbed on the particle surface. Substituting Eq. (3) into Eq. (2), expressed in terms
of equilibrium supersaturation s=S − 1, gives an equation that depends only on Dp,

s=exp

 4σMw

RTρwDp
−AFHH

(
Dp−Ddry

2Dw

)−BFHH
−1 ∼=

4σMw

RTρwDp
−AFHH

(
Dp−Ddry

2Dw

)−BFHH

(4)

The activation behavior of particles following FHH theory can be rationalized by ana-15

lyzing the derivative of s with respect to Dp:

ds
dDp

=

(
−

4σMw

RTρwD
2
p

)
+

AFHHBFHH

2Dw

(
Dp−Ddry

2Dw

)−BFHH−1
 (5)

where the first and second terms in the right hand side of Eq. (5) correspond to the con-
tribution due to Kelvin effect and adsorption effect, respectively. If BFHH is large enough,
both terms in Eq. (5) can become equal for a characteristic wet diameter, Dc, so that20

ds
dDp

∣∣∣
Dp=Dc

=0. Under such conditions, FHH particles behave much like those following
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Köhler theory, with s becoming maximum (known as critical supersaturation, sc) at the
critical wet diameter Dc. sc is determined by solving ds

dDp
=0 so Eq. (5) becomes(

−
4σMw

RTρwD
2
c

)
+

AFHHBFHH

2Dw

(
Dc−Ddry

2Dw

)−BFHH−1
=0 (6)

Numerically solving Eq. (6) gives Dc, which can then be substituted in Eq. (4) to obtain

sc. If BFHH is small enough so that
(
− 4σMw

RTρwD
2
p

)
<<

(
AFHHBFHH

2Dw

(
D−
pDdry

2Dw

)−BFHH−1
)

for all5

values of Dp, then the equilibrium curve is dominated by the adsorption term and the
particle is always in stable equilibrium with the environment, i.e., the particles never
activate into cloud droplets.

2.2 Activation characteristics of FHH and Köhler particles

It is important to know which combinations of AFHH and BFHH give equilibrium curves10

with a maximum and can therefore act as CCN. This is done by determining the range
of AFHH, BFHH and Ddry for which a solution to Eq. (6) exists, for the reported range for
AFHH and BFHH (0.1–3.0 and 0.5–3.0, respectively; Sorjamma and Laaksonen, 2007),
and, Ddry between 0.03µm and 150µm. When a solution for Dc is found, we normalize
it with Ddry to express the growth required by FHH particles to activate.15

Figure 1 shows contour plots of Dc/Ddry for the Ddry equal to 0.25µm and 20µm.
For BFHH<0.7–0.8 and any value of AFHH (area filled with purple color), Dc could not
be found. Conversely, for BFHH>0.9 and any given value of AFHH, a solution for Dc
always exists. Since the contour plots for different dry particle diameters are very
similar, this suggests that Dc/Ddry has a weak dependence on Ddry. Furthermore, for20

most combinations of AFHH and BFHH, the value of Dc/Ddry lies between 1–2, which
suggests that Dc is very close to Ddry, i.e., the amount of water required to activate
FHH particles is small. This is an important finding that facilitates the computation of
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the condensation integral (required by the parameterization, see Sect. 3.6).
The activation of particles containing soluble material is described by Köhler theory

(Köhler, 1936; Seinfeld and Pandis, 1998) in which equilibrium supersaturation is given
by

s=
A
Dp

− B

D3
p

(7)5

where A=4Mwσ
RTρw

and B=6nsMwν
πρw

. Here ns are the moles of solute in the particle and ν is
the effective van’t Hoff factor of the solute. The sc and Dc for Köhler particles are then
given by:

sc=

(
4A3

27B

)1/2

(8a)

Dc=
(

3B
A

)1/2

(8b)10

3 Formulation of parameterizations for Köhler and FHH theories

The aerosol activation parameterization is based on the cloud parcel framework, in
which a parcel of air containing a mixture of Köhler particles (i.e., particles consisting of
water-soluble species) and FHH particles (water insoluble species) is lifted and cooled.
When supersaturation develops, droplets begin forming (by the process of activation)15

up to the point where supersaturation in the parcel reaches a maximum, smax. If the
CCN spectrum (i.e., the number of CCN as a function of ambient supersaturation) and
smax are known, the droplet number, Nd , in the parcel can be computed as the number
of CCN that activate at smax. The new parameterization determines both smax and Nd .
Since sectional and lognormal representations of the aerosol particle size distribution20

are most frequently used in the models, we develop formulations for both.
16858
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3.1 Sectional representation of CCN spectrum

The sectional representation uses discrete size classes (bins or sections) for the
aerosol distribution. Each section can have its own chemical composition. If the aerosol
mixture is composed of k populations (i.e., aerosol types), then a separate binning is
assigned to each type. The cumulative size distribution is then determined by summing5

over all the populations (Nenes and Seinfeld, 2003):

F d (d )=
k∑

l=1

d∫
0

nd
l (D′

p)d (D′
p)=

k∑
l=1

m(l )−1∑
j=1

Nj,l+Nm(l ),l

 d−Dl
p,m(l )−1

Dl
p,m(l )−D

l
p,m(l )−1

 (9)

where m is the section of population l that contains particles of size d with bin size
limits Dl

p,m(l )−1 and Dl
p,m(l ), and Nm(l ),l is the aerosol number concentration of section

m.10

The aerosol critical supersaturation distribution function, ns
l (s), is then determined by

mapping the aerosol particle size distribution onto supersaturation coordinates (Nenes
and Seinfeld, 2003),

ns
l (s)=

dN
ds

=
k∑

l=1

Ni (l ),l

sc,i (l )−sc,i (l )−1
, sc,i (l )−1≤s≤sc,i (l ) (10)

where sc,i (l ) and sc,i (l )−1 are the critical supersaturations corresponding to the bound-15

aries of section i and population l , and Ni (l ),l is the concentration of CCN between
sc,i (l ) and sc,i (l )+1. The CCN spectrum, F s(s), is then obtained by integration of ns(s)
from 0 to s:

F s(s)=
k∑

l=1

s∫
0

ns
l (s

′)ds′=
k∑

l=1

i (l )−1∑
j=1

Nj,l+Ni (l ),l

 s−slc,i (l )−1

slc,i (l )−s
l
c,i (l )−1

 (11)
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The relationship between slc,i (l ) and d l
p,m(l ) depends on the theory used for describing

activation. For Köhler particles, Eq. (8a) is used, while for FHH particles, the procedure
outlined in Sect. 2.1 is used.

3.2 Lognormal representation of CCN spectrum

A lognormal distribution is often expressed as5

dN
d lnDdry

=
nm∑
i=1

Ni√
2π lnσi

exp

[
−

ln2(Ddry/Dg,i )

2 ln2 σi

]
(12)

where σi and Dg,i are the geometric standard deviation and median diameter, respec-
tively, for the i th lognormal mode, and nm is the number of lognormal modes in the
size distribution. Assuming each mode (or population) has uniform chemical compo-
sition, a power law function can be used to express Ddry/Dg,i in terms of a critical10

supersaturation ratio, s/sg,i ,

Ddry

Dg,i
=
[

s
sg,i

] 1
x

(13)

where s and sg,i are critical supersaturations of CCN with dry diameter Ddry and Dg,i
respectively, and x is an exponent that depends on the activation theory used. For
particles following Köhler theory, x=−3/2, while for FHH particles, x depends on AFHH15

and BFHH (see Sect. 3.3).
The aerosol critical supersaturation distribution function, ns(s), can then be calcu-

lated as follows (Fountoukis and Nenes, 2005)

ns(s) =
dN
ds

= − dN
d lnDdry

·
d lnDdry

ds
(14)
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where the negative sign has been applied to reflect that dDp= − ds. Substituting
Ddry/Dg,i from Eq. (13) into Eq. (12) gives

dN
d lnDdry

=
nm∑
i=1

Ni√
2π lnσi

exp

− ln2(s/sg,i )
1
x

2 ln2 σi

 (15)

Differentiating Eq. (13) also gives

d lnDdry

ds
=

1
xs

(16)5

Substituting Eqs. (16) and (15) into Eq. (14) gives

ns(s)=
nm∑
i=1

−
Ni√

2π lnσi

1
xs

exp

− ln2(s/sg,i )
1
x

2 ln2 σi

 (17)

The CCN spectrum, F s(s), is then obtained by integration of ns(s) from 0 to s:

F s(s) =

s∫
0

ns(s′)ds′=
nm∑
i=1

Ni

2
erfc

[
−

ln(sg,i/s)

x
√

2 lnσi

]
(18)

Equation (18) is the generalized form of a CCN spectrum for the lognormal particle10

size distribution, and the value of x encompasses the physics behind the aerosol-water
vapor interaction (i.e., Köhler or FHH). For x=−3/2 (Köhler particles), Eq. (18) reduces
to the formulation given by Fountoukis and Nenes (2005):

F s(s)=

s∫
0

ns(s′)ds′=
nm∑
i=1

Ni

2
erfc

[
2 ln(sg,i/s)

3
√

2 lnσi

]
(19)
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3.3 Exponent x for FHH particles

In determining the value of x in Eq. (13) for FHH particles, we computed numeri-
cally the ratio of s/sg,i (using the procedure in Sect. 2.1) for a wide range of Dg,i
(0.03µm–0.1µm), Ddry (0.05µm–0.8µm), and AFHH and BFHH (8 different combina-
tions as shown in Table 3). As can be seen in Fig. 2, for given values of AFHH and5

BFHH, s/sg,iand Ddry/Dg,i , exhibit a power-law dependence. This dependence holds for
the entire range of Dg,i and Ddry considered. Power law fits to these calculations can
then be used to describe x as a function of AFHH and BFHH. The results are shown
in Fig. 3. For each AFHH, x has a maximum at BFHH∼1.3, while x is always negative,
varying between −1.0 to −0.8, depending on the value of AFHH.10

Multivariate least squares regression was performed on the data of Fig. 3 to deter-
mine an analytical relationship between x and, AFHH and BFHH:

x=
4∑

i=1

Ci

Bi−1
FHH

(20)

where Ci is given by,

Ci=
5∑

j=1

Dj,i

Aj−1
FHH

(21)15

Dj,i are fitting parameters, and are given in Table 2. Using Eq. (21), the data in Fig. 3
can be reproduced with an average relative error of 0.5%±1%.

Equation (13) suggests that sc of FHH particles can be written as sc=CD
x
dry, where

C is a constant that depends on AFHH and BFHH. C can be determined by computing
sc (Sect. 2.1) for a reference dry diameter. Figure 4 presents C as a function of AFHH20

and BFHH, computed for particles of 0.1µm dry diameter.
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3.4 Computation of smax and Nd

The smax in a cloud corresponds to the point where supersaturation generation from
cooling balances depletion from condensation of water vapor, and characterizes the
point where droplet activation terminates. For a non-adiabatic (entraining) cloud parcel
ascending with constant velocity V , smax can be determined from the solution of the5

following equation (Barahona and Nenes, 2007)

2αV
πγρw

−Gsmax

smax∫
0

D2
p(τ)+2G

tmax∫
τ

sdt

1/2

ns(s′)ds′=0 (22)

where Dp(τ) is the size of CCN when exposed to s=sc, γ= pMa
psMw

+Mw∆H
2
v

cpRT 2 ,

α=gMw∆Hv

cpRT 2 −gMa
RT + e

[
∆HvMw

RT 2 (T−T ′)−(1−RH)
]
, ∆Hv is the latent heat of condensation

of water, g is the acceleration due to gravity, T is the temperature of the parcel, Mw10

is the molecular weight of water, Ma is the molecular weight of air, cp is the heat ca-
pacity of air, ps is the water saturation vapor pressure, p is the ambient pressure, e is
the entrainment rate of dry air into the parcel (m−1), and T , and RH are the ambient
temperature and fractional relative humidity, respectively. G in Eq. (22) is given by

G=
4

ρwRT
psDv′Mw

+∆Hρw
kaT

(
∆HvMw

RT −1
) (23)15

where ka is the thermal conductivity of air, and Dv ′ is the water vapor mass transfer
coefficient from the gas to droplet phase corrected for non-continuum effects that is
calculated as discussed in Sect. 3.5. For an adiabatically rising parcel, e=0, and hence
Eq. (22) can be re-written as,

2αV
πγρw

−Ie(0, smax)=0 (24)20
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where

Ie(0, smax)=Gsmax

smax∫
0

D2
p(τ)+2G

tmax∫
τ

sdt

1/2

ns(s′)ds′ (25)

Ie(0, smax) is called the condensation integral (further treated in Sect. 3.6), which upon
calculation can be substituted in Eq. (24) and subsequently solved for smax. Then, the
number of cloud droplets that form in the parcel is5

Nd=F
s(smax) (26)

3.5 Accounting for size and compositional effects on mass transfer coefficient

It is well known that the mass transfer coefficient of water vapor onto droplets (other-
wise known as the effective diffusivity), D′

v , varies with particle size (Fukuta and Walter,
1970),10

D′
v=

Dv

1+ 2Dv
αcDp

√
2πMw
RT

(27)

where D′
v is the water vapor diffusivity in air, and αc is the water vapor uptake co-

efficient. The αc is a kinetic parameter, expressing the probability of water vapor
molecules of being incorporated into droplet upon collision. However, processes other
than accommodation can control the condensation of water vapor (e.g., dissolution ki-15

netics, Asa-Awuku and Nenes, 2007). Thus, αc can be used to express collectively all
related processes in terms of an effective uptake coefficient. Neglecting to account for
the size dependency in D′

v results in overestimating water vapor condensation in the
initial stages of cloud formation (Feingold and Chuang, 2002; Nenes et al., 2002; Ming
et al., 2006; Fountoukis and Nenes, 2007), which can lead to an underestimation of20

smax and Nd .
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An analytical form of the condensation integral cannot be derived by substituting
Eq. (27) into Eq. (25). Instead, Fountoukis and Nenes (2005) suggested to use an
average mass transfer coefficient, Dv,ave, for the growing droplet population. Assuming
that αc is constant for all CCN, and Dp,low and Dp,big express the upper and lower
size of droplets responsible for the condensation of water vapor (hence mass transfer),5

Dv,ave can be expressed as (Fountoukis and Nenes, 2005):

Dv,ave=
Dv

Dp,big−Dp,low

[(
Dp,big−Dp,low

)
−B′ ln

(
Dp,big+B

′

Dp,low+B′

)]
(28)

where B′=2Dv
αc

(
2πMw
RT

)1/2
. Based on numerical simulations for a wide range of val-

ues of involved parameters, Fountoukis and Nenes (2005) suggest Dp,big=5µm and

Dp,low=min{0.207683αc
−0.33048,5.0}.10

3.6 Computing the condensation integral Ie(0, smax)

To compute the condensation integral (Eq. 25), we first express it as the sum of two
terms. The first one gives the contribution from particles that follow Köhler theory,
IK (0, smax), whereas the second one from FHH particles, IFHH(0, smax):

Ie(0, smax)=IK (0, smax)+IFHH(0, smax) (29)15

Using the population splitting approach of Nenes and Seinfeld (2003), IK (0, smax) is
calculated as:

IK (0, smax)=IK,1(0, spart)+IK,2(spart, smax) (30)

where IK,1(0, spart) corresponds to Köhler CCN that, at the instant of parcel maxi-
mum supersaturation, either do not strictly activate (Dp�Dc), or experience signifi-20

cant growth beyond their critical diameter (Dp�Dc). The IK,2(spart, smax) corresponds
to CCN that have not grown significantly beyond their critical diameter and for which
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D2
p(τ)>>2G

tmax∫
τ

sdt (Nenes and Seinfeld, 2003). Calculations of the partitioning super-

saturation, spart, and IK,1(0, spart) and IK,2(spart, smax) for sectional and lognormal size
distribution formulations are presented in detail by Nenes and Seinfeld (2003), Foun-
toukis and Nenes (2005), and Barahona and Nenes (2007), and are not repeated here.
IFHH(0, smax) in Eq. (29) represents the contribution of FHH particles to the conden-5

sation integral. According to Sect. 2.2, Dc/Ddry∼1 for most values of AFHH and BFHH,
and is much smaller that (Dc/Ddry) for Köhler particles with similar dry diameters. Com-
pared to FHH particles, Köhler particles may require 8 to 1500 times more water (i.e., 2
to 50 times more in diameter) to become activated (Table 1). This means that Dp�Dc

can be assumed for all FHH particles. Hence, D2
p(τ)<<2G

tmax∫
τ

sdt and the correspond-10

ing condensation integral is

IFHH(0, smax)=Gsmax

smax∫
0

2G

tmax∫
τ

sdt

1/2

ns(s′)ds′≈Gsmax

smax∫
0

(
2G

1
2αV

(
s2

max−s′2
))1/2

ns(s′)ds′ (31)

where
tmax∫
τ

sdt in Eq. (31) is evaluated using the lower bound of Twomey (1959) (Nenes

and Seinfeld, 2003).
For sectional representation of aerosol size distributions, IFHH(0, smax) is computed15

by substituting Eq. (11) into Eq. (31), and performing the integration as follows

IFHH(0, smax)=
(

G
αV

)1/2 imax∑
j=1

Nj

sjc−s
j−1
c

[
x
2

(
s2

max−x2
)1/2

+
s2

max

2
arcsin

x
smax

]x=sjc
x=sj−1

c

(32)

where imax is the boundary closest to smax.
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For lognormal representation of aerosol size distribution, IFHH(0, smax) is computed
by substituting Eq. (17) into Eq. (31), and integrating

IFHH(0, smax)=
(

G
αV

)1/2 Nismax

2

1−
( sg,i
smax

)2 exp(2x2 ln2 σi )
(

erf(
√

2xσi−umax)+1
)

2
−erf(umax)

 (33)

where umax=
ln(sg,i/smax)−

1
x

√
2 lnσi

. In the case of multiple lognormal modes, Eq. (33) contains

the sum of contributions from each mode.5

3.7 Using the parameterization

The parameterization algorithm is illustrated in Fig. 5, and consists of two steps. First,
Eq. (24) is numerically solved for smax using the bisection method:

πγρwGsmax

2αV

[
IK,1(0, spart)+IK,2(spart, smax)+IFHH(0, smax)

]
−1=0 (34)

where the condensation integral is substituted with the desirable formulation (sectional10

or lognormal). Physical properties are evaluated at the cloud base conditions for adi-
abatic updrafts (i.e., e=0). For entraining parcels (i.e., e>0), properties are evaluated
at the critical entrainment rate following the procedure of Barahona and Nenes (2007).
Once smax is determined, Nd is obtained from Eq. (26).

4 Evaluation of the parameterization15

4.1 Method

We first test the sectional formulation against the lognormal formulation to show the
consistency between the two formulations. Then, we evaluate the accuracy of the pa-
rameterization by comparing the predicted droplet number concentration and maximum
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supersaturation against the numerical parcel model of Nenes at al. (2001) (modified to
include FHH particles) for a wide range of size distributions representative of global
aerosols.

4.2 Evaluation of involved parameters

Nenes and Seinfeld (2003), Fountoukis and Nenes (2005) and Barahona and5

Nenes (2007) have extensively evaluated the parameterization for aerosol composed
of only Köhler particles. Therefore, the focus of this evaluation is on the performance of
the parameterization when FHH particles are mixed with Köhler particles, considering
a wide range of FHH parameters (AFHH and BFHH), water vapor accommodation coef-
ficient, αc, and parcel updraft velocity, V . The values of αc and V were selected to rep-10

resent typical conditions encountered in low-level cumulus and stratocumulus clouds
of marine and continental origin (Pontikis et al., 1987; Conant et al., 2004; Meskhidze
et al., 2005; Peng et al., 2005; Barahona and Nenes, 2007). In total, 6400 different
sets of conditions were considered (see Table 3).
AFHH was varied between 0.5 to 2.0 while BFHH from 0.93 to 2.0. The parcel pres-15

sure and temperature were 1.013 kPa and 290 K, respectively, and droplet concentra-
tion was taken at 350 m above the cloud base. For this comparison, we selected four
Whitby (1978) trimodal size distributions, namely marine, clean continental, average
background, and urban (Table 4). We also selected four additional aerosol distribu-
tions that are representative of dust (Jeong and Sokolik, 2007). They are C04 (Clarke20

et al., 2004), D87 (D’Almeida, 1987), O98 (Hess et al., 1998), and W08 (Weigner et al.,
2008), the properties of which are given in Table 5. As expected, the distributions given
by Whitby have smaller median diameters in comparison to those for distributions rep-
resentative of dust. For each aerosol size distribution, we consider a mixture of Köhler
and FHH particles, allowing the proportion to vary from 0% (pure Köhler particles) to25

100% (pure FHH particles) by number.
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4.3 Comparison of sectional against lognormal formulation

The sectional formulation is evaluated against the lognormal formulation by compar-
ing Nd predicted by the application of each formulation to the activation of lognormal
aerosol size distributions shown in Tables 4 and 5. In applying the sectional formulation,
75 sections per mode were used to discretize the lognormal distribution. The intercom-5

parison is shown in Fig. 6, which depicts the parameterized Nd using the sectional
versus the lognormal formulation. Whitby (1974) aerosol size distributions, αc=0.042,
AFHH equal to 0.68, and BFHH equal to 0.93 were used in the comparison. An ex-
cellent agreement between the two formulations is obtained for all cases considered
(R2=0.9998), suggesting both formulations are equivalent.10

4.4 Comparison of sectional parameterization with parcel model

4.4.1 Whitby aerosol distribution

Figure 7 shows that the predicted droplet number from parameterization closely follows
the predicted droplet number from the parcel model for all conditions of Table 3, thus in-
dicating that there are no regions with systematic biases in the predictions (average rel-15

ative error 0.37%±16%). Figure 8 shows the comparison for the predicted droplet num-
ber between the parameterization and the parcel model for individual Whitby (1978)
distributions. An excellent agreement is apparent, with an average error of less than
10% (Table 6). The only exception is the case of the marine aerosol size distribu-
tion, where a systematic overprediction in parameterized Nd is observed. According20

to Barahona and Nenes (2007), this systematic bias results from an underestimation
of the droplet size that causes a consequent underestimation of surface area avail-
able for water vapor condensation. This forces an underestimation of the condensation
integral, thereby resulting in an overestimation in smax, and hence Nd .
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5 Dust size distributions

To test the applicability of this new parameterization to distributions representative of
dust, we performed an extensive analysis on droplet number predictions comparisons
between this parameterization and the parcel model on aerosol distributions suggested
by Clarke et al. (2004), D’Almeida (1987), Hess et al. (1998) and Weigner et al. (2008)5

for the cloud conditions of Table 3.
Figure 9 shows a good agreement between parameterization and the parcel model

for different updrafts and αc=0.042, AFHH equal to 0.68, and BFHH equal to 0.93.
The agreement is best at high updrafts (5 m s−1, 10 m s−1); at low updrafts (0.1 m s−1,
0.5 m s−1) overprediction by the parameterized Nd was observed. This is because of10

the overprediction in maximum parcel supersaturation, smax (Fig. 10, right down), an
explanation for which has been provided in the preceding Sect. 4.4.1. Figure 10 (left
panels) shows droplet number concentration predictions for different dust distribution
for all conditions of parcel updrafts, uptake coefficients, AFHH equal to 0.68, and BFHH
equal to 0.93. The best performance is seen using the W08 (Weigner et al., 2008)15

dust distribution (Fig. 10c). This may be attributed to smaller median diameters for the
Weigner et al. (2008) distribution in comparison to the much larger fraction of super-
micron particles present in the Clarke et al. (2004), D’Almeida (1987), and Hess et
al. (1998) distributions.

Figure 10 (right panels) compares parcel maximum supersaturation, smax, between20

the parcel model and the parameterization for three different values of accommodation
coefficients. At low values of αc, a greater overprediction in smax is observed. This con-
sequently results in overprediction in the number of activated droplets, and manifests
because of the underestimation of surface area available for water vapor condensation
for the largest size of CCN as explained in Sect. 4.4.1. However, this overestimation in25

cloud droplet number becomes important only for very large values smax that are not
found in clouds.
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6 Summary

This study presents a new parameterization of cloud droplet formation for an aerosol
mixture consisting of soluble particles that activate according to Köhler theory, and
completely insoluble particles that form droplets through adsorption activation following
FHH adsorption theory. This new parameterization is the first of its kind and is built5

upon previous work of Nenes and Seinfeld (2003), Fountoukis and Nenes (2005), and
Barahona and Nenes (2007).

Formulation of the parameterization is developed for sectional and lognormal repre-
sentations of the aerosol size distribution. To facilitate the analytical development of the
parameterization, we have further developed FHH activation theory by i) determining10

the range of AFHH and BFHH for which particles do not act as CCN, and, ii) linking criti-
cal superaturation with dry diameter using a simple power law expression, determined
from numerical solutions to the FHH equilibrium curves.

The parameterization is tested by comparing predictions of droplet number and smax
against detailed cloud parcel model simulations. The evaluations are performed for15

a range of updraft velocities, water vapor uptake coefficients, ambient temperature,
relative humidity, parameters of aerosol size distributions, and AFHH and BFHH. The
parameterization closely follows the parcel model simulations with a mean relative error
between 2% and 20%.

Future work is needed to experimentally derive appropriate values of AFHH and BFHH20

for dust, soot and other insoluble atmospheric particles. Once available, the framework
presented here is uniquely placed for addressing questions related to the interactions
of insoluble particles with clouds and climate.
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Table 1. Comparison of critical to dry particle diameter for FHH and Köhler particles.

Ddry (µm) (Dc/Ddry)FHH
a (Dc/Ddry)b

Köhler

0.01 1.81 3.13
0.025 1.86 4.80
0.05 1.91 7.00
0.075 1.93 8.53
1.00 2.13 31.31
2.50 2.23 49.48
5.00 2.30 70.01
7.50 2.32 85.75
10.00 2.38 99.02
15.00 2.44 121.27
20.00 2.48 140.03

a Dc calculated from Eq. (6), AFHH=0.68, BFHH=0.93, Dw=2.75 A◦

b Dc calculated from Eq. (8), ν=3, σ=0.72 N m−1, Mw=0.018 kg mol−1, Mw=132.14 g mol−1,
ρw=1000 kg m−3
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Table 2. Fitting parameters for Dj,i in Eq. (21).

Dj,i j=1 j=2 j=3 j=4 j=5

i=1 −0.1907 −1.6929 1.4963 −0.5644 0.0711
i=2 −3.9310 7.0906 −5.3436 1.8025 −0.2131
i=3 8.4825 −14.9297 11.4552 −3.9115 0.4647
i=4 −5.1774 8.8725 −6.8527 2.3514 −0.2799
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Table 3. Cloud formation conditions considered in this study.

Property Values

αc 0.042, 0.06, 1.0
V (m s−1) 0.1, 0.5, 1.0, 5.0, 10.0
Tparcel (K) 298
Pparcel(Pa) 9×105

(AFHH , BFHH) (0.25, 2.00), (0.50, 1.75), (0.50, 1.00), (0.68, 0.93), (0.75, 2.00)
combinations considered (0.85, 1.00), (1.00, 2.00), (1.50, 1.50), (2.00, 1.00), (2.00, 2.50)
for FHH particles
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Table 4. Aerosol lognormal size distributions used in this study for Köhler particles (Whitby,
1978).

Nuclei Mode Accumulation Mode Coarse Mode
Aerosol Type Dg1 σ1 N1 Dg2 σ2 N2 Dg3 σ3 N3

Marine 0.010 1.6 340 0.070 2.0 60 0.62 2.7 3.1
Continental 0.016 1.6 1000 0.068 2.1 800 0.92 2.2 0.72
Background 0.016 1.7 6400 0.076 2.0 2300 1.02 2.16 3.2
Urban 0.014 1.8 106000 0.054 2.16 32000 0.86 2.21 5.4

Dgi is the median diameter (µm), Ni is the number of dry particles (cm−3), and σi is the geo-
metric standard deviation of the i th mode. Each particle was assumed to contain 50% soluble
(NH4)2SO4 and 50% insoluble material by mass.
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Table 5. Aerosol lognormal size distributions used in this study for FHH particles that are
representative of mineral dust aerosol (see Jeong and Sokolik, 2007).

Mode 1 Mode 2 Mode 3 Mode 4
Size Distribution Dg1 σ1 MF1% Dg2 σ2 MF2% Dg3 σ3 MF3% Dg4 σ4 MF4%

C04 (Clarke et al., 2004) 0.69 1.46 1.8 1.77 1.85 69.4 8.67 1.50 28.8 – – –
D87 (D’Almeida, 1987) 0.16 2.10 1.0 1.40 1.90 95.3 9.98 1.60 3.7 – – –
O98 (Hess et al., 1998) 0.14 1.95 3.4 0.78 2.00 76.1 3.80 2.15 20.5 – – –
W08 (Weigner et al., 2008) 0.078 2.2 2.93 0.495 1.7 0.81 1.40 1.9 31.53 6.50 1.7 64.73

Dgi is the median diameter (µm), σi is the geometric standard deviation, and MFi% is the
percentage mass fraction of dry particles of the i th mode. Particle number concentration was
calculated from percentage mass fraction by assuming a total mass equal to 4000µg m−3 and
particle density equal to 2.5 g cm−3 in the first three distributions. For Weigner et al. (2008),
number concentration was converted to percentage mass fraction of dry particles in each mode.
Each particle was assumed to contain 50% soluble (NH4)2SO4 and 50% insoluble material by
mass.
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Table 6. Droplet number agreement between the parameterization and parcel model, for each
aerosol type and conditions in Table 3.

Aerosol Type Relative Error (%) Standard Deviation

Whitby Background (Whitby, 1978) +5 ±12
Whitby Marine (Whitby, 1978) −20 ±10
Whitby Continental (Whitby, 1978) +2 ±6
Whitby Urban (Whitby, 1978) +7 ±17
D87 (D’Almeida, 1987) +8 ±12
O98 (Hess et al., 1998) +2 ±15
W08 (Weigner et al., 2008) +4.5 ±25
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(a)

(b)

Fig. 1. Dc/Ddry contours as a function of AFHH and BFHH for (a) Ddry=0.25µm, and (b)
Ddry=20µm.
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Results are shown for αc=0.042, and AFHH=0.68 and BFHH=0.93. 75 sections were used to
discretize the lognormal distribution. Dashed lines represent ±25% deviation.
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Fig. 8. Droplet number concentration, Nd (m−3), predicted by parameterization and the parcel
model for Whitby (1978) distributions, (a) Background, (b) Marine, (c) Continental, and (d)
Urban, for the cloud formation conditions of Table 3. Results are shown for αc=0.042 and
� AFHH=0.68, BFHH=0.93; � AFHH=2.00, BFHH=2.50; N AFHH=2.00, BFHH=1.00; + AFHH=0.50,
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Fig. 10. Droplet number concentration, Nd (left panels) and parcel maximum supersaturation,
smax (right panels), predicted by the parameterization and the parcel model, for the V , αc condi-
tions of Table 3, and dust size distributions of (a) D’Almeida (1987), (b) Hess et al. (1998) and,
(c) Weigner et al. (2008) for AFHH=0.68 and BFHH=0.93 in all simulations.
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