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Responses to reviewers, ACP-2015-896 “An approximation for homogeneous 1	
freezing temperature of water droplets ” by K. -T. O and R. Wood 2	
Review comments in black. Responses provided in red  3	
Responses to anonymous Referee #1  4	
This manuscript presents a new parameterization to predict homogeneous freezing temperatures of 5	
water and aqueous solution droplets in the atmosphere. Using the number of critical embryos formed in 6	
a droplet as a result of critical fluctuations, based on classical nucleation theory, the authors show that 7	
the derived temperature at which the number of critical embryo equals one, can reproduce experimental 8	
studies including freezing from water droplets and aqueous solution droplets. As a result, it is found 9	
that the spread of homogeneous freezing temperatures is largely governed by differences in droplet size 10	
(volume) distribution applied in the ice nucleation experiments. As such, this new parameterization is 11	
suggested for predicting homogeneous ice nucleation in the atmosphere.                                 12	
We thank the reviewer for the clear summary and constructive review.  13	
General comments: 14	
Equation 1 is the foundation of this work. However, as far as I recall, not the mean number of critical 15	
embryos is derived but it gives the number of i-mers of certain size formed for a given fluctuation (as 16	
given e.g. in Pruppacher and Klett). This reflects the partitioning function of the grand canonical 17	
ensemble. More information has to be given why this equation should reflect a mean number of critical 18	
embryos and which size of the critical embryo was assumed. The size of the critical embryo may 19	
depend on other thermodynamic parameters. Please elaborate. 20	
The derivation of Eq. (1) is in the scope of statistical mechanics and the detailed treatments can be 21	
found in many good references on the subject (e.g, Landau and Lifshitz, 1958) as suggested by 22	
Pruppacher and Klett (1997) in the appendix A-7.1. The Boltzmann distribution of critical embryo (i.e. 23	
Eq. (1) in our manuscript and Eq. (7-10) in Pruppacher and Klett, 1997) is derived from the partitioning 24	
function of the grand canonical ensemble, and it should be noted that the derived particle number of the 25	
Boltzmann distribution function is not a “constant” but is a “mean” number. As illustrated in P.107 in 26	
Landau and Lifshitz (1958), “Applying the Gibbs distribution formula to the gas molecules, we can say 27	
that the probability that a molecule is in the kth state is proportional to exp(-εk/T), and therefore so is 28	
the mean number !"		1	  of molecules in that state, i.e. !"		1	 =aexp(-εk/T) (37.2),…. The distribution of 29	
molecules of an ideal gas among the various states that is given by formula (37.2) is called the 30	
Boltzmann distribution…”. The detailed derivation of the Boltzmann distribution used in Pruppacher 31	
and Klett (1997) can also be found in the Statistical physics and cosmology Part IIA Mathematical 32	
Tripos written by Prof. P.K. Townsend at University of Cambridge, where P.32 note that “ The 33	
average value of nk is therefore …, so that !" = $%&'()*"/&,		1	  ”, which is the Eq. (7-6) used in 34	
Pruppacher and Klett, (1997). In addition, it should be noted that the Boltzmann distribution assumes 35	
the particles are in thermal equilibrium.  36	
To clarify, the sentence in Page 31870, line 9 has been modified to: “and thus the mean number of the 37	
critical embryos inside a water droplet in thermal equilibrium can be predicted by a Boltzmann 38	
distribution (Landau and Liftshitz, 1958, P.107; Vali, 1999),”. The sentence in Page 31868, line 4 has 39	
been modified to: “…	droplet is unity is derived from the Boltzmann distribution function and explored 40	
as a…..”. Following sentences have been added to Page 31870, line 15 : “The Boltzmann distribution 41	
form of the critical embryo is derived from the partitioning function of the grand canonical ensemble, 42	
and it should be noted that the derived particle number of the Boltzmann distribution function is not a 43	
“constant” but is a “mean” number (detailed derivation and explanations can be found in Landau and 44	
Liftshitz, 1958, P.107 and Sadovskii, 2012, Chapter 3.1).” 45	
 46	
 47	



	 2	

Regarding the size of the critical embryo, as illustrated in Vali (1999), “The sum of the volume energy 48	
and the surface energy (i.e. formation energy) has a maximum at the critical germ size, indicating that 49	
below that size growth is energetically not favored, but beyond that size growth is spontaneous as 50	
increasing size leads to decreasing total potential for the cluster”, so the critical embryo size assumed 51	
in our study is the size has maximum formation energy, which is consistent with the classical definition 52	
of the critical embryo (Pruppacher and Klett, 1997; Defour and Defay, 1963). The size of the critical 53	
embryo is given in Eq. (5), which is derived by differentiating the formation energy of the embryo to 54	
obtain the maximum (detailed derivation in (7-27) of Pruppacher and Klett, 1997).  55	
To clarify, the sentence in Page 31870, line 4 has been modified to: “The critical embryo defined as the 56	
i-mers having the highest formation energy is formed by the critical fluctuation ….”.   57	
As stated above, I like this work, but it is not clear to me what is gained with regard to atmospheric 58	
application compared to previous parameterization, e.g. by Koop et al. (2000)? Computationally, the 59	
formulation by Koop et al., it seems, is still more efficient. Usually in a model, one knows time, either 60	
as a model time step or by given updraft velocities, and if not, one could just assume a time constant 61	
for the Koop et al. formulation. The neglect of time in this study works because close to the 62	
homogeneous freezing limit the nucleation rate coefficient is a very steep function of temperature. As 63	
such, in explanation of the spread in ice nucleation experiments, there will always be an effect of time 64	
but possibly negligible compared to the volume effect. If the authors could make a case why this 65	
parameterization is of advantage in implementing into cloud models, this would strengthen this paper 66	
Thank you for suggesting this. The most pronounced advantage of our approximation in the cloud 67	
modeling is “the temperature history” of droplets is not required to calculate the homogeneous freezing 68	
temperature as it is using the ice nucleation rate. When using the ice nucleation rate J(T(t)), the 69	
complete temperature history of droplets (i.e. temperature versus time) is required to calculate the 70	
complete integration of J(T(t)) with respect to time, which gains considerable complexity in cloud 71	
modeling. One can certain make some assumptions to simplify this complexity, but however, as 72	
pointed out by the referee 1, “the neglect of time in this study works because close to the homogeneous 73	
freezing limit the nucleation rate coefficient is a very steep function of temperature”, the consideration 74	
of time dependence and the following complexity may be a secondary factor for the homogeneous ice 75	
formation in the atmosphere. From this standpoint, our approximation may be more efficient and 76	
simpler in implementing into cloud models.  77	
 78	
To address, we have revised our conclusion to: “The limitation of our method proposed here is that the 79	
time dependence and the stochastic feature of homogeneous freezing temperature can not be 80	
considered because the Boltzmann distribution applied here is a average distribution and does not 81	
provide any information regarding time. Combining the well-known Boltzmann distribution for the 82	
mean number of critical embryos Nc_mean(V,aw,T) and their formation energy ΔFc(T,aw) from CNT 83	
formulae, TNc=1(V,aw) is derived as a function of volume and water activity of water droplets. With the 84	
comparison made in Sect. 3.1 to 3.2, it can be summarized that under most atmospheric conditions, 85	
homogeneous freezing temperatures can be well described by the new approximation TNc=1(V,aw) 86	
proposed here without considering information of the applied cooling rate (i.e. time dependence) and 87	
the number of droplets used in the experiment (i.e. stochastic feature) for d>10µm and aw > 0.85. 88	
Future experimental study is suggested to focus on the homogeneous freezing process of droplets with 89	
high solute concentration (aw < 0.85) and small volume (d < 10µm). The experimental spread in 90	
homogeneous freezing temperatures of water droplets may be partly explained by the size distribution 91	
of droplets used in the experiments. The advantage of our approximation in the cloud modeling is “the 92	
temperature history” of droplets is not required to calculate the homogeneous freezing temperature as it 93	
is when using ice nucleation rate (i.e. Eq. (7-71) in Pruppacher and Klett, 1997). When using the ice 94	
nucleation rate J(T(t)), the complete temperature history of droplets is needed to calculate the 95	
integration of J(T(t)) with respect to time in order to consider the time dependence and stochastic 96	
feature, which can introduce considerable complexity in cloud modeling. However, based on the 97	
experimental studies of homogeneous freezing temperature collected and discussed in our study, we 98	
suggest in most of the practical experiments and realistic atmospheric conditions (i.e. γcooling < 20 K 99	
min-1), the time dependence and the stochastic feature of homogeneous freezing temperature may be a 100	
secondary factor compared to the effect of volume and water activity. The approximation proposed 101	
here is relatively simpler to be implemented into cloud models and may improve the representation of 102	
homogeneous ice nucleation in the atmosphere.” 103	
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 104	
It would be interesting to know at which spread in size distribution, time considerations (or vice versa 105	
i.e. time versus volume effect) are important. This could help guiding experiments. 106	
 107	
The results shown in Fig. 1 and Fig. 4 suggest that the time considerations may be important when the 108	
droplet volume and water activity are low (i.e. where the deviations are considerable), but since there is 109	
no information of γcooling provided in these experimental studies, we can not evaluate the importance 110	
here.  111	
 112	
To address this – we have added following sentences in P.31880, line 20: “The results shown in Fig. 1 113	
and Fig. 4 suggest that the time consideration may be more important when droplet volume and water 114	
activity are low where the experimental data show considerable inconsistency (i.e. aw < 0.85 and d < 115	
10µm), and future experiments are suggested to emphasize these droplet size and water activity 116	
ranges.” 117	
 118	
 119	
Specific comments: 120	
p. 31868, l.5-6: “Without consideration of time dependence and stochastic nature. . .”.	 I understand 121	
why you write this here but it could be misunderstood that homogeneous ice nucleation is not time 122	
dependent or not stochastic, which it obvious is. In fact, your basic equation is derived from CNT that 123	
assumes fluctuations. Here, you can neglect time dependence since the nucleation rate is so steep with 124	
respect to changes in T. I suggest to clarify this statement.  125	
Agree. This sentence has been modified to: “ Without including the information of the applied cooling 126	
rate γcooling and the number of observed droplets Ntotal_droplets in the calculation, the approximation 127	
TNc=1 is able to reproduce the dependence of homogeneous freezing temperature on drop size V and 128	
water activity aw of aqueous drops observed in a wide range of experimental studies for droplet 129	
diameter > 10µm and aw > 0.85, suggesting the effect of γcooling and Ntotal_droplets may be secondary 130	
compared to the effect of V and aw on homogeneous freezing temperatures in these size and water 131	
activity ranges under realistic atmospheric conditions.” 132	
We have changed the term “stochastic nature” to “stochastic feature” in our manuscript based on the 133	
comments of referee 2. The more complete discussion and definition of the stochastic feature have 134	
been added to Page 31871, line 10:“ Hereafter we refer the distribution of homogeneous freezing 135	
temperatures owing to Ntotal_droplets when all the droplets have exactly same V and aw as a stochastic 136	
feature.”  137	
p. 31868, l. 16: Would it not be better to call it ice melting temperature instead of equilibrium 138	
temperature? 139	
Agree. Done.   140	
 141	
p. 31868, l. 21: ...of temperature and time...? Previous experiments when deriving nucleation rate 142	
coefficients interpreted their data using droplet volume and time including Koop et al. (2000). 143	
Agree. Done.  144	
 145	
p. 31868, l. 23 following: Regarding the Riechers et al. study. Do you mean they are the only one who 146	
reported droplet size distribution for one given droplet size (i.e. the deviation from a monodisperse 147	
droplet distribution)? Maybe clarify 148	
Yes, to our knowledge, among the homogeneous ice nucleation studies, Riechers et al. (2013) provides 149	
the most detailed information regarding the size distribution of droplets used in the experiments (i.e, 150	
mean and standard deviation) with the data of ffrozen_droplets v.s. temperature. We agree these sentences 151	
could be misunderstood and are not necessary in the introduction section, so have removed them.  152	
 153	
p. 31871, l. 5: Why should the fluctuation probability be higher in larger volumes? The fluctuation 154	
probability is in principle an energy term and thus is independent of volume. It depends on temperature, 155	
supersaturation, surface tension but not volume? Since in this parameterization molecular fluxes are not 156	
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considered, there is no volume dependence. Please elaborate since this statement is not clear from 157	
given information. 158	
The fluctuation probability is indeed independent of volume. We agree. Actually, that is not what we 159	
meant to say in the original sentence. The original sentence-	Because τmeta_remove is the time needed for 160	
the occurrence of the critical fluctuation, τmeta_remove is shorter at cooler temperature when the 161	
fluctuation probability is higher “or” in a droplet with more molecules. We want to point out that the 162	
time needed for metastability removing is shorter in a larger droplet “or” at cooler temperature.  163	
 164	
To avoid confusion, this sentence has been modified to: “Because τmeta_remove is the time needed for the 165	
occurrence of the critical fluctuation among water molecules, τmeta_remove is shorter in a larger droplet 166	
with more molecules Vρ or at lower temperature when the fluctuation probability exp() is higher” 167	
 168	
p. 31871, l. 17: Please add a reference at the end of this statement. 169	
The detailed illustration of the kinetic absorption/desorption flux system applied in deriving CNT can 170	
be found in Defour and Defay, 1963, P.184-185. We have decided to remove the part discussing ice 171	
nucleation rate in this section.  172	
  173	
p. 31872, Eq. 3: Why is the decadal log used for the sensitivity of droplet diameter.  174	
The decadal log is used here because the dependence of TNC_1 on diameter is not linear, but the 175	
dependnece of TNC_1 on log10(diameter) is nearly linear as shown in the Fig. 1 of our manuscript. To 176	
clarify, following sentence has been added: “As shown in Figure 1, the dependence of TNC_1 on log10d is 177	
nearly linear, so the decadal log is used here to simply derive the linear dependence.”   178	
 179	
p. 31876, l. 6-10: Could you clarify this statement? What is the call for more “potentially important 180	
dependencies”? If not, maybe avoid this statement. 181	
We have modified the sentence to: “the potential important dependencies such as applied cooling rate, 182	
size distribution of droplets and number of observed droplets used in experiments.” 183	
 184	
p. 31876, l. 19 and following (discussion Fig. 4): There are a couple of points regarding Fig. 4 which 185	
may be helpful for the authors: i) I am wondering why the authors did not also plot the data of Swanson, 186	
Knopf and Lopez (2009), and Knopf and Rigg (2011), the latter ones being a much more extensive data 187	
set? ii) Knopf and Rigg (2011) and Riechers et al., argue that J_hom by Koop et al. (2000) may be ~ 2 188	
orders of magnitude too high. Does this effect interpretations/derivations of this study? iii) The 189	
reasoning for the deviation at lower aw is not complete. Abbatt and co-workers observed higher 190	
freezing temperatures due to heterogeneous ice nucleation. Swanson observed freezing below the 191	
homogeneous freezing line, this usually indicates other issues than a heterogeneous nucleation process. 192	
For example, the droplets may have possessed less water than indicated by experimental RH (not in 193	
equilibrium, mass transfer, etc.). In addition, at lower aw, the assumption that aw does not change with 194	
decreasing temperature may be less “true”. See e.g. E-AIM model by Clegg and co- workers. 195	
Deviations at low aw could be due to our incomplete understanding of aw for certain aqueous 196	
solutions. 197	
 198	
(i) and (ii). Thank you for suggesting this. The data from Knopf and Lopez (2009), and Knopf and 199	
Rigg (2011) have been added to Fig. 4, and the size ranges used in these studies have been considered 200	
into the theoretical derivation of Tnc=1. In the comparison of the homogeneous freezing temperatures as 201	
shown in Fig. 4, there is no pronounced difference among the data of Koop et al. (2000), Knopf and 202	
Lopez (2009) and Knopf and Rigg (2011).  203	
   204	
(iii)We thank reviewer for the useful and more complete information. The paragraph in P.31876, line 205	
21 has been modified to: “Abbatt et al. (2006) suggests that the disparity of the experimental data for 206	
low aw can be partly attributed to a variety of heterogeneous process, which can result in the higher 207	
observed freezing temperatures. In addition, as suggested by knopf and Lopez (2009), the deviations at 208	
low water activity may be most likely due to our incomplete understanding of aw for certain aqueous 209	
solutions and the corresponding uncertainties. Future experimental study is……..” 210	
 211	
 212	
 213	
 214	
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Technical corrections:�  215	
p. 31872, l. 11: missing space after first comma.  216	
p. 31874, l. 22: Change “sold” to “solid”.�  217	
p. 31875, l. 10: Maybe instead “by” use “using”.  218	
p. 31877, l. 14: Maybe “to” instead “with”.�  219	
p. 31878, l. 18: . . .shifted to. . ..�  220	
p. 31879, l. 21: ... higher than...  221	
Done. Thanks for the corrections. 222	
 223	
We have decided to change the title of the manuscript to: “Exploring an approximation for the 224	
homogeneous freezing temperature of water droplets”  225	
 226	
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Responses to reviewers, ACP-2015-896 “An approximation for homogeneous 260	
freezing temperature of water droplets ” by K. -T. O and R. Wood 261	
Review comments in black. Responses provided in red  262	
Responses to anonymous Referee #2  263	
In this work classical nucleation theory is used to derive an approximation to the homogeneous 264	
freezing temperature, Tf , of water droplets. Tf is defined as the temperature at which the “mean” 265	
number of critical embryos in a droplet is equal to one, and without consideration of time dependency. 266	
The authors show that this approximation is able to roughly reproduce the dependencies of Tf on the 267	
mean droplet volume and the water activity. Homogeneous ice nucleation is a important pathway of 268	
cirrus formation in the upper troposphere. Although strides has been made in its understanding and 269	
parameterization, many questions remain open and the topic is still of importance for the atmospheric 270	
community. This work is thus within the scope of ACP. However the manuscript suffers in many 271	
aspects from a lack of proper conceptual background and understanding. The analysis of the 272	
implications and limitations of the approximation is shallow and requires major improvement. The 273	
central contribution of the paper seems to be simply the application of CNT implicitly choosing a given 274	
time scale and pre-exponential factor, not neglecting them as the authors suggest. On the other hand, 275	
within all of its flaws this work managed to show something of value: Properly parameterized, CNT 276	
converges to the water activity criterion at the thermodynamic limit. The authors may want to point this 277	
out in a rewrite of this work. However in is current form, this work is not suitable for publication in 278	
ACP. 279	
We thank the referee #2 for the review.  280	
General comments: 281	
In general there is confusion about the stochastic nature of ice nucleation. Even though equations with 282	
an embedded stochastic component are used, it is assumed that the stochastic behavior is in fact 283	
neglected.  284	
The term “stochastic nature” has been used in Koop et al. (1998) and Knopf and Lopez (2009) to 285	
describe the deviation of the observed homogeneous freezing temperatures. In principle, this 286	
“stochastic nature” originates from the fact that the embryo interaction in the water droplet is a random 287	
process, so there is always a spread of homogeneous freezing temperatures even in an idealized 288	
case that all the observed droplets have exactly same size and water activity. The paragraph in 289	
P.31871, line 1 -15 illustrates these principles. The Boltzmann distribution used in our study only gives 290	
the “average” distribution of particles over various energy states and does not provide any information 291	
regarding the stochastic nature illustrated above. In other words, the Boltzmann distribution 292	
provides the average state of a stochastic (random) interaction system of embryos. Thus, we think 293	
it is reasonable to state that by using the Boltzmann distribution, stochastic behavior of homogeneous 294	
freezing temperature can not be studied here.  295	
We agree that the term “stochastic nature” could be misunderstood as referee 1 suggests, and have 296	
changed the term “stochastic nature” to “stochastic feature” in our manuscript since the word “feature” 297	
may be more appropriate to describe the distribution of freezing temperatures observed in the 298	
experiment. The more complete discussion and definition of the stochastic feature have been added to 299	
Page 31871, line 10: “ Hereafter we refer the distribution of homogeneous freezing temperatures owing 300	
to Ntotal_droplets when all the droplets have exactly same V and aw as a stochastic feature.” 301	
Instead the authors wrongly associate the stochastic behavior with the variability resulted from 302	
variation in experimental conditions.  303	
We disagree. The paragraph in P.31871, line 1 -15 clearly states that the stochastic behavior results 304	
from the spread of the τmeta_remove  among droplets even if all the droplets have “same size and water 305	
activity”. According to CNT, the stochastic feature of the ice nucleation process can basically explain 306	
the distribution of freezing temperatures observed in the fraction experiment (Pruppacher and Klett, 307	
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1997, Eq. (7-71); Koop et al., 1998; Niedermeier et al., 2011). However, current technology to 308	
produce water droplets for such experiments introduces a spread of sizes, and the freezing 309	
temperatures show a clear dependence on droplet volume (Fig. 1), so the spread in sizes of water 310	
droplets used in the experiments may be important for explaining the distribution of freezing 311	
temperatures observed in the experiment (from P.31877, line 15-20). As shown in the Fig. 5 and Table 312	
2 (new added), the spread in droplet size may be an important factor governing the spread of the 313	
homogeneous freezing temperatures.   314	
We think there are couple semantic problems in our manuscript causing this misunderstanding, and the 315	
details will be provided in the specific comments. 316	
There is also confusion about the meaning of the expressions in CNT, mistaking a thermodynamic limit 317	
with an average over a given time interval.  318	
Here, referee #2 regards the Boltzmann distribution of the critical embryo (i.e. Eq. 1 in our manuscript) 319	
as the simplified “thermodynamics limit” of CNT by choosing a given time scale and pre-exponential 320	
factor, and argues that we mistake this thermodynamics limit as an average over a given time interval. 321	
The Boltzmann distribution is certainly not a thermodynamics limit but is a “average” distribution of 322	
particles at a given thermodynamics state (i.e. temperature, pressure).  323	
The derivation of our Eq. (1) is in the scope of statistical mechanics and the detailed treatments can be 324	
found in many good references on the subject (e.g, Landau and Lifshitz, 1958) as suggested by 325	
Pruppacher and Klett (1997) in the appendix A-7.1. For example, as illustrated in P.107 in Landau and 326	
Lifshitz (1958), “Applying the Gibbs distribution formula to the gas molecules, we can say that the 327	
probability that a molecule is in the kth state is proportional to exp(-εk/T), and therefore so is the mean 328	
number !"  1	  of molecules in that state, i.e. !"  1	 =aexp(-εk/T) (37.2),…. The distribution of molecules of 329	
an ideal gas among the various states that is given by formula (37.2) is called the Boltzmann 330	
distribution…”. The detailed derivation of the Boltzmann distribution used in Pruppacher and Klett 331	
(1997) can also be found in the Statistical physics and cosmology Part IIA Mathematical Tripos written 332	
by Prof. P.K. Townsend at University of Cambridge, where P.32 clearly note that “ The average value 333	
of nk is therefore …, so that !" = $%&'()*"/&,  1	  ”, which is the Eq. (7-6) used in Pruppacher and Klett, 334	
(1997).   335	
The approximation to the freezing temperature proposed can be understood as simply using CNT with 336	
fixed preexponential factors and observation time scale and therefore has been done in many previous 337	
works. 338	
Referee #2 regards the Boltzmann distribution of the critical embryo (i.e. Eq. 1 in our manuscript) as 339	
the “thermodynamics limit”, “simplification”, and “application” of the ice nucleation rate formula of 340	
CNT.  341	
The Boltzmann statistics gives a probability distribution of particles (i.e. embryos) in a system with 342	
various possible states. The probability that a particle in the ith state is proportional to e-εi/kT , where εi is 343	
the state energy (i.e. formation energy of the embryo), and the “mean number” of critical embryos in 344	
thermal equilibrium can be given by the Boltzmann distribution as described by our Eq. (1) (see P.107 345	
in Landau and Lifshitz (1958) for details). The Boltzmann distribution only gives a “mean number”, 346	
which does not provide any information regarding time, so it’s definitely appropriate to suggest that the 347	
application of it can not consider the time dependence of homogeneous ice nucleation process. In our 348	
study, we derive the temperature when the mean number of the critical embryos inside a droplet is 349	
unity given by the Boltzmann distribution. 350	
The Boltzmann distribution was discovered by Ludwig Boltzmann in 1877 (Landau and Lifshitz, 1958), 351	
and is certainly “not” a “simpler application” of CNT (i.e. mainly developed after 1900s) choosing a 352	
given time scale and pre-exponential factor as referee #2 suggests. Instead, the formula of ice 353	
nucleation rate is indeed the application of the Boltzmann distribution. The CNT formula of ice 354	
nucleation rate is derived from the Boltzmann distribution and the kinetic adsorption/desorption flux 355	
system based on the assumption that the embryos’ population can be appropriately described by the  356	
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Boltzmann distribution (please see Defour and Defay, 1963, P.173 and P.189 for detailed derivation). 357	
In the validation of the model the authors also miss the fact that the measured freezing temperature 358	
depends on predetermined nucleation thresholds set by the experimental conditions.  359	
A reply is provided in the specific comments below.  360	
The limitations of the proposed model need to be explored and analyzed. In several cases discrepancy 361	
between reported data and the model was explained as artifacts of the data even though the proposed 362	
model is just an approximation and may have important limitations, particularly when the nucleation 363	
rate or the droplet volume are low. 364	
Agree. We have added several paragraphs regarding the limitation of our approximation and more 365	
complete details regarding the experimental uncertainties. See more details provided in the specific 366	
comments.   367	
Moreover, the analysis of Figures 1, 4 and 5, disregards several of the discrepancies between the data 368	
and the model and requires much more detail.  369	
Agree. For Fig. 1, we have added Table 1 to provide the details of the experimental data used in the 370	
comparison. For Fig. 4, we have added the experimental data from Knopf and Lopez (2009) and Knopf 371	
and Rigg (2011). For Fig. 5, we have added Table 2 to provide the detailed values of experimental data 372	
and our approximation. In addition, we have added the discussion regarding experimental uncertainties 373	
in the homogeneous freezing experiments as referee 1 suggests.    374	
Finally, the dispersion between the data sets, and the associated experimental errors, is too large to 375	
formulate any conclusions on the effect of the dispersion on droplet volume, the cooling rate, and the 376	
total number of droplets on freezing temperatures. Rough agreement with the proposed model, which 377	
itself is a rough approximation, should not be used to arrive to such conclusions. Instead the authors 378	
should focus on analyzing under which conditions their limited model is good enough to explain the 379	
data and what accuracy may be expected 380	
In Fig. 1, the dotted line include the ranges of droplet size and observed freezing temperatures (i.e. 381	
spread of the droplet size, spread of the observed freezing temperature) and the uncertainties of the 382	
experiments. We have added Table 1 in our manucript, which shows that the spread of the observed 383	
temperature and droplet size is much larger than the experimental uncertainty. Thus, the dotted lines 384	
through each data point should not be considered as the experimental errors, and we suggest here that 385	
the spread of the observed freezing temperature can be partly explained by the spread of the droplet 386	
size used in the experiment as illustrated in Sect. 3.2.   387	
The limitation of our proposed approximation have been added and provided in the specific comments.  388	
Specific comments:  389	
Page 31869, Line 22. Such unified explanation already exist, which is essentially CNT when droplet 390	
size variation is accounted for. See for example Khvorostyanov and Curry (2009) 391	
Agree. We have added following sentence in P.31869. line 19: “The unified explanation of the 392	
observed dependnecies of the homogeneous freezing temperature on droplet size and water activity 393	
have been proposed by several studies based on different theoretical frameworks such as ice nucleation 394	
rate J and density fluctuation (e.g. Pruppacher 1995; Baker and Baker 2004; Khvorostyanov and Curry 395	
2009; Barahona 2014).” 396	
Page 31870, Line 9 and Eq. (1). This is not a fluctuation probability. It is the concentration of critical 397	
nuclei within the droplet when the cluster population in in equilibrium. Do not use the word “mean”, 398	
since it implies a temporal average. 399	
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We agree it is the concentration of critical nuclei within the droplet. However, this is also the fluctation 400	
probability. As illustrated in P.472 in Landau and Lifshitz (1958) – “the probability w of a fluctuation 401	
producing a nucleus is proportional to exp(-Rmin/T), where Rmin is the minimum work needed to form the 402	
nucleus”. 403	
As illustrated above in the general comments, the number of particle derived from the Boltzmann 404	
distribution is a “mean” value as illustrated in many classical statistical mechanics textbooks (e.g, 405	
P.107 in Landau and Lifshitz (1958)). 406	
Page 31871, Lines 5-6. This is conceptually wrong. The nucleation work is independent of droplet 407	
volume. Within the proposed scheme τmeta-remove∝  1	 (JV)-1 being J the nucleation rate. 408	
The nucleation work is indeed independent of droplet volume. We agree and we think there is a 409	
semantic problem in our original sentences causing the misunderstanding.   410	
 411	
The original sentence: “Because τmeta_remove is the time needed for the occurrence of the critical 412	
fluctuation, τmeta_remove is shorter at cooler temperature when the fluctuation probability is higher “or” 413	
in a droplet with more molecules.” We want to point out that the time needed for metastability 414	
removing is shorter in a larger droplet “or” at cooler temperature.  415	
 416	
To avoid confusion, this sentence has been modified to: “Because τmeta_remove is the time needed for the 417	
occurrence of the critical fluctuation among water molecules, τmeta_remove is shorter in a droplet with 418	
more molecules Vρ or at cooler temperature when the fluctuation probability exp(-ΔFC(T,aw)/kbT) is 419	
higher”  420	
 421	
We agree τmeta_remove is positively proportional to (JV)-1, and because JV~Nc_meanexp(-ΔGactivation_energy), 422	
τmeta_remove is also positively proportional to (Nc_mean)-1 as we express in the manuscript.   423	
 424	
 425	
Page 31871, Lines 3-11. Essentially this whole explanation is wrong. The stochastic nature of ice 426	
nucleation does no originate from spreading in the droplet volume. 427	
 428	
We agree the stochastic nature of ice nucleation does not originate from spreading in the droplet 429	
volume, which is exactly what we want to illustrate here. Thus, we think there is a semantic problem in 430	
this paragraph and have modified it.   431	
Original P. 31871. Line 5-10  432	
Nc_mean (V,aw ,T) is the mean state, so there is always a spread of τmeta_remove among droplets even though 433	
all the droplets have same V and aw and are at exactly same temperature T. The spread of τmeta_remove can 434	
be wider when there are more observed droplets Ntotal_droplets, causing the stochastic nature of ice 435	
nucleation process that some droplets with shorter τmeta_remove can always be frozen at higher 436	
temperature, or in shorter time for droplets at the same temperature.  437	
 438	
To clarify, P. 31871. Line 6-10 have been modified as-   439	
“Embryo interaction is a stochastic process and Nc_mean (V,aw,T) simply expresses mean state, so there 440	
is always a spread of τmeta_remove among droplets even in a idealized case that all the droplets used in the 441	
experiment have exactly the same V and aw and are at exactly the same temperature T. The spread of 442	
τmeta_remove can be wider when there are more observed droplets Ntotal_droplets which in principle can 443	
explain the fraction experiments that some droplets with shorter τmeta_remove can always be frozen at 444	
higher temperature, or in shorter time for droplets at the same temperature even when the droplets have 445	
a monodisperse size distribution and exactly same aw. Hereafter we refer the distribution of 446	
homogeneous freezing temperatures owing to Ntotal_droplets when all the droplets have exactly same V 447	
and aw as a stochastic feature.” 448	
 449	
Page 31871, Lines 15-17. Again this is a misrepresentation. The goal of CNT is not to derive τmeta_remove 450	
from Nc_mean (V,aw ,T), but to derive the nucleation rate, J. 451	
 452	
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Because J~1/τmeta_remove, we don’t think there is any difference between deriving J and deriving 453	
τmeta_remove. We have decided to remove the part discussing ice nucleation rate in our manuscript to 454	
shorten the length of the manuscript and focus on the approximation proposed here.   455	
 456	
Page 31871, Lines 24-25. This is not true. The activation energy is usually derived from the 457	
self-diffusivity of water of from thermodynamic arguments (See for example Ickes et al., 2015 and 458	
Barahona, 2015).  459	
 460	
In Pruppacher (1995), in order to get the agreements between the observed homogeneous freezing 461	
temperatures and the theoretical estimates derived by ice nucleation rate, the value of activation energy 462	
is fitted. We agree there are several theoretical and experimental studies working on the derivation of 463	
the activation energy. However, the disagreements among the studies are still large as shown in Ickes et 464	
al. 2015, Fig. 1. The part discussing ice nucleation rate has been removed.    465	
 466	
Page 31872, Line 7. It should be evident that this expression indicates that the proposed approximation 467	
(Eq. 1) is a thermodynamic limit not a mean value.  468	
Page 31872, Line 16. This equation is similar to Eq. (30) of Barahona (2014). Essentially the proposed 469	
approximation can be understood as implicitly selecting values for the preexponential factor and the 470	
time scale in the nucleation rate expression, as done in many works. This should be discussed.	 	471	
 472	
Koop et al. (1998) reported that observed homogeneous freezing temperatures do not significantly 473	
depend on the cooling rate of the droplets for cooling rate smaller than 20 K min-1. It actually suggests 474	
that τmeta_remove(~1/J) is a very steep function of temperature at the observed homogeneous freezing 475	
temperatures. As referee 1 mentioned, “The neglect of time in this study works because close to the 476	
homogeneous freezing limit the nucleation rate coefficient is a very steep function of temperature. As 477	
such, in explanation of the spread in ice nucleation experiments, there will always be an effect of time 478	
but possibly negligible compared to the volume effect”.   479	
 480	
The term “mean” used to describe the Boltzmann distribution can be found in many classical statistical 481	
mechanics textbooks. The Boltzmann distribution is not the thermodynamic limit and is not derived 482	
from the ice nucleation rate formula as we illustrate above in the general comments.  483	
 484	
Page 31872, Line 19. Here and in other places. Use lower (higher) instead of cooler (warmer). 485	
Agree. Done.  486	
Page 31872, Line 23. Remove “then” 487	
Agree. Done.  488	
 489	
Page 31873, Lines 1-4. How are these values obtained? It is not clear how they “explain” the observed 490	
dependencies. 491	
These values are derived from Eq. (2) numerically. This sentence has been modified to: “…of water 492	
activity and drop size, which are derived numerically from Eq. (2). ” 493	
 494	
Agree. The sentence “may explain the…..”has been removed.  495	
Page 31873, Lines 4-5. This sentence must go somewhere else, where the comparison against 496	
experimental results is shown. 497	
 498	
Agree. Done. This sentence has been moved to the result section.   499	
 500	
Page 31873, Line 25. Remove the words “of the”. 501	
Agree. Done.  502	
 503	
Page 31874, Line 5. Equilibrium is right but melting is not. The melting temperature depends on 504	
concentration and experimental conditions. 505	
Agree. Done.  506	
 507	
Page 31874, Lines 6-7. Calling the derivatives “dependencies” is wrong. In fact there is no need to call 508	
this terms anything since what they are is evident. 509	
Agree. Done.  510	
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 511	
Page 31874, Line 12. Maybe use “instead” as opposed to “therefore”. 512	
Agree. Done.  513	
 514	
Page 31874, Lines 15-16. So which one is used? 515	
All of them are used. Following sentence has been added to Page 31874, Lines 16 : “and these three 516	
values will all be used in our calculation.” 517	
 518	
Page 31874, Lines 25. Please give the value of C. 519	
Agree. Done.  520	
 521	
Page 31874, Line 5. It must be “properties”. 522	
We assume the referee 2 refer to Page 31875, Line 1.  523	
We have added the detailed formula of C and removed this sentence. 524	
 525	
Page 31875, Lines 2-3. Please plot the estimate of the interfacial tension against other expressions. 526	
 527	
The Fig. 2 of Ickes et al. (2015) has the most detailed review regarding the theoretical and 528	
experimental estimation of the interfacial tension. The values of the interfacial tension used in our 529	
study are about the median of all the values derived from the previous studies. Because the interfacial 530	
tension is not the focus of our study here, it may not be necessary to plot the estimate of the interfacial 531	
tension against other expression.  532	
 533	
To address, following sentence has been added in Page 31874, Line 16: “According to Ickes et al. 534	
(2015), the values of the interfacial energy used here are about the median of all the values derived 535	
from the previous studies” 536	
 537	
Page 31875, Line 15-17. This is only true for T > 235 K and droplets above 10 µm. Not clear why the 538	
slope is mentioned at all since it is Tf which is compared not dTf /dD and why it is somehow a prove of 539	
the validity of the model. To make any assessment on dTf /dD it should be calculated directly, not 540	
mentioned implicitly. 541	
 542	
Agree. The sentence have been revised to: “For droplet diameter > 10µm, the theoretical values of 543	
TNc=1(V,aw=1) derived by the value of σi/w,e from TIP4P water model agree very well with most of the 544	
experimental data Tf(V,aw=1). Using the values of σi/w,e from TIP4P/2005 and TIP4P-Ew leads to a shift 545	
downward of 1~2 K of TNc=1(V,aw=1).” 546	
 547	
Agree. The discussion on the slope has been removed  548	
 549	
Page 31875, Line 15-17. In their calculations the authors assume a monodisperse size distribution, 550	
which is probably not true in most of the experiments. In a true comparison TNc=1 should be weighted 551	
by the droplet size distribution.  552	
Tnc=1(V,aw) is the temperature when the mean number of critical embryo is unity inside a droplet with 553	
size V and aw defined by our Eq. (2). Thus, it cannot be weighted by the droplet size distribution.  554	
 555	
We agree the effect of droplet size distribution used in the experiment is important, which is discussed 556	
in the Sect. 3.2 of our manuscript.  557	
 558	
Page 31875, lines 17-23. I don’t think there is any evidence to make this statement. There is no 559	
information on γcooling in Fig. 1. The error bars in most of the data are wider than the expected 560	
variation in Tf from cooling rate. The dispersion in the size of the droplets is not accounted for; 561	
increasing the width of the droplet size distribution tend to smooth the variation in Tf from other factors. 562	
Tf from different data sets clearly do not fall on the same line. 563	
 564	
The detailed information regarding cooling rate has been added in Table 1.  565	
 566	
We agree the Fig. 1 in our manuscript does not have enough evidence to make this statement and have 567	
decided to remove it. Since Koop et al. (1998) and Murray et al. (2010) showed difference 568	
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dependencies of homogeneous freezing temperatures on cooling rates, we agree it is still an open 569	
question. However, based on the comparison made in Fig. 1, Fig. 4 and Fig. 5, we think it is fair to 570	
suggest that the effect of cooling rate and the total number of observed droplets may be secondary 571	
compared to the effect of drop size and water activity on homogeneous freezing temperatures for 572	
droplet diameter >10µm and aw > 0.85. As suggested by referee 1, “The neglect of time in this study 573	
works because close to the homogeneous freezing limit the nucleation rate coefficient is a very steep 574	
function of temperature. As such, in explanation of the spread in ice nucleation experiments, there will 575	
always be an effect of time but possibly negligible compared to the volume effect”.   576	
 577	
Most part of the dotted lines should be regarded as the spread of droplet size and observed freezing 578	
temperatures but not the error bars as shown in our new Table. 1.    579	
 580	
We agree the width of the droplet size is important and is exactly the conclusion we made in Section 581	
3.2.   582	
 583	
We agree the agreement is only true for diameter > 10µm, and have revised the sentence.  584	
 585	
Page 31875, lines 23-26. The data of Murray et al. (2010) is not the only exception. Clearly the data 586	
from Earle et al. (2010), Pound et al. (1953), Riechers et al. (2013), Kuhns and Mason (1967), and 587	
Cziczo and Abbat (1999) do not follow the predicted curve. 588	
We agree the agreement is only true for diameter > 10µm, and have revised the sentence.  589	
 590	
Page 31876, lines 9-12. Koop et al. (2000) use data from different sources and they should be labeled 591	
as such in the Figure. Furthermore, similar studies have been performed by other groups during the last 592	
decade (some cited in the work) and should be included. 593	
Agree. The experimental data of Knopf and Lopez (2009) and Knopf and Rigg (2011) have been added 594	
and discussed.   595	
 596	
Page 31876, lines 15. This is true only for aw > 0.85. 597	
Agree. The sentence has been revised to: “the result shows that the approximation TNc=1(V,aw=1) is in 598	
good agreement with the experimental data for aw > 0.85.”   599	
 600	
Page 31876, lines 16-17. This is confusing statement; dTNc=1/dγcooling is not shown in Figure 4, just 601	
TNc=1. 602	
 603	
Agree. The sentences have been revised to: “Without considering the time dependence (γcooling varying 604	
from 1 K min-1 to 10 K min-1 among all the experiments) and the stochastic feature” 605	
 606	
Page 31876, lines 18-20. Another unsupported statement. The authors have no evidence to show that 607	
the scatter in the data comes from dispersion in the droplet size. The statement seems to be based only 608	
on a rough agreement with their model which itself is a rough approximation to Tf . 609	
 610	
We agree we have no evidence to show that the scatter in the data “certainly” comes from dispersion in 611	
the droplet size. To clarify, the sentences have been revised to: “The scattering of the experimental data 612	
between the theoretical estimates for aw > 0.85 (i.e. TNc=1 for d =1 to 80 µm) suggests that the spread of 613	
droplet size applied in the experiments may play an important role in the spread of homogeneous 614	
freezing temperatures.” 615	
 616	
Page 31876, lines 10-20. The freezing temperature is not a thermodynamic property and depends on 617	
experimentally predetermined nucleation thresholds, so this is not an objective evaluation of the model. 618	
See general comments above. 619	
We agree the measured freezing temperature depends on predetermined nucleation thresholds set by 620	
the experimetnal conditions (i.e. T50%, T10%), and have added Table. 1 to provide the detailed 621	
information of the experimental data used in the Fig. 1. The reason why experiments need to set a 622	
nucleation threshold is that there is always a distribution of freezing temperatures observed in the 623	
experiments, which in principle can be attributed to the stochastic feature of homogeneous freezing 624	
temperature as we illustrated above. In fact, we do not miss the fact there is predetermined nucleation 625	
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thresholds. We actually suggest that the spread of homogeneous freezing temperatures is partly 626	
governed by the spread of droplet size used in the experiment and is an important factor why 627	
predetermined nucleation thresholds is needed in the experiments.   628	
Page 31876, lines 20-27. Here the work focuses on experimental artifacts to explain the discrepancy 629	
between the model and the measurements, forgetting that the model itself is but a rough approximation 630	
to Tf (Figure 1 also suggest that it is not accurate at low T ). A simple explanation would be that as aw 631	
decreases and the flux of molecules to the ice germ decreases (activation energy increases). The 632	
thermodynamic limit TNc=1 becomes less accurate since kinetics is playing a larger role. 633	
According to Koop et al. (1998), Knopf and Lopez (2009) and the review of the referee 1, the 634	
deviations at low water activity may be most likely due to our incomplete understanding of aw and the 635	
corresponding uncertainties.   636	
 637	
On the other hand, we agree our method may becomes less accurate for low aw and small droplet size.  638	
To address this – we have added following sentences in P.31880, line 20: “The results shown in Fig. 1 639	
and Fig. 4 suggest that the time consideration may be more important when droplet volume and water 640	
activity are low where the experimental data show considerable inconsistency (i.e. aw < 0.85 and d < 641	
10µm), and future experiments are suggested to emphasize these droplet size and water activity 642	
ranges.” 643	
 644	
Page 31877, lines 1-10. The limitations of the model must be discussed as well. 645	
Agree. The discussion of the limitations of the model have been added in Page 31872, lines 10: “The 646	
number of critical embryos derived from the Boltzmann distribution is a mean value and does not 647	
provide any information regarding freezing time, so it can not be used to study the dependence of the 648	
homogeneous freezing temperature on cooling rate (i.e. time dependence) and number of droplets used 649	
in the experiments (i.e. stochastic feature)”   650	
 651	
Page 31877, line 3. This is a confusing statement. I suggest simply “variation in TNc=1” without 652	
involving derivatives. Also in Line 7 and other parts of the work derivatives are referred to as “the 653	
dependencies” which is confusing and unnecessary. 654	
Agree. Done.  655	
 656	
Page 31877, lines 15-18. It is not clear what this statement refers to. Also it needs a reference. 657	
References have been added : “(Pruppacher and Klett, 1997, Eq. (7-71); Koop et al., 1998; Niedermeier 658	
et al., 2011)” The more complete discussion on stochastic feature has been added in Sect. 2.  659	
 660	
Page 31878, lines 1-3. This statement seems wrong. The stochastic nature of ice nucleation is 661	
fundamentally embedded in the expressions used. The fact that Eq. (1) is based on Boltzmann type 662	
distribution of cluster sizes at equilibrium is a reflection of that. Do the authors mean that they do not 663	
consider variation in Tf due to time, or, that they implicitly assume a infinite flux of water molecules to 664	
the germ? 665	
 666	
We agree “without consideration of stochastic nature” could be misunderstood as referee 1 suggests so 667	
we have removed it. We have changed the term “stochastic nature” to “stochastic feature” in our 668	
manuscript as explained above in the general comments.    669	
 670	
The exponential term in the Boltzmann distribution is the probability of occurrence of the critical 671	
fluctuation (Landau and Lifshitz, 1980, P.472-473), so Eq. (1) is derived based on the existence of 672	
fluctuation, which is a stochastic event. However, the number of critical embryos derived from the 673	
Boltzmann distribution is a mean state, which depends on V, aw, and temperature, but does not provide 674	
any information regarding the variation of Nc_mean due to time and number of observed droplets. More 675	
detailed discussion on the Boltzmann distribution has been provided above.   676	
 677	
Page 31878, lines 3-11. Why is it necessary to define all of these values? They are never shown. Also, 678	
is this calculation simply Tf = ! "#

$ %&'() " *"			1	 at each temperature? 679	
 680	
We have added Table 2 to provide these values. The details of the calculation have been provided in 681	
Page 31878, lines 3-11.   682	
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 683	
Page 31878, lines 15-20. Again it is not clear what is understood by the stochastic nature of ice 684	
nucleation, and why it is used here to justify the discrepancy with the data. The authors should be more 685	
self-critical and discuss the limitations of their approach. A steeper curve in Fig. 5 is consistent with the 686	
increasing effect of kinetics at lower temperature and, with the breaking of the thermodynamic 687	
assumption in smaller droplets (consistent with the discrepancy between the model and the data in 688	
Figure 1). 689	
The term “stochastic nature” has been used in Koop et al. (1998) and Knoft and Lopez (2009) to 690	
describe the deviation of the observed homogeneous freezing temperatures when the droplets have 691	
identical volume and water activity. In principle, this “stochastic nature” originates from the fact that 692	
the embryo interaction in the water droplet is a random process, so there is always a spread of the 693	
observed freezing temperature even in a idealized case that all the droplets have exactly same size and 694	
water activity. Our method used here can only study the dependence of homogeneous freezing 695	
temperature on droplet volume and water activity, but a limitation is that it can not be used to study the 696	
dependence on cooling rate (i.e. time dependence) and number of droplets used in the experiment (i.e. 697	
stochastic feature).  698	
Here, we suggest the stochastic feature and the time dependence (i.e. the factors we can not study here) 699	
are secondary factors compared to the effect of droplet volume and water activity on homogeneous 700	
freezing temperature.   701	
Page 31878, line 21. These values must be explicitly shown. 702	
 703	
Done. We have added Table 2.  704	
 705	
Page 31878, line 26-29. This is not the meaning of the stochastic nature of ice nucleation. It is not 706	
merely the distribution of freezing temperatures. Second, is it Fig. 4 or Fig. 5 what is being discussed? 707	
Finally, the error bars in the data span the whole range of variation in Tf from variation in droplet size 708	
and it is not clear that any conclusion on the effect of droplet size dispersion can be extracted from this. 709	
Mere comparison against a approximated model cannot be used as prove. 710	
 711	
We agree “without consideration of stochastic nature” could be misunderstood as referee 1 suggests so 712	
we have removed it. We have changed the term “stochastic nature” to “stochastic feature” in our 713	
manuscript as explained above in the general comments. The more complete discussion and definition 714	
of the stochastic feature have been provided above.  715	
 716	
Thanks for the correction. The sentence has been modified to: “From the comparison made in Fig. 5”. 717	
The details of the comparison have been added in Table 2.	 	718	
	719	
As we mentioned in the manuscript, Riechers et al. (2013) reported that during cooling, the majority of 720	
the droplets are frozen over a temperature interval of 0.84–0.98 K. The range between the theoretical 721	
estimates Tf

onset (i.e. Tnc=1 of the biggest droplet used in the experiment) and Tf
end (i.e. Tnc=1 of the 722	

smallest droplet used in the experiment) is 0.42-1.06K. This suggests that the spread of the droplet size 723	
may be the important factor governing the spread of the observed homogeneous freezing temperature 724	
in the experiment.  725	
 726	
To clarify, following sentence has been added to Page 31878, line 26: “, suggesting the spread in 727	
droplet size (i.e. a disperse distribution) may be an important factor governing the spread of the 728	
homogeneous freezing temperatures observed in a given fraction experiment.” 729	
 730	
Page 31879, line 6. Neither the total number of droplets nor the cooling rate were studied as factors. 731	
The conclusion is based solely on the agreement of the rough approximation proposed with the data. 732	
 733	
The details regarding the experiments have been added in Table 1.  734	
The limitation of our method has been provided in the Sect. 2 and Sect. 5 as illustrated above.  735	
 736	
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Page 31879, lines 7-15. Is this involved explanation just saying that in many cases TNc=1 is an 737	
acceptable approximation to the experimentally observed Tf? Is not that the premise of the whole 738	
work?  739	
Yes.  740	
 741	
Page 31880, lines 25. This is a theoretical limit, it is not shown by the experiments. Figure 5, Caption. 742	
Is the red line missing? 743	
 744	
We agree and have removed this sentence.  745	
 746	
The caption has been revised.   747	
 748	
We have decided to change the title of the manuscript to: “Exploring an approximation for the 749	
homogeneous freezing temperature of water droplets”  750	
 751	
References      752	
Abbatt, J. P., Benz, S., Cziczo, D. J., Kanji, Z., Lohmann, U. and Mohler, O.: Solid ammonium sulfate 753	
aerosols as ice nuclei: a pathway for cirrus cloud formation, Science, 313, 1770-1773, 1129726 [pii], 754	
2006. 755	
Dufour, L. and Defay, R.: Thermodynamics of clouds, Academic Press, New York, USA, 1963.  756	
Ickes, L., Welti, A., Hoose, C., and Lohmann, U.: Classical nucleation theory of homogeneous freezing 757	
of water: thermodynamic and kinetic parameters, Phys. Chem. Chem. Phys., 17, 5514-5537, 2015. 758	
Khvorostyanov, V. I. and Curry, J. A.: Critical humidities of homogeneous and heterogeneous ice 759	
nucleation: Inferences from extended classical nucleation theory, Journal of Geophysical Research: 760	
Atmospheres (1984–2012), 114(D4), 2009. 761	
Knopf, D. A. and Lopez, M. D.: Homogeneous ice freezing temperatures and ice nucleation rates of 762	
aqueous ammonium sulfate and aqueous levoglucosan particles for relevant atmospheric conditions, 763	
Physical Chemistry Chemical Physics, 11, 8056-8068, 2009. 764	
Knopf, D. A. and Rigg, Y. J.: Homogeneous ice nucleation from aqueous inorganic/organic particles 765	
representative of biomass burning: Water activity, freezing temperatures, nucleation rates, J. Phys. 766	
Chem. A, 115, 762–773, 2011.  767	
Koop, T., Luo, B., Tsias, A. and Peter, T.: Water activity as the determinant for homogeneous ice 768	
nucleation in aqueous solutions, Nature, 406, 611-614, 2000. 769	
Koop, T., Ng, H. P., Molina, L. T. and Molina, M. J.: A new optical technique to study aerosol phase 770	
transitions: The nucleation of ice from H2SO4 aerosols, The Journal of Physical Chemistry A, 102, 771	
8924-8931, 1998. 772	
Landau, L. D. and Lifshitz, E.: Statistical physics, part I, 5, 468, 1980. 773	
Pruppacher, H. R. and Klett, J. D.: Microphysics of Clouds and Precipitation, Springer Science & 774	
Business Media, 1997. 775	
Riechers, B., Wittbracht, F., Hütten, A. and Koop, T.: The homogeneous ice nucleation rate of water 776	
droplets produced in a microfluidic device and the role of temperature uncertainty, Physical Chemistry 777	
Chemical Physics, 15, 5873-5887, 2013. 778	
Sadovskii, M. V.: Statistical Physics. De Gruyter Studies in Mathematical Physics. Berlin: De Gruyter, 779	
2012. 780	
Townsend, P.K.: Statistical physics and cosmology Part IIA Mathematical Tripos, University of 781	
Cambridge 782	



	 16	

Exploring an approximation for the homogeneous freezing temperature of water 783	
droplets 784	

 785	

 786	

K. -T. O1, R. WOOD1 787	

[1] University of Washington, Department of Atmospheric Sciences, Seattle, WA, 788	
USA 789	

 790	
 791	
 792	
 793	
 794	
 795	
 796	
 797	
 798	
 799	
 800	
 801	
 802	
 803	
 804	
 805	
 806	
 807	
 808	
Corresponding author:  809	
Kuan-Ting O  810	
408 Atmospheric Sciences–Geophysics (ATG) Building 811	
Box 351640, Seattle, Washington 98195-1640 812	
Phone (206) 543-4250 | Fax (206) 543-0308 813	
ktoandy@u.washington.edu 814	

Deleted: An approximation for the homogeneous freezing 815	
temperature of water droplet816	
Deleted: s817	

Deleted: 818	



	 17	

Abstract  819	

In this work, based on the well-known formulae of classical nucleation theory 820	

(CNT), the temperature TNc=1
 at which the mean number of critical embryos inside a 821	

droplet is unity is derived from the Boltzmann distribution function and explored as 822	

an approximation for homogeneous freezing temperature of water droplets. Without 823	

including the information of the applied cooling rate γcooling 	 and the number of 824	

observed droplets Ntotal _droplets 	 in the calculation, the approximation TNc=1 	 is able to 825	

reproduce the dependence of homogeneous freezing temperature on drop size V 	 and 826	

water activity aw 	 of aqueous drops observed in a wide range of experimental studies 827	

for droplet diameter > 10 µm and aw > 0.85, suggesting the effect of γcooling 	 and 828	

Ntotal _droplets 	 may be secondary compared to the effect of V 	 and aw 	 on 829	

homogeneous freezing temperatures in these size and water activity ranges under 830	

realistic atmospheric conditions. We use the TNc=1 	 approximation to argue that the 831	

distribution of homogeneous freezing temperatures observed in the experiments may 832	

be partly explained by the spread in the size distribution of droplets used in the 833	

particular experiment. It thus appears that the simplicity of this approximation makes 834	

it potentially useful for predicting homogeneous freezing temperatures of water 835	

droplets in the atmosphere.   836	
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1. Introduction 864	

Since the summary article of McDonald (1953), it has been widely observed that 865	

ice nucleation of water droplets does not occur at the ice melting temperature (e.g. 866	

273.15 K at 1atm),	and liquid water is frequently observed in clouds as cold as to 238 867	

K (Rosenfeld and Woodley, 2000; Hu et al., 2010). Laboratory observations of 868	

homogeneous ice nucleation in pure water generally show that all droplets do not 869	

freeze at exactly the same temperature, and that the fraction of droplets that freeze in 870	

a given time is a function of temperature and time (hereafter we refer to this type of 871	

experiment as a fraction experiment) (e.g. Bigg 1953; Carte 1956; Broto and Clausse, 872	

1976; Earle et al., 2010; Riechers et al., 2013). Here, experimental data of the freezing 873	

temperatures of pure water droplets from 15 independent studies over the past 60 874	

years are collected (Fig. 1 and Table 1), showing a clear dependence of freezing 875	

temperature upon drop volume across different experiments. Over the investigated 876	

size interval (1-1000 μm diameter), observed freezing temperatures range from 232 K 877	

to 240 K. The range of freezing temperatures and the volume dependence in Fig. 1 are 878	

consistent with the experimental data reviewed in Pruppacher (1995). 879	

On the other hand, solutes, at sufficiently high concentrations, can suppress the 880	

homogeneous freezing temperature of water droplets. Koop et al. (2000) showed that 881	

the depression of freezing temperature strongly depends on the water activity aw  of 882	

the solution droplet, which has been confirmed in several independent experimental 883	

studies (e.g. Knopf and Lopez, 2009; Knopf and Rigg, 2011). In this paper, two 884	

aforementioned features of homogeneous ice nucleation observed in the experimental 885	

data are examined – (1) the volume and water activity dependence of homogeneous 886	
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freezing temperatures of water droplets Tf (V,aw ) ; (2) the distribution of 898	

homogeneous freezing temperatures observed in fraction experiments f (Tf ) . In this 899	

paper, we describe only volume-based nucleation and do not include the droplet 900	

surface effects on homogeneous ice nucleation as there remains considerable 901	

uncertainty about the importance of surface nucleation (Kay et al., 2003; Duft and 902	

Leisner, 2004). The unified explanations of the observed dependencies of the 903	

homogeneous freezing temperature on droplet size and water activity have been 904	

proposed by several studies based on different theoretical frameworks such as ice 905	

nucleation rate J
 
and density fluctuation (e.g. Pruppacher 1995; Baker and Baker 906	

2004; Khvorostyanov and Curry 2009; Barahona 2014). In our study, based on a 907	

cornerstone of classical nucleation theory (CNT), namely that a critical embryo 908	

existing in a droplet triggers ice crystal formation, we explore a simple approximation 909	

for the homogeneous freezing temperature, and seek a simpler parameterization to 910	

describe homogeneous ice nucleation process in the atmosphere. Section 2 describes 911	

the approximation; Section 3 gives the comparisons between the theoretical estimates 912	

and the experimental data; Section 4 is the discussion; Section 5 is the summary. 913	

 914	
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2. Background  930	

2.1 The approximation TNc=1
(V,aw )   931	

According to CNT, the formation of a critical embryo inside a droplet can trigger 932	

the freezing process in the droplet. The critical embryo defined as the i-mers having 933	

the highest formation energy is formed by the critical fluctuation in orientation of 934	

hydrogen bonds (e.g. density fluctuation) (Baker and Baker 2004), which is large 935	

enough to provide the formation energy of the critical embryo ΔFc (T,aw ) 	 and 936	

remove metastability of supercooled water. The probability of occurrence of the 937	

critical fluctuation is exp(−ΔFc (T,aw )
kBT

) 	 (Landau and Lifshitz, 1980, P.472-473; 938	

Pruppacher and Klett, 1997), and thus the mean number of the critical embryos inside 939	

a water droplet in thermal equilibrium can be predicted by a Boltzmann distribution 940	

(Landau and Liftshitz, 1958, P.107; Vali, 1999), 941	

Nc_mean (V,aw,T ) =Vρ exp(
−ΔFc (T,aw )

kBT
) 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 (1)	942	

where V 	 is the volume of the droplet, ρ 	 is the number density of water molecules, 943	

kB 	 is Boltzmann’s constant, T 	 is the temperature of the droplet, and ΔFc (T,aw ) 	 is 944	

the formation energy of the critical embryo in the droplet with water activity aw 	 at 945	

T , which	will be discussed in detail in Sect. 2.2. The Boltzmann distribution form of 946	

the critical embryo is derived from the partitioning function of the grand canonical 947	

ensemble, and it should be noted that the derived particle number of the Boltzmann 948	

distribution function is not a “constant” but is a “mean” number (detailed derivation 949	

and explanations can be found in Landau and Liftshitz, 1958, P.107 and Sadovskii, 950	

2012, Chapter 3.1). 951	
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The total freezing time τ freezing  of a water droplet can be split conceptually into 958	

three stages – (1) τmeta_ remove(~
1
J
)  the time needed for the occurrence of the critical 959	

fluctuation (2) τ formation 	 the time needed to form a critical embryo and (3) τ growing 	960	

the growing time for the critical embryo expanding to the whole droplet body. These 961	

depend on V , aw  and T 	 of the droplet (Pruppacher and Klett 1997; Bauerecker et 962	

al., 2008). To observe freezing of droplets with volume V 	 and water activity aw  963	

occurring at temperature T , the residence time of freezing experiments τ residence 	 at 964	

T  has to be longer than τ freezing(V,aw,T ) , resulting in a dependence of the 965	

homogeneous freezing temperature on the cooling rate γcooling  of droplets in principle. 966	

According to the theoretical estimates (see Pruppacher and Klett 1997, P.678), the 967	

time scale of τ formation +τ growing 	 for the size of the droplets investigated here is short 968	

compared with the typical residence times in the laboratory studies. Thus, the 969	

dominant factor determining the homogeneous freezing temperatures is τmeta_ remove . 970	

Because τmeta_ remove 	 is the time needed for the occurrence of the critical fluctuation 971	

among water molecules, τmeta_ remove  is shorter in a larger droplet with more 972	

molecules Vρ  or at lower temperature when the fluctuation probability 973	

exp(−ΔFc (T,aw )
kBT

)  is higher; τ −1
meta_ remove ∝Nc_mean (V,aw,T ) . Embryo interaction is a 974	

stochastic process and Nc_mean (V,aw,T ) 	 simply expresses the mean state, so there is 975	

always a spread of τmeta_ remove 	 among droplets even in a idealized case that all the 976	

droplets used in the experiment have exactly the same V 	 and aw and are at exactly 977	

the same temperature T . The spread of τmeta_ remove  can be wider when there are 978	

more observed droplets Ntotal _droplets , which in principle can explain the fraction 979	
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experiments that some droplets with shorter τmeta_ remove  can always be frozen at 992	

higher temperature, or in shorter time for droplets at the same temperature even when 993	

the droplets have a monodisperse size distribution and exactly same aw . Hereafter we 994	

refer the distribution of homogeneous freezing temperatures owing to Ntotal _droplets  995	

when all the droplets have exactly same V 	 and aw 	 as a stochastic feature. Based 996	

on above-mentioned principles, the homogenous freezing temperature of water 997	

droplets and τmeta_ remove  can each be written as a function of V , aw , γcooling 	 and 998	

Ntotal _droplets , namely Tf (V, aw, γcooling, Ntotal _droplets )  and 999	

τmeta_ remove(V, aw, γcooling, Ntotal _droplets ) . 1000	

 Koop et al. (1998) reported that observed homogeneous freezing temperatures do 1001	

not significantly depend on γcooling 	 of the droplets for γcooling 	 smaller than 20 K min-1 1002	

(corresponding to vertical velocities 33.3 m s-1 in clear air). The results of Koop et al. 1003	

(1998) actually indicate that the slope of ∂τmeta_ remove
∂T

	 is very steep at the temperature 1004	

when the scale of τmeta_ remove 	 is close to τ residence 	 in most practical experiments and 1005	

realistic atmospheric conditions, resulting in the small dependence of Tf 	 on γcooling 	1006	

as suggested by Brewer and Palmer (1951). Based on that, in most of the practical 1007	

freezing experiments and realistic atmospheric conditions (γcooling < 20 K min-1), the 1008	

observed homogeneous freezing temperatures can be considered as a threshold 1009	

temperature when ∂τmeta_ remove
∂T

→∞ . In this study, we intend to find this threshold 1010	

temperature directly from the information given by Nc_mean (V,aw,T ) . The number of 1011	

critical embryos derived from the Boltzmann distribution is a mean value and does 1012	

not provide any information regarding freezing time, so it can not be used to study the 1013	
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dependence of the homogeneous freezing temperature on cooling rate (i.e. time 1061	

dependence) and number of droplets used in the experiments (i.e. stochastic feature). 1062	

Nevertheless, since the formation of one critical embryo is required to trigger the ice 1063	

nucleation process in a droplet, TNc=1 	 may be a good approximation for the threshold 1064	

temperature, the temperature at which the mean number of the critical embryos inside 1065	

a droplet is unity, which can be given by 1066	

Nc_mean =1=Vρ exp(
−ΔFc (TNc=1

,aw )
kBTNc=1

) 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 (2)	1067	

According to the formula of ΔFc (T,aw ) , TNc=1 	 is determined by V  and aw 	 of 1068	

the droplet, namely TNc=1
(V,aw ) . Figure 2 shows the mean number of critical 1069	

embryos inside a pure water droplet ( aw =1) at different temperatures using Eq. (1) 1070	

(see next section for details of ΔFc (T,aw ) 	 used in the calculation). It indicates that 1071	

smaller droplets require lower temperatures to reach the state that Nc_mean =1 , 1072	

showing the volume dependence of TNc=1
(V,aw ) . Figure 3 shows the mean number of 1073	

critical embryos inside a solution droplet with different values of water activity. The 1074	

result indicates that more concentrated solution droplets (lower aw ) need lower 1075	

temperature to reach the state that Nc_mean =1 . This represents the solution effect on 1076	

TNc=1
(V,aw ) . The sensitivity of TNc=1

(V,aw ) 	 to the variation of diameter δd 	 and 1077	

water activity δaw 	 of droplets can be written as  1078	

δTNc=1
=
∂TNc=1

∂aw
δaw +

∂TNc=1

∂ log10 d
δ log10 d                                      (3) 1079	

where d 	 is the diameter of droplet (μm). As shown in Fig. 1, the dependence of 1080	

TNc=1
	 on log10 d 	 is nearly linear, so the decadal log is used here to simply derive the 1081	
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linear dependence. The values of 
∂TNc=1

∂aw
	 and 

∂TNc=1

∂ log10 d
	 are about 216 K and 2.5 K 1089	

respectively over the investigated interval of water activity and drop size, which are 1090	

derived numerically from Eq. (2).  1091	

2.2 Formation energy of the critical embryo ΔFc (T,aw )  1092	

The formation energy of the critical embryo	 ΔFc (T,aw )  can be written as  1093	

ΔFc =
1
3
sσ i/w (T,aw )rc

2
	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 (4)	 	 	1094	

rc =
2σ i/w (T,aw )v1

water

kBT ln(
eswaw
esi

)+ kBT ln(aw )
	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 (5) 1095	

where σ i/w (T,aw )  is the interfacial energy between liquid water and solid ice, s 	 is 1096	

the shape factor of the embryo (~ 21 by assuming the shape is hexagonal prism), rc  1097	

is the radius of the critical embryo, v1
water 	 is the volume of single water molecule, 1098	

esw 	 and esi 	 are the saturation vapor pressures over water and ice respectively 1099	

(Murphy and Koop, 2005), and aw 	 is the water activity of the solution droplet (see 1100	

detailed derivations of Eq. (4) in Defour and Defay, 1963 and Pruppacher and Klett, 1101	

1997). It should be noted that the term kBT ln(aw ) 	 in rc (Eq. (5)) is the entropy of 1102	

unmixing which originates from the change of the Gibbs free energy of the bulk 1103	

solution during freezing, and is usually neglected in the previous theoretical studies 1104	

(Bourne and Davey, 1976; Black 2007). Barahona (2014) pointed out that although 1105	

this term is small for dilute solution, it should not be neglected when applying to high 1106	

concentration solution droplets (see Eq. (8) in Barahona (2014)). 1107	

The value of interfacial energy between liquid water and solid ice σ i/w (T,aw )  is 1108	

needed for our calculation of Eq. (4) and (5). As most studies suggest that the 1109	
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temperature dependence of σ i/w (T,aw )  should be linear (Ickes et al., 2015), and that 1118	

increasing the concentration of the solution droplet increases the value of σ i/w (T,aw )  1119	

(Jones and Chadwick, 1971; Alpert et al. 2011), σ i/w (T,aw )  can be written as 1120	

σ i/w (T,aw ) =σ i/w,e +
∂σ i/w

∂T
(T −T0 )+

∂σ i/w

∂aw
(1− aw ) 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 (6)  1121	

where σ i/w,e 	 is the interfacial energy at the equilibrium temperature of pure ice-water, 1122	

and T0 	 is the equilibrium temperature. The direct measurement of σ i/w (T,aw ) 	 is 1123	

extremely difficult, so most of the estimations are based on combinations of CNT and 1124	

laboratory measurements of Tf 	 and observed freezing rate to retrieve the values of 1125	

σ i/w (T,aw )  (e.g. Zobrist et al., 2007; Murray et al., 2010). These studies have shown 1126	

considerable diversity in the reported estimations of σ i/w (T,aw ) 	 (Ickes et al., 2015). 1127	

Instead, we use values of σ i/w,e  and ∂σ i/w

∂T
 derived from a state-of-the-art molecular 1128	

dynamics model that explicitly simulates the molecular configurations under 1129	

supercooling conditions. Benet et al. (2014) gives values of σ i/w,e 	 from the TIP4P 1130	

water model (σ i/w,e =26.5×10-3 J m-2), TIP4P/2005 water model (σ i/w,e =27×10-3 J m-2), 1131	

and TIP4P-Ew water model (σ i/w,e =27.5×10-3 J m-2), and these three values will all be 1132	

used in our calculations. According to Ickes et al. (2015), the values of the interfacial 1133	

energy used here are about the median of all the values derived from the previous 1134	

studies. Regarding ∂σ i/w

∂T
, Espinosa et al. (2014) provided an average value of 0.25 × 1135	

10-3 (J m-2 K-1) from three different water molecular models (TIP4P/ICE, TIP4P and 1136	

TIP4P/2005) down to a supercooling of about 30K. Regarding ∂σ i/w

∂aw
, Barahona 1137	

(2014) proposed a new thermodynamic framework approximating the interfacial 1138	

energy of ice-solution by assuming the interface between solid ice and liquid water is 1139	
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made of liquid molecules trapped by the solid matrix, which gives the relationship 1150	

between σ i/w 	 and aw . Based on this approximation, the solution effect on the 1151	

interfacial energy can be written as  1152	

∂σ i/w

∂aw
= −

Γw
2 sareakBT

1
aw

(36π (v1
water )2 )1/3

	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 (7) 1153	

where Γw 	 is the surface excess of water (~1.46) (Spaepen 1975) and sarea 	 is the 1154	

surface area parameter (~1.105 mol2/3) (see Barahona 2014 for details). The values of 1155	

σ i/w (T,aw )  estimated from above studies are used to derive the numerical result 1156	

TNc=1
(V,aw ) 	 presented here. 1157	

3. Results – Comparison between the approximation and the experimental data 1158	

3.1 Volume and water activity dependence of Tf (V,aw )  
1159	

To test our approximation, we aim to compare the observed Tf (V,aw )  and 1160	

f (Tf )  with TNc=1
(V,aw )  derived using the constraint in Eq. (2). First, 1161	

TNc=1
(V,aw =1)  of pure water droplet is derived. Figure 1 shows the comparison 1162	

between the experimentally determined homogeneous freezing temperatures 1163	

Tf (V,aw =1)  
(details of the experiments are provided in Table 1) and the 1164	

approximations TNc=1
(V,aw =1) . For droplet diameters > 10μm, the theoretical values 1165	

of TNc=1
(V,aw =1)  derived by the value of σ i/w,e  from TIP4P water model agree very 1166	

well with most of the experimental data Tf (V,aw =1) . Using the values of σ i/w,e  1167	

from TIP4P/2005 and TIP4P-Ew leads to a shift downward of about 1~2 K of 1168	

TNc=1
(V,aw =1) . There is one study regarding the time dependence should be 1169	
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mentioned. The laboratory observation of Murray et al. (2010) (black triangle in Fig. 1217	

1) showed that varying of cooling rate from 2.5 K min-1 to 10 K min-1 corresponds to a 1218	

shift of 0.5 K to 1 K in observed freezing temperatures of pure water droplets, and our 1219	

best agreement estimates TNc=1
(V,aw =1) 	 can only explain the experimental data with 1220	

slowest cooling rate (2.5 K min-1). The finding of Murray et al. (2010) will be 1221	

discussed in Sect. 4. For droplets smaller than 10 μm (diameter), there are obvious 1222	

deviations of observed freezing temperatures among the experimental studies. These 1223	

studies do not provide enough information regarding γcooling , Ntotal _droplets 	 and the 1224	

spread in drop size, so we cannot evaluate what causes the disparity. We suggest that 1225	

freezing experiments of pure droplets smaller than 10 μm (diameter) need more 1226	

refinement and should report the potentially important dependencies such as applied 1227	

cooling rate, size distribution of droplets and number of observed droplets used in 1228	

experiments.  1229	

Second, the solution effect on homogeneous freezing temperature Tf (V,aw )  is 1230	

explored by changing the water activity in Eq. (5) and (6) to derive the approximation 1231	

TNc=1
(V,aw ) , which will be compared with the experimental data collected in Koop et 1232	

al. (2000), Knopf and Lopez (2009) and Knopf and Rigg (2011). Size of the droplets 1233	

used in the collected experimental data ranges from 1μm to 10 μm in Koop et al. 1234	

(2000), from 10μm to 80μm in Knopf and Lopez (2009) and from 20μm to 80μm in 1235	

Knopf and Rigg (2011), and these sizes are included to calculate the approximation 1236	

TNc=1
(V,aw ) . Figure 4 shows the comparison between the experimental data and the 1237	

approximation TNc=1
(V,aw ) . Without considering the time dependence ( γcooling 	1238	

varying from 1 K min-1 to 10 K min-1 among all the experiments) and the stochastic 1239	
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feature (i.e. Ntotal _droplets ), the result shows that the approximation TNc=1
(V,aw ) 	 is in 1262	

good agreement with the experimental data for aw > 0.85 . The scattering of the 1263	

experimental data between the theoretical estimates for aw > 0.85 	 (i.e. TNc=1 	 for 1264	

d =1 to 80 μm) suggests that the spread of droplet size applied in the experiments 1265	

may play an important role in the spread of homogeneous freezing temperatures. For 1266	

the solution droplets with high concentration ( aw < 0.85 ), the observed freezing 1267	

temperatures show considerable spread. Abbatt et al. (2006) suggests that the disparity 1268	

of the experimental data for low aw  can be partly attributed to a variety of 1269	

heterogeneous process, which can result in the higher observed freezing temperatures. 1270	

In addition, as suggested by knopf and Lopez (2009), the deviations at low water 1271	

activity may be most likely due to our incomplete understanding of aw  for certain 1272	

aqueous solutions and the corresponding uncertainties. Future experimental study is 1273	

suggested to focus on the freezing process of solution droplets with high solute 1274	

concentration (aw < 0.85 ) to clarify the causes of the disparity.  1275	

Regarding the experimental uncertainty, Knopf and Lopez (2009) reported that 1276	

the value of aw  for supercooled aqueous solutions has the experimental uncertainty 1277	

δaw 	 of about ± 0.01, which can results in the variation in TNc=1
	 of about ± 2 K based 1278	

on Eq. (3). Riechers et al. (2013) reported that the size of droplets produced by the 1279	

microfluidic device used in their experiment has three standard deviations (99.7%) of 1280	

about 18 μm to 33 μm in diameter, which can cause the variation in TNc=1 	 of about ± 1281	

0.2 K to ± 0.5 K based on Eq. (3). Therefore, the variation in TNc=1
	 caused by the 1282	

experimental uncertainties δaw 	 and δd 	 can be both substantial and should not be 1283	
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neglected. We suggest future experimental studies should provide detailed 1301	

information regarding experimental uncertainties δaw 	 and δd 	 for the purpose of 1302	

better constraining the observed freezing temperatures.  1303	

3.2 Fraction of frozen pure water droplets as a function of temperature f (Tf )  1304	

To further examine the application of TNc=1
(V,aw ) 	 in homogeneous ice 1305	

nucleation, TNc=1
(V,aw ) 	 is compared to the experimental data of the fraction 1306	

experiment of Riechers et al. (2013). According to CNT, the stochastic feature of the 1307	

ice nucleation process can basically explain the distribution of freezing temperatures 1308	

observed in the fraction experiment (Pruppacher and Klett, 1997, Eq. (7-71); Koop et 1309	

al., 1998; Niedermeier et al., 2011). However, current technology to produce water 1310	

droplets for such experiments introduces a spread of sizes, and the freezing 1311	

temperatures show a clear dependence on droplet volume (Fig. 1), so the spread in 1312	

sizes of water droplets used in the experiments may be important for explaining the 1313	

distribution f (Tf ) . In other words, the size distribution of droplets used in a given 1314	

experiment may be an important factor governing the observed spread of freezing 1315	

temperatures (i.e. dotted line shown in Fig. 1). To test this, we incorporate the 1316	

reported droplet size distribution width into the numerical calculation. Unique among 1317	

such studies, Riechers et al. (2013) report both the spread of homogeneous freezing 1318	

temperatures and the mean µ and standard deviation σ of droplet size. According to 1319	

Eq. (3), the spread in the size distribution of water droplets will result in a spread in 1320	

the fraction of frozen droplets because larger droplets have higher TNc=1
(V,aw )  (i.e. 1321	

require less supercooling to freeze). Given the droplet size width, the distribution of 1322	

the approximations TNc=1
(V,aw ) 	 of droplets can be derived from Eq. (2). Given a 1323	
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Gaussian distribution of drop sizes, we estimate the fraction of drops that will freeze 1333	

at a given temperature solely by assuming that the spread in freezing temperatures 1334	

arises from the spread in droplet sizes based on Eq. (3). For example, we estimate 1335	

TNc=1
(V,aw )  

of the droplets with size of µ+3σ (~ the largest 0.15% of the drops) as 1336	

the theoretical onset freezing temperature T onset
f , TNc=1

(V,aw ) 	 of the droplets with 1337	

size of µ+1.64σ (≈ the largest 10% of the drops) as the theoretical estimates T10%f , 1338	

TNc=1
(V,aw ) 	 of the droplets with mean size as the theoretical estimates T 50%

f , and 1339	

TNc=1
(V,aw )  

of the droplets with size of µ-1.64σ (≈ the smallest 10% of the drops) as 1340	

the theoretical estimates T 90%
f , and TNc=1

(V,aw ) 	 of the droplets with size of µ-3σ (≈ 1341	

the smallest 0.15% of the drops) as the theoretical estimates T end
f . The results 1342	

presented in this section only use the value of σ i/w,e  from the TIP4P water model, 1343	

which has the best agreement with the experimental data shown in Sect. 3.1 (Fig. 1).  1344	

There are five experimental results from Riechers et al. (2013), each with 1345	

different µ and σ. The comparisons (Fig. 5 and Table 2) show that our estimates 1346	

match the experimental data fairly well. The slope of the freezing fraction versus 1347	

temperature in the theoretical results is driven entirely by the reported spread in the 1348	

size distribution of drops and matches fairly well with the observed slope, although 1349	

across the experiments the theoretical slope is somewhat greater (observed values are 1350	

shifted to the right of the blue curve at the higher temperatures but mostly to the left at 1351	

the lower temperature), which might be attributable to the stochastic feature of the ice 1352	

nucleation process. That said, the observational uncertainties in the experimental 1353	

values of T on−set , T10% , T 50%  and T 90% 	 more or less span the theoretical values 1354	

derived from Eq. (2). Riechers et al. (2013) also reported that during cooling, the 1355	
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majority of the droplets are frozen over a temperature interval of 0.84-0.98 K, which 1365	

is consistent with the range between the theoretical estimates T onset
f and T end

f 	 derived 1366	

here, namely 0.42-1.06 K from five different droplet size distributions, suggesting the 1367	

spread in droplet size (i.e. a disperse distribution) may be an important factor 1368	

governing the spread of the homogeneous freezing temperatures observed in a given 1369	

fraction experiment.  1370	

 The comparison made in Sect. 3.1 to 3.2 shows that the distribution of the 1371	

freezing temperatures among the data can mostly be explained by the dependence of 1372	

TNc=1
(V,aw ) 	 on V 	 and aw 	 for droplet diameter > 10 µm and aw > 0.85	 without 1373	

considering the dependence of homogeneous freezing temperature on Ntotal _droplets 	1374	

and γcooling 	 in the calculations. It suggests that in most of the practical experiments 1375	

and for most atmospheric conditions, the time scale of τ residence  is shorter than 1376	

τmeta_ remove  at the temperatures higher than TNc=1
(V,aw )  (i.e.	 τ residence  < τmeta_ remove , 1377	

when T > TNc=1
(V,aw ) ), and when the temperature of the droplets is close to 1378	

TNc=1
(V,aw ) , the time scale of τmeta_ remove  decreases strongly with temperature 1379	

decreases and becomes shorter than τ residence  of the experiments (i.e.	 τ residence  > 1380	

τmeta_ remove  when T < TNc=1
(V,aw ) ). This leads to the result that most of the 1381	

homogeneous ice nucleation process can only be observed at temperatures close to 1382	

TNc=1
(V,aw )  even though in principle, droplets can be frozen at any temperature.	1383	

4. Discussion  1384	

As mentioned in Sect. 2, the observed freezing temperatures with γcooling ~ 2.5 K 1385	

min-1 reported in Murray et al. (2010) can be well described by TNc=1
(V,aw ) , but it 1386	

Deleted: differences1387	
Deleted: ,1388	
Deleted: the1389	
Deleted: in the 1390	
Deleted: s1391	
Deleted: . From the comparison made in Fig. 4, the 1392	
often-termed “stochastic” feature of there being a 1393	
distribution of freezing temperatures observed in the fraction 1394	
experiments can instead largely be explained by 1395	
TNc=1

(V,aw ) 	 based on the spread in the size distribution 1396	
of droplets used in the experimental study without 1397	
considering the1398	

Deleted:  dependency 
∂Tf

∂Ntotal _droplets

.   1399	

Formatted: Indent: First line:  0"

Deleted: 1400	
Deleted: 	1401	
Deleted: . I1402	

Deleted:  1403	
Formatted: Font:Cambria



	 32	

also showed there is a shift of 0.5 K to 1 K in observed freezing temperatures when 1404	

varying the cooling rate from 2.5 K min-1 to 10 K min-1. One possibility is that the 1405	

total freezing time τ freezing  needed to freeze a droplet at TNc=1
(V,aw )  is longer than 1406	

the time scale of τ residence 	 when γcooling  is higher than 2.5 K min-1, which may be 1407	

attributed to τmeta_ remove , τ formation  or τ growing .	 Without considering the experimental 1408	

uncertainty associated with the thermal equilibrium time τ thermal , these 0.5K to 1K 1409	

shifts corresponds to 3s to 6s shifts (for γcooling = -10 K min-1), which may be partly 1410	

caused by τ formation +τ growing . Bauerecker et al. (2008) (hereafter Ba08) explored an 1411	

advanced method providing time series of water droplet temperature during the entire 1412	

cooling and freezing process (from supercooled water to completely freezing) using 1413	

an infrared camera. The results of Ba08 showed that for the droplet sized 3mm 1414	

(diameter), τ growing 	 is around 20s and τ thermal 	 is around 60s. The droplet used in 1415	

Ba08 is much larger than the size normally used in the freezing experiments because 1416	

of the limitation of IR camera sensitivity. If τ growing 	 linearly depends on drop radius, 1417	

we may expect it to be several tenths of a second for the drops sized 10-100 μm in 1418	

diameter. We suggest that the infrared camera technique should be used more widely 1419	

in the future experimental studies of ice nucleation with smaller droplets, which can 1420	

add significant insights into the time dependence study of ice nucleation, and clarify 1421	

the importance of τmeta_ remove , τ formation  and τ growing 	 observed in the experiments. On 1422	

the other hand, Koop et al. (1998) suggested that when the cooling rate is smaller than 1423	

about 2K min-1, mass transport of water can take place between the frozen ice 1424	

particles and supercooled droplets, but if the cooling rate is too large, it can cause an 1425	

offset between the measured temperature and the actual temperature of the drops, 1426	
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which can both cause a bias of the observed freezing temperatures. Therefore, we 1428	

suggest that in future experimental studies, in order to precisely measure 
∂Tf

∂γcooling
, 1429	

potential biases at high cooling rate and the shift caused by τ formation +τ growing 	 should 1430	

be better constrained. Since Koop et al. (1998) and Murray et al. (2010) showed 1431	

different dependencies of homogeneous freezing temperatures on γcooling , future 1432	

experiments should reexamine and perform the same experiments for γcooling > 	 2.5 K 1433	

min-1. The results shown in Fig. 1 and Fig. 4 suggest that the time consideration may 1434	

be more important when droplet volume and water activity are low where the 1435	

experimental data show considerable inconsistency (i.e. aw < 0.85 	 and d <10μm), 1436	

and future experiments are suggested to emphasize these droplet size and water 1437	

activity ranges. 1438	

5. Summary  1439	

The limitation of our method proposed here is that the time dependence and the 1440	

stochastic feature of homogeneous freezing temperature cannot be considered because 1441	

the Boltzmann distribution applied here is a average distribution and does not provide 1442	

any information regarding time. Combining the well-known Boltzmann distribution 1443	

function for the mean number of critical embryos Nc_mean (V,aw,T )  and their 1444	

formation energy ΔFc (T,aw ) 	 from CNT formulae, TNc=1
(V,aw )  is derived as a 1445	

function of volume and water activity of water droplets. With the comparison made in 1446	

Sect. 3.1 to 3.2, it can be summarized that under most atmospheric conditions, 1447	

homogeneous freezing temperatures can be well described by the new approximation 1448	

TNc=1
(V,aw )  proposed here without considering information of the applied cooling 1449	
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rate (i.e. time dependence) and the number of droplets used in the experiment (i.e. 1465	

stochastic feature) for d  > 10μm and aw 	 > 0.85. Future experimental study is 1466	

suggested to focus on the homogeneous freezing process of droplets with high solute 1467	

concentration ( aw < 0.85 ) and small volume ( d  < 10μm). The experimental spread 1468	

in homogeneous freezing temperatures of water droplets may be partly explained by 1469	

the size distribution of droplets used in the experiments. The advantage of our 1470	

approximation in the cloud modeling is “the temperature history” of droplets is not 1471	

required to calculate the homogeneous freezing temperature as it is when using the ice 1472	

nucleation rate (i.e. Eq. (7-71) in Pruppacher and Klett, 1997). When using the ice 1473	

nucleation rate J(T (t)) , the complete temperature history of droplets is needed to 1474	

calculate the integration of J(T (t))  with respect to time in order to consider the time 1475	

dependence and the stochastic feature, which can introduce considerable complexity 1476	

in cloud modeling. However, based on the experimental studies of homogeneous 1477	

freezing temperature collected and discussed in our study, we suggest in most of the 1478	

practical experiments and realistic atmospheric conditions (i.e. γcooling < 	 20 K min-1), 1479	

the time dependence and the stochastic feature of homogeneous freezing temperature 1480	

may be a secondary factor compared to the effect of volume and water activity for 1481	

droplet diameter > 10 µm and aw > 0.85. The approximation proposed here is 1482	

relatively simpler to be implemented into cloud models and may improve the 1483	

representation of homogeneous ice nucleation in the atmosphere.  1484	
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References Diameter 

(µm) 

Tf (K) Diameter 

Range (µm) 

Range of freezing  

temperatures (K) 

Cooling rate Uncertainty 

(K) 

Pound et al. (1953) 30+  233.15a [10 50] [231.15 235.15] n/a n/a 

Mossop (1955)  530+  238.65a [220 840] [238.65 242.15] 0.5K/ min 0.2 

Carte (1956) 15+  236.25a [10 20] [235.15 237.15] 1K/min 0.2 

 231.3d  238.45b n/a n/a 0.5K/min 0.2 

 279.4d 238.55b n/a n/a 0.5K/min 0.2 

 292.9d 238.35b n/a n/a 0.5K/min 0.2 

 321.9d 238.45b n/a n/a 0.5K/min 0.2 

 362.2d 238.55b n/a n/a 0.5K/min 0.2 

 427.3d 238.65b n/a n/a 0.5K/min 0.2 

 469.7d 238.55b n/a n/a 0.5K/min 0.2 

 498.2d 238.95b n/a n/a 0.5K/min 0.2 

 567.3d 238.95b n/a n/a 0.5K/min 0.2 

 623.6d 238.85b n/a n/a 0.5K/min 0.2 

 718.5d 238.85b n/a n/a 0.5K/min 0.2 

 818.1d 238.95b n/a n/a 0.5K/min 0.2 

 965.2d 239.15b n/a n/a 0.5K/min 0.2 

 1179.8d 239.45b n/a n/a 0.5K/min 0.2 

 1408.4d 239.65b n/a n/a 0.5K/min 0.2 

Langham and Mason (1958) 66.1d 237.35a n/a n/a 0.33K/min n/a 

 92.3d 237.65a n/a n/a 0.33K/min n/a 

 115.3d 238.15a n/a n/a 0.33K/min n/a 

 144d 238.25a n/a n/a 0.33K/min n/a 

 171.8d 238.15a n/a n/a 0.33K/min n/a 

 270.5d 238.55a n/a n/a 0.33K/min n/a 

Hoffer (1961) 110+ 236.55a [100 120] [235.65 238.15]  1K/min 0.5 

 130+ 237.25a [125 145] [235.65 238.15]  1K/min 0.5 

Kuhns and Mason (1967) 1d 233.05a n/a n/a 6K/min 0.1 

 5d 234.65a n/a n/a 6K/min	 0.1 

 8d 235.15a n/a n/a 6K/min 0.1 

 10d 235.45a n/a n/a 6K/min	 0.1 

 20d 236.15a n/a n/a 6K/min 0.1 

 30d 236.75a n/a n/a 6K/min	 0.1 
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 40d 237.05a n/a n/a 6K/min 0.1 

 50d 237.25a n/a n/a 6K/min	 0.1 

 60d 237.35a n/a n/a 6K/min 0.1 

 70d 237.45a n/a n/a 6K/min 0.1 

 80d 237.55a n/a n/a 6K/min	 0.1 

 90d 237.65a n/a n/a 6K/min 0.1 

 100d 237.65a n/a n/a 6K/min	 0.1 

 120d 237.65a n/a n/a 6K/min 0.1 

Broto and Clausse (1976) 3d 234.35a n/a n/a 1.25K/min 0.5 

Cziczo and Abbatt (1999) 0.35d 234.15d n/a n/a n/a n/a 

Bertram et al. (2000) 8.3+ 235a [5.6 11.0] n/a 10k/min 1.5 

Prenni et al. (2001) 0.6+ 234.95d n/a n/a 1K/increment 0.2 

Larson and Swanson (2006) 40+ 237.15a [30 50] n/a n/a  n/a 

Stan et al. (2009) 80 d 236.25a n/a [235.35 237.15] 2~100K/sec 0.21 

Earle et al. (2010) 2+ 236.35a [0.8 4] [236 236.75] n/a   n/a 

 3.4+ 236.35a [1.2 10] [236 236.75] n/a  n/a 

 5.8+ 236.15a [2 14] [235.5 236.75] n/a  n/a 

Murray et al. (2010) 25+ 236.25a [10 40] [235.9 236.7] 2.5K/min 0.6 

 25+ 236.05a [10 40] [234.75 237.75] 5K/min 0.6 

 25+ 235.75a [10 40] [236.45 237.75] 7.5K/min 0.6 

 25+ 235.51a [10 40] [234.45 237.75] 10K/min 0.6 

Riechers et al. (2013)  53m 236.65c [35 71] [236.55 237.44] 1K/min 0.3 

 63m 236.65c [33 93] [236.49 237.5] 1K/min 0.3 

 82m 236.85c [58 106] [236.67 237.63] 1K/min 0.3 

 85m 237.15c [67 103] [236.93 237.77] 1K/min 0.3 

 96m 237.35c [63 129] [236.89 237.91] 1K/min 0.3 

Table 1. Information regarding the details of the homogeneous ice nucleation 1711	
experiments used in the comparison, including the size, the freezing temperature, as 1712	
well as the cooling rate and uncertainty of the experiments. Homogeneous freezing 1713	

temperature Tf , <a>: freezing temperature when half of the water droplets freezing	1714	

T50% , <b>: freezing temperature when 95% of the water droplets freezing T95% , <c>: 1715	
freezing temperature when most of the droplets freezing (peak signal) TMode , and <d>: 1716	
not defined or provided by the experiments. Diameter of water droplets used in the 1717	
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experiments, <+> median size, <m> mean size, and <d> not provided by the 1718	
experiments.     1719	
 1720	

Diameter 

µ±σ 

96±11(µm) 85±6 (µm) 82±8 (µm) 

 Experiment 

values (K)  

TNc=1
(K) Experiment 

values (K)  

TNc=1
(K) Experiment 

values (K)  

TNc=1
(K) 

T onset
f  

237.91± 0.2 237.74 237.77± 0.2 237.53 237.63± 0.2 237.55 

T10%f  
237.87± 0.2 237.59 237.76± 0.2 237.43 237.63± 0.2 237.42 

T 50%
f  

237.4± 0.3 237.46 237.28± 0.3 237.34 237.13± 0.3 237.31 

T 90%
f  

236.89± 0.3 237.31 236.93± 0.3 237.25 236.67± 0.3 237.18 

T end
f  

N/A 237.05 N/A 237.11 N/A 236.97 

Diameter 

µ±σ 

63±10 (µm) 53±6 (µm) 

 Experiment 

values (K)  

TNc=1
(K) Experiment 

values (K)  

TNc=1
(K) 

T onset
f  

237.50± 0.2 237.43 237.44± 0.2 237.17 

T10%f  
237.46± 0.2 237.23 237.40± 0.2 237.02 

T 50%
f  

236.94± 0.3 237.05 236.94± 0.3 236.88 

T 90%
f  

236.49± 0.3 236.83 236.55± 0.3 236.72 

T end
f  

N/A 236.4 N/A 236.46 

Table 2. Comparison between the experimental results of the fraction experiment 1721	
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from Riechers et al. (2013) and the theoretical estimates TNc=1
 derived here. 1722	

 1723	

 1724	
Figure 1. Freezing temperatures of pure water droplets: comparison between the 1725	

approximations TNc=1
(V,aw =1) 	 and the collected experimental data. Experimental 1726	

data: the uncertainties and ranges of the drop size and the freezing temperatures are 1727	

presented by the dotted line if information is provided by the studies (details in Table 1728	

1). The approximations TNc=1
(V,aw =1) : blue line - σ i/w,e 	 from TIP4P model, green 1729	

line - σ i/w,e 	 from TIP4P/2005 model and red line - σ i/w,e 	 from TIP4P- Ew model.  1730	

 1731	
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Figure 2. Mean number of critical embryos Nc_mean 	 (by Eq. (1)) in a pure water 1732	

droplet ( aw =1) with different size (diameter) as a function of temperature. Solid 1733	

circle: the approximations TNc=1
(V,aw )  derived by Eq. (2) (using σ i/w,e 	 from TIP4P 1734	

model).  1735	

 1736	
Figure 3. Mean number of critical embryos Nc_mean 	 (by Eq. (1)) in a solution droplet 1737	

(diameter=1μm) with different water activity as a function of temperature. Solid circle: 1738	

the approximations TNc=1
(V,aw )  derived by Eq. (2) (using σ i/w,e 	 from TIP4P 1739	

model). 1740	

 1741	
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Figure 4. Comparison between the experimental data of freezing temperatures of 1744	

solution droplets (Koop et al., 2000; Knopf and Lopez, 2009; Knopf and Rigg, 2011) 1745	

and the approximation TNc=1
(V,aw ) . 1746	

 1747	
Figure 5. Comparison between the experimental results of the fraction experiment 1748	

from Riechers et al. (2013) and the theoretical estimates derived here. Red: 1749	

experimental results with uncertainties from Riechers et al. (2013). Blue: theoretical 1750	

estimates (σ i/w,e 	 from TIP4P model).	1751	
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 Within CNT, to derive τmeta_ remove 	 from Nc_mean (V,aw,T ) , and thereby include the stochastic 

nature of ice nucleation process, the kinetic adsorption/desorption flux system of molecule is 

applied to derive the ice nucleation rate Jice . 
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a water molecule across the water–ice boundary ΔGa  is required for the calculation of 

adsorption flux, which is a highly uncertain parameter (Ickes et al., 2015), and the agreements 

between the observed freezing temperatures and the theoretical estimates derived by CNT always 

rely on the fitting of ΔGa 	 to data such as that in Fig. 1 (e.g. Pruppacher 1995).  
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are about 1-2 K lower than the experimental data Tf (V,aw =1) . The volume dependence of 
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(V,aw =1)  derived by the values of σ i/w,e  from three different water models all compare 

remarkably well with the experimental data (slope of Fig. 1), and different values of σ i/w,e 	 only 

lead to a shift up and downward of the theoretical estimates TNc=1
(V,aw =1) . From the 

comparison made in Fig. 1, as suggested by Koop et al. (1998), the varying of γcooling  from 0.3 

K min-1 to 10 K min-1 (corresponding to vertical velocities between 0.5 m s-1 and 16.6 m s-1 in 



clear air) among most of the collected data does not cause an significant variation in 

Tf (V,aw =1) 	 and after considering the uncertainty and the freezing ranges (dotted lines in Fig. 1) 

of the experiments, most of the data are in good agreement with TNc=1
(V,aw =1) .However,  
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