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Abstract

In cloud modeling studies, the time evolution of droplet size distributions due to
collision-coalescence events is usually modeled with the kinetic collection equation
(KCE) or Smoluchowski coagulation equation. However, the KCE is a deterministic
equation with no stochastic fluctuations or correlations. Therefore, the full stochastic
description of cloud droplet growth in a coalescing system must be obtained from the
solution of the multivariate master equation, which models the evolution of the state
vector for the number of droplets of a given mass. Unfortunately, due to its complexity,
only limited results were obtained for certain type of kernels and monodisperse initial
conditions. In this work, a novel numerical algorithm for the solution of the multivariate
master equation for stochastic coalescence that works for any type of kernels, mul-
tivariate initial conditions and small system sizes is introduced. The performance of
the method was checked by comparing the numerically calculated particle mass spec-
trum with analytical solutions of the master equation obtained for the constant and
sum kernels. Correlation coefficients were calculated for the turbulent hydrodynamic
kernel, and true stochastic averages were compared with numerical solutions of the
kinetic collection equation for that case. The results for collection kernels depending
on droplet mass demonstrates that the magnitude of correlations are significant, and
must be taken into account when modeling the evolution of a finite volume coalescing
system.

1 Introduction

The evolution of the size distribution of coalescing particles has often been described
by the kinetic collection (hereafter KCE) or Smoluchowski coagulation equation, known

under a number of names (“stochastic collection”, “coalescence”). The discrete form of
this equation has the form (Pruppacher and Klett, 1997):
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where N(/,t) is the average number of droplets with mass x;, and K (/, j) is the collec-
tion kernel related to the probability of coalescence of two droplets of masses x; and
x;. In Eq. (1), the time rate of change of the average number of droplets with mass x; is
determined as the difference between two terms: the first term describes the average
rate of production of droplets of mass x; due to coalescence between pairs of drops
whose masses add up to mass x;, and the second term describes the average rate of
depletion of droplets with mass x; due to their collisions and coalescence with other
droplets.

Within the kinetic approach (Eq. 1), it is assumed that fluctuations are negligible
small. This assumption can only be correct if the volume and the number of particles
are infinite large. An alternative approach considers the coalescence process in a sys-
tem of finite number of particles, with fluctuations that are no longer negligible. This
finite-volume description is intrinsically stochastic and has been pioneered by Marcus
(1968), Bayewitz et al. (1974) and studied in detailed by Lushnikov (1978, 2004) and
Tanaka and Nakazawa (1993).

Within the finite volume description a system of particles whose total mass is M+
is considered. The mass distribution of the particles is described by giving the num-
ber n; of particles with mass /, i.e. ny, ny, ns, ..., ny. Then, the state of the mass
distribution of the particle system is described by the N dimensional state vector
n=(ny,n,,...,ny). The time evolution of the joint probability P(n,n,, ..., ny;t) that the
system is in state n = (n4,n,,...,ny) at time t is calculated according to the equation
(Tanaka and Nakazawa, 1993):
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The master Eq. (2) is a gain-loss equation for the probability of each state n =
(n4,n5,...,ny). The sum of the first two terms is the gain due to transition from other
states, and the sum of the last two terms is the loss due to transitions into other states.
The gain terms show that the system may be reached from any state with an /-mer and
a j-mer more, and one (/ + j)-mer less. In Eq. (2) K (/, /) is the collection kernel and the
transition rates are K (/,j)(n; + 1)(n; + 1) if i # j and K (i,i)(n; + 1)(n; +2) if / = j. From
conservation of the total probability, P(n;t) must satisfy the relation:

> Pty =1 )

where the sum is taken over all states. Moreover, the total mass My of the system must
be conserved, and the particle number n; should be non-negative for any mass x;:

N
ZX,-H,-:MT, n,-ZO, i=1,...,N (4)
i=1

Exact solutions of Eq. (2) are only known for a limited number of cases (constant,
sum and product kernels) and for monodisperse initial conditions. For these special
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cases the master equation has been solved by Lushnikov (1978, 2004) and Tanaka
and Nakazawa (1993) in terms of the generating function of P(n;t). For general, multi-
disperse initial conditions, the solution of Eq. (2) is not known.

Additionally, for stochastic coagulation, approximate solutions were calculated by
using the Van Kampen’s system size expansion or Q-expansion (Van Dongen and
Ernst, 1987; Van Dongen, 1987) which permits to find solutions of Eq. (2) valid in the
limit of a large system. However, the system size expansion gives less reliable results
when applied to systems with a low number of particles or small volumes.

Then, in order to obtain solutions for more realistic kernels (Brownian motion, dif-
ferential sedimentation etc.), a small number of particles and general multidisperse
initial conditions, it has to be solved numerically. In this paper, we present an algorithm
that can be applied to obtain the solution of Eq. (2) for any type of kernels and initial
conditions. By applying this method, numerical solutions of the master equation were
obtained for realistic kernels relevant to cloud physics, along with calculation of the
correlations for the number of droplets for different sizes.

It is noteworthy to mention that the stochastic theory was also studied in detailed
by Gillespie (1972, 1975a, b), who derived an evolution equation for the probability
mass function for the number of droplets under the assumption of no correlations. This
problem was recently revisited by Wang et al. (2006), who also derived which they
called the “true stochastic collection equation” (TSCE), which is a mean field equation
at the first order and contains correlations among instantaneous droplets of different
sizes. The problem with this equation and similar is that the rate change of moments
of order n depends on moments of order (n + 1), as was remarked by Marcus (1968).

In our work, we overcome this drawback by calculating the true stochastic averages
directly from the solution of the master equation. The main idea is to reduce the dimen-
sionality by restricting the state space only to those states which have a finite proba-
bility of being accessed. It turns out that this provides a considerable improvement in
numerical efficiency.
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The paper is organized as follow: in Sect. 2, the numerical algorithm is explained in
detail, and numerical solutions for the sum and constant kernels with a comparison with
analytical solutions are presented in Sect. 3. The numerical results for mass dependent
kernels along with calculation of correlations for different droplet sizes are presented in
Sect. 4. Finally, in Sect. 5 we briefly discuss the results and the possible applications
of the numerical algorithm.

2 The numerical algorithm

To solve Eq. (2) by brute force, the joint probability P(ny,n,,...,ny;t) must be dis-
cretized into a multidimensional array. The main drawback of this approach is its sus-
ceptibility to the curse of dimensionality, i.e. the exponential growth in memory and
computational requirements in the number of problem dimensions.

For example, for a system with a mono-disperse initial condition £(50,0,0,...,0;0) =
1, even considering the restriction (Eq. 4), we would be in need to define a 50 dimen-
sional array with about 3 x 10%° elements, which is computationally prohibitive.

2.1 Calculation of all possible states

Instead of the brute force discretization of the multi-dimensional joint probability distri-
bution, the solution for this problem lies on the generation of all possible states from
an initial configuration, and the posterior calculation of the time evolution of the prob-
ability P(n;t) for each generated configuration by using the master equation. From an
arbitrary initial condition P(ng¢, gy, - .., Ngy;0) = 1 all possible states can be generated
numerically. This can be performed by taking into account that the only allowed transi-
tions are of the form: ﬁf’) —nqifi #jand ﬁ(;) — n, if i = j, where ﬁf’), n, and ﬁ(;), Ny
are the state vectors
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ny =g, 1, 0=, ny) (5a)
Ny =Ny, Ny 5Ny Ny ) (5b)
ﬁ(;)=(n1,...,n,-+2,...,n2,—1,...,nN) (5¢)
No=(Nq,..,Njy..,Nojy....NN) (5d)

For a system consisting of N monomers at t = 0, R(N) states (or N dimensional vec-
tors) can be realized, where R(N) is the number of solutions in integers n of the Eq. (4)
for conservation of mass. The number of possible configurations can be approximated
from the equation (Hall, 1967):

’
R(N) ~ 2N/3)1/2 6
(N) 4N\/gexp(ﬂ( /3)'/%) (6)

Note that, although R(N) increases very quickly with N (for example, R(50) =217 590
and R(100) = 190569 232), a number of states that is manageable with an average
computer is obtained (compare with the 50 dimensional array with 3 x 10%° elements
required for N = 50). Although the formula Eq. (6) slightly overestimate the number of
states, it gives estimates that can be used in order to check the performance of the
algorithm. For N = 6, 10, 20, 30 we obtained 11, 42, 627, and 5604 with the numerical
algorithm, and 13, 48, 692 and 6078 by using the formula Eq. (6). As an example, the
11 possible configurations generated from the initial state (6,0,0,0,0,0) are displayed
in Fig. 1.

2.2 Time evolution of the probabilities P(n;t) for each state

At ty = 0, for the initial state P(ngy, Moo, No3: Noas - - -»3tg) = 1, and the probabilities for the
rest of the states are set equal to 0. The probabilities of all generated configurations
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It is clear from Eq. (7) that the state probabilities P (n;ty + At) at t =ty + At will in- S
creased if the states from which transitions are allowed, have a non-zero probability ~ © _ —
at t =ty (second and third terms in the right-hand size of Eq. 6), and will decrease 3
due to collisions of particles from the same state at ¢t = ¢, (fourth and fifth terms h
in the right-hand side of Eq. 7) if P(n;t,) is positive. The finite difference equation
for P(1,0,0,0,1,0) was written to illustrate the method. As can be checked from the ©
generation scheme displayed in Fig. 1, the only allowed transitions to (1,0,0,0,1,0) §
are from the states (1,1,1,0,0,0) and (2,0,0,1,0,0). Consequently, at t =ty + Atf, &
P(0,1,0,1,0,0;¢t, + At) will increase if P(1,1,1,0,0,0;¢,) and P(2,0,0,1,0,0;t,) are S
positive at t = t,. On the other hand, P(1,0,0,0,1,0;t, + At) will decrease due to col- ¢/
lisions from particles within the same state at ¢ =#; if P(1,0,0,0,1,0;¢,) is positive. 8
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Then, P(1,0,0,0,1,0; ¢, + Atf) is calculated from the equation:

P(1,0,0,0,0,1,0;t, + At) = P(1,0,0,0,0,1,0;1¢p)
+ AtK(2,3)(ny + 1)(n3 +1)P(1,1,1,0,0,0; %)
+ AtK(1,4)(ny +1)(n4 + 1)P(2,0,0,1,0,0;,)
- AtK(1,5)(n4)(ns)P(1,0,0,0,1,0;1,) (8)

In the second term of the right-hand side of Eq. (8), n, + 1 and n; + 1 are set equal to
1, as they are the number of particles in the second and third bins in the configuration
(1,1,1,0,0,0) at t = ¢;. In the third term, ny + 1 =2 and n, + 1 = 1 as they are defined
from the state (2,0,0,1,0,0), and finally ny = n5 = 1 in the fourth and last term. As an
exercise, the time evolution of each state probability was calculated for the coalescence
kernel K(i,j) = (i1/2 +j1/2)/40 from Marcus (1968). The results for 5 of the 11 possible
configurations are displayed in Fig. 2.

2.3 Calculation of the expected values of the number of particles for each
particle mass

The number of particles for a given mass ny, n,, ..., ny are discrete random variables

whose probability distributions can be obtained from:

P(n,m;t) = z P(ny,Ns,...,Npm=n,...,0\;t) (9)
Except n,,

Usually, the numerical implementation of Eq. (9) would involve calculating the sum of
all elements of a multidimensional array, which is computationally very expensive. Our
approach is simpler: once the probabilities of all possible states are determined for all
times, P(n, m;t) can be calculated just by summing over all states that have n,, = n:

P(n,m;t) = z P(Ny,Np,.. N =1,..., 0Nt (10)
All states with n,,=n
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15

The expected value (n,,) for the number of particles of mass m is then calculated from
the equation:

(nmy =D nP(n,m;t) (11)

As an example, for the system from Fig. 1, the probability distribution P(n, 1;¢) of having
n particles with mass m = 1 is displayed in Table 1.

3 Comparison with analytical solutions

The expected values for each particle mass calculated with the numerical algorithm,
were tested against the analytical solutions of the master equation reported in Tanaka
and Nakazawa (1993) for the constant (Eq. 12) and sum (Eq. 13) kernels (K(/,j) = A,
K(i,J) = B(x; + x;)) obtained for the monodisperse initial condition P(N,,0,0,...,0;0) =
1. They are:

Mo % (2k — 1)l clomm o~
(nm)zcr/\rllom! Z Z(_1)k—1 /-1 /-1 No—k
No+k-1
e (K I =1)C s
m
x {(/ = 1)/[|No - /)} o511 )
j=1
-\ m-1 N1
=+ o)L o —T\m=1 T
(m) = (No) {1 N, (1 e )} x(1-e7")" e (13)

In Egs. (12) and (13), N, is the initial number of particles, CZ" is the binomial co-

efficient and (n,,) are the true stochastic averages for each particle mass m at time

t. In Eq. (12) 7= ANyt, where A=1.2x 10™*cm®s™! is the constant collection ker-

nel. Finally, in Eq. (13), T = BNyvyt where v, is the initial volume of droplets and
12222
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B =8.82x 107 cm‘°’g‘1 s, Turning to a concrete numerical example, the evolution of
a cloud system with an initial monodisperse droplet size distribution of N = 10 droplets
of 10 um in radius (droplet mass 4.189 x 107° g) at ty, and a volume of 1 cm® was calcu-
lated with the numerical algorithm. The time step was set equal to Af =0.1s. A com-
parison between the numerical and analytical results for both the sum and constant
kernels at f = 1200 are shown in Figs. 3 and 4 with an excellent agreement between
the two approaches.

4 Kinetic vs. stochastic approach: calculation of correlation coefficients and
numerical results for mass dependent collection kernels

4.1 Numerical calculation of the correlation coefficients

The evolution equation for the expected values of the random variables can be obtained
by multiplying Eq. (7) by n, and summing over all states (see Bayewitz et al., 1974):

2imd =5 KD ()~ (138,,) = T KG.m) (9,9~ (,36,0) (14)
i+j=k j

The KCE is obtained from Eq. (14) by assuming that (n;n;) = (n;){n;), i.e. that the cor-
relation between the random variables is zero. A form of Eq. (14) was deduced in
Tanaka and Nakazawa (1993) and in Wang et al. (2006) for a general type of kernels.
Bayewitz et al. (1974) have quantified the deviation of the size distributions calculated
with the KCE from the exact distribution obtained from the master equation for a con-
stant kernel. From Eq. (14) it can be concluded that as long as the correlations remain
appreciable, the results of the KCE will not match the true stochastic averages. The
correlation (or correlation coefficient) between two random variables n; and n; denoted
asp;;is
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cov(n;,n;) Op,n,
Pij= - = . (15)

,/Var(n,-)Var(n/-) On;On,

In (15), the covariance (cov(n;, n;)) is calculated according to

cov(n;,n;) = E [(n;=(ny)) (n; = (n,))] = E (n;n;) = {n;)(n;) (16)

Where E (n,-n/-) is the expected value of the product n;n;, which, for the bivariate case

is:

E (n;n;) = z Z”/”/’f(”/,”;) (17)
ni n/'

In Eq. (17), f(n;,n;) is the two dimensional joint probability mas function (pmf) which
was calculated similarly to how it was done in the univariate case (See Eq. 10):

f(n,1)=P(n,i;l,j;t) = z P(n1,n2,...,n,-=n,...,nj=/,...,nN;t) (18)
All states with

nij=nandn; =/

In the former equation, P(n,/;/,j;t) is the probability of having n droplets of mass / and
/ droplets of mass ;.

4.2 Numerical results for the constant, sum and product kernels

Correlation coefficients (04, and p, 5) were obtained by Wang et al. (2006) using the

analytical solution obtained by Bayewitz et al. (1974) for a constant collection kernel.

They found that, even for this case, the magnitude of correlations could be quite large.

We will extend their analysis by calculating the time evolution of the correlation coeffi-

cients p4, and p, 3 for the constant, sum and product kernels (see Fig. 5). For each
12224
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case, the simulations were conducted for two systems containing 10 and 40 droplets of
14 um in radius respectively, and a volume of 1 cm™3. As can be observed in the figure,
in all the cases we have non-zero correlations. From the evolution of o, , for all the
kernels, we can infer that the random variables n; and n, are, at the beginning of the
simulation, strongly anticorrelated. This due to the fact that in the initial stage of evolu-
tion of the system, for a monodisperse system, we have mainly collisions between size
1 droplets to form size 2 droplets. On the other hand, the random variables n, and ng
are also anticorrelated, because a decrease of n, due to collisions with size 1 droplets
will increase the number of size 3 droplets (Wang et al., 2006).

At £ = 1800, the true stochastic averages (see Eq. 11) obtained numerically from
the master equation are displayed in Fig. 6, together with the mean values for each
droplet mass calculated from the analytical solutions of the KCE (See Table 2.). For
the three cases, at the large end of the spectrum, results differ substantially. This is
in agreement with the analytical of Tanaka and Nakazawa (1994), who demonstrated
that the true stochastic averages coincide well with those obtained from the kinetic
collection Eq. (1) if the bin mass k satisfies the inequality k? <« My, where M, is the
total mass of the system.

4.3 Numerical results for the turbulent hydrodynamic collection kernel

Collisions between droplets under pure gravity conditions are simulated with a collec-
tion kernel of the form:

Ky = (X x;) =1(r; + )2V (x;) = V(X))E(r7,17) (19)

The hydrodynamic kernel (Eq. 19) does not take into account the turbulence effects

and considers that droplets with different masses (x; and x; and corresponding radii,

r; and r;) have different settling velocities. In Eq. (19), E(x;, x;) are the collection effi-

ciencies calculated according to Hall (1980). In turbulent air, the hydrodynamic kernel

should be enhanced due to an increase in relative velocity between droplets (transport

effect) and an increase in the collision efficiency (the drop hydrodynamic interaction).
12225
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These effects were taken into account by implementing the turbulence induced collision
enhancement factor Pr,(x;, x;) calculated in Pinsky et al. (2008) for a cumulonimbus

cloud with dissipation rate, ¢ = 0.1 m?s~ and Reynolds number, Re; = 2x1 0* for cloud
droplets with radii < 21 um. Then, the turbulent collection kernel has the form:

Krun (Xis Xj) = Pru (X, X)) Kg (X, X)) (20)

In the simulation for turbulent air, a system corresponding to a cloud volume of 1 cm®
and a bidisperse droplet distribution was considered: 20 droplets of 14 um in radius
and another 10 droplets of 17.64 um in radius, corresponding to a liquid water content
(LWC) of 0.4369m‘3. For the turbulent collection kernel the true stochastic averages
at f = 200, 1800 s are displayed in Fig. 7, and compared with the mean values for each
droplet mass calculated numerically from the kinetic collection equation (KCE) with ker-
nel (Eq. 20). Also, for this case, at the large end of the spectrum, results obtained from
the KCE differ substantially from the stochastic means. The time evolution of the cor-
relation coefficients p, 5 and p4 5 displayed in Fig. 8 confirms the fact that correlations
cannot be neglected.

Finally, the time variation of (n,), (ns), (n45) and (n,,) were calculated and compared
with the time evolution of the averages calculated from the KCE with the same initial
conditions and coalescence rate. We can see from Fig. 9 that for the small masses
k =1 and 5, both solutions are closely coincident up to 1800 s, and that for the larger
masses k = 15 and 20, the results are different at all times.

5 Conclusions

The full stochastic description of the growth of cloud droplets in a coalescing system
is a challenging problem. For finite volume systems or in systems of small populations,
statistical fluctuations become important and the mathematical description relies on
the master equation which has analytical solutions for a limited number of cases. In
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an effort to solve this problem, we have introduced a new approach to numerically
calculate the solution of the coalescence multivariate master equation that works for
any type of kernels and initial conditions.

For the constant, sum and product kernels, the true stochastic averages calculated
numerically were compared with analytical solutions of the master equation, with an
excellent agreement between the two approaches.

A numerical procedure to calculate the correlation coefficients was implemented, and
we were able to calculate the correlation coefficients for mass dependent kernels (sum,
product, and kernels modified by turbulent processes). Numerical solutions of the mas-
ter equation for bivariate initial conditions and collection kernels modified by turbulent
processes were calculated and compared with size distribution obtained from the nu-
merical integration of the KCE. The two equations give different values at the large end
of the droplet size distribution. It was also shown that, for small k, the true stochas-
tic averages (n,) and the solution of the KCE are closely coincident up to 1800s. For
larger masses, the results are different at all times.

The numerical algorithm reported in this paper could be very useful in order to un-
derstand the limits of applicability of the deterministic KCE. In the second part of this
series, this numerical tool will be used to investigate the droplet size distribution if
the collection kernel increases sufficiently rapidly with / and, and a runaway droplet is
formed, also known as a gel because applications in physical chemistry (Alfonso et al.,
2013). Also, further efforts will be made in order to perform simulations with a larger
number of particles in the initial configuration.

Acknowledgements. The author thanks the Associate Program of the Abdus Salam Interna-
tional Center of Theoretical Physics (ICTP), in Trieste, Italy, where this work was started in the
summer of 2013. This study was funded by grants UACM-SECITI No. P12011-68R and Consejo
Nacional de Ciencia y Tecnologia de México SEP-CONACYT CB-131879.
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Table 1. Probability distribution P(n, 1;t) of finding n particles of size m = 1 at time ¢, for a sys-
tem with the initial condition P(6,0,0,0,0,0;0) = 1.

Title Page

Abstract Introduction
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Probability distribution P(n,1;1)

n=0 P(0,1:t)=P(0,1,0,1,0,0,t)+P(0,0,2,0,0,0) + P(0,0,0,0,0,1) B
n=1 P(,1:t)=P(1,1,1,0,0,0,¢)+P(1,0,0,0,1,0) :
N=2 P@A1)=P(2200001)4P2000101) 5
n=3 P(3,1;t)=P(3,0,1,0,0,0;t) 8
n=4 P(4,1:t)=P(4,1,0,0,0,0:¢) ; HEE B
n=5 P(51:1)=0 5
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Table 2. Analytical size distributions of the kinetic collection equation (KCE) calculated with
monodisperse initial conditions.

K(x;,x;)  N(,t)

ni=1
Bix;+x;) No(1- @) exp(—ip) b =1-exp(-BNovt)

C(x; x x;) No%exp(—iT) T = CNovgt
i-1
A e T = ANyt

Note: Parameters 8, B and C are constants, x and y are the masses of the
colliding drops. Nj is the initial concentration and v, is the initial volume of
droplets. The index / represents the bin size.
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Figure 9. For the turbulent hydrodynamic kernel, comparison of the expected values obtained
from the stochastic master equation (solid line) with that to the KCE (dashed line), for a 1cm?®
system containing initially 20 droplets of 14 pm and 10 droplets of 17 um. The time evolution
of the expected values are shown for k =1, 5, 15 and 20 (a, b, ¢ and d respectively). For the
small masses k =1 and 5, both solutions are closely coincident up to 1800s. For the larger

masses k = 15 and 20, the results are different at all times.
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