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Abstract

The physical properties of rain spectra are generally modeled using analytical distribu-
tion, commonly the Gamma law and to a lesser extent the Lognormal law. The majority
of studies of the literature focusing on the characterization of rain distribution are based
on deep convective cloud observations, mostly at ground level. This study focuses on5

shallow cumulus rain distribution at every level in the cloudy boundary layer using air-
borne in situ measurements made with both the PMS-OAP-260X and the PMS-2DP
instruments during the RICO field experiment. Sampled spectra analyzed at the scale
of LES resolution (100 m) are found to be relatively broad, with values of the shape
parameter – υ for the Gamma law and σg for the Lognormal law, respectively – of the10

order of 1–3 and 1.5–2. The dependence of the shape parameters on the rain variable
is examined, and a parameterization of the shape parameters υ and σg in function of
a power law of the rainwater content and raindrop number concentration is proposed.

1 Introduction

Raindrops play a role in the boundary layer water and energy budgets by carrying15

water and latent energy from the cloud region to the subcloud layer and to the sur-
face. Assuming spherical rain drops, the physical properties of the raindrop field can
be represented by the raindrop size (or mass) distribution at local scale, i.e. at scale of
the order of few dozen meters. The evolution of the raindrop size distribution depends
on the interaction of various processes. In warm clouds, droplet growth is driven by20

condensation until its collection efficiency with respect to other cloud droplets starts
to be significant, i.e. for diameters of the order of 40 µm. For a drop that reaches such
a limit, called a precipitation embryo, the drop growth rate is exclusively the result of the
collision-coalescence process and is roughly a function of the diameter to the power
of six. The transition between these two regimes is highly non linear. The growth of25

the drops is limited on one hand by the amount of cloud water available. On the other
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hand, large drop formation is limited by two microphysical processes: collision-induced
breakup and spontaneous breakup. The latter occurs for diameters of a value of the or-
der of about 10 mm (Pruppacher and Pitter, 1971). Both breakup processes contribute
to a broadening of the raindrop distribution. The effect of collision-coalescence-breakup
processes leads to an equilibrium distribution in around one hour (Hu and Srivastava,5

1995), which corresponds to about twice the lifetime of a boundary layer cloud cell. In
unsaturated regions, the raindrop spectra evolve as the result of evaporation. In addi-
tion to these processes, the sedimentation process redistributes the rain drop sizes in
the vertical: because large drops fall faster, raindrops are sorted by size (Milbrandt and
Yau, 2005; Seifert, 2008). Thus, assuming a continuous and steady production of rain10

at cloud top, the rain distribution at a given level is in equilibrium only if the lifetime of the
precipitating event is large enough to counteract the sedimentation size sorting effect.
Ultimately, local raindrop distribution is the result of a coupling between advection, tur-
bulent transport and microphysical processes; i.e., collision-coalescence-breakup and
sedimentation in clouds in a first stage, and evaporation, sedimentation and to a lower15

extent collision-coalescence-breakup out of the cloud in a second stage.
Under some hypotheses, each microphysical main variable and process can be writ-

ten as functions of the integral variables of the rain distribution, mostly moments. The
moment of the order p Mp is defined following:

Mp =
∫ ∞

0
Dpn(D)dD (1)20

where D is the particle diameter and n(D) is the probability distribution of raindrop
size. The raindrop number concentration Nr is the 0th moment of the distribution. The
rainwater content qr is proportional to the 3rd moment of the distribution. Both are
prognostic variables in two-moment bulk schemes. The 6th moment of the distribution
is called the radar reflectivity factor and is proportional to the radar reflectivity, which is25

a useful quantity for remote sensing measurements. The collection of cloud droplets by
raindrops (accretion) depends on the product of cloud and rain water contents (Kessler,
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1969). The raindrop terminal velocity is roughly proportional to the diameter to the
power 0.8. Thus the sedimentation fluxes of the rain concentration and the rainwater
content vary as a linear function of the moments 0.8 and 3.8, respectively; i.e., they
are roughly dependent on M1 and M4. The evaporation rate is the sum of two linear
functions depending roughly on the moments of the order 0.8 and 1.8.5

Since only a limited number of rainfall integral variables are generally known (e.g. M0
and M3 in 2-moment bulk schemes, M6 in remote sensing measurement), a hypothesis
on the shape of the distribution is necessary in order to derive the other microphysical
properties. Raindrop distributions are generally represented by the exponential law
(Marshall and Palmer, 1949), hereafter referred to as MP distribution, or by a gamma10

distribution function (Ulbricht, 1983). The latter is expressed as

n(D) = N
1

Γ(ν)
λνDν−1 exp(−λD) (2)

It has 3 independent parameters: the number concentration N, the slope parameter
λ and the shape parameter ν. The Gamma law is a general case of the exponential
function (ν = 1). Note that the most common expression used for the shape parameter15

is µ = ν−1 rather than ν. The latter is used in this study because it is defined on ]0,+∞[,
which permits plots on the logarithmic scale. The slope parameter λ is related to the
mean volume diameter Dv and ν following:

λ =
(

1
Dv

ν(ν+1)(ν+2)
)1/3

(3)

In some studies the Lognormal distribution is assessed (Feingold and Levin, 1986):20

n(D) = N
1

√
2πD lnσg

exp

−1
2

(
ln(D/Dg)

lnσg

)2
 (4)

where σg is the geometric standard deviation and Dg is the mean geometric diameter.
680
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The benefit of using these distributions is that each moment of the distribution can be
analytically calculated as a function of the 3 parameters. In a 2-moment bulk scheme,
2 parameters are imposed by the prognostic variables and one remains to be fixed: ν
for the Gamma and σg for the Lognormal distribution. Figure 1 shows the moments of
the order 1, 2, 4 and 6 as a function of the shape parameters for fixed concentration5

(M0) and water content (M3). When ν increases, the distribution is narrower; i.e., Mp
increases with ν for p < 3 and decreases for p > 3 and inversely for the Lognormal law.
For ν > 10 or σg < 1.1, each moment does not vary significantly because the distribution
tends to the monodispersed distribution. Note that, in this study, narrow (broad) refers
to spectra with high (low) value of ν or low (high) value of σg and not to high standard10

deviation values, which also depend on the mean volume diameter.
Since the work of Marshall and Palmer (1949) and Best (1950), a large number of

studies have been dedicated to the retrieval of the value of these parameters char-
acteristic of deep convective events. Most of these studies suggest that rain spectra
are narrower than the MP distribution (ν = 1), with ν values roughly in the range 5–15

10 (Nzeukou et al., 2003; Uijlenhoet et al., 2003) or more (Tokay and Short, 1996)
or σg values of the order of 1.4 (Feingold and Levin, 1986). These studies are based
on one-minute surface measurements with the RD-69 disdrometer (Joss and Waldvo-
gel, 1967). Ulbrich and Atlas (1997) airborne 2-D precipitation probe measurements
at 6 s-resolution suggest broader spectra, with a mean value of 5 (µ = ν−1 = 6), than20

the Tokay and Short (1996) mean value of 11, for the same field experiment. By an-
alyzing one-minute resolution spectra derived from video disdrometer measurements
at the surface, Brandes et al. (2003) also find broad spectra, with most values falling
between the MP value and ν = 5. Van Zanten et al. (2005) find narrow drizzle spectra
in stratocumulus despite the coarse resolution of 2 min, with σg values of the order of25

1.5–1.8.
Studies diverge not only in the shape parameter values but also in their relationship

with other variables. Experimental studies show a positive correlation between ν and
the precipitation flux (Tokay and Short, 1996; Cerro et al., 1997; Nzeukou et al., 2004)
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and numerical studies point to the narrowing of the spectra with increasing mean vol-
ume diameter induced by size sorting (Milbrandt and Yau, 2005; Seifert, 2008). On
the other hand, PRECIP98 measurements show a negative trend between ν and the
precipitation flux and a negative correlation between ν and the mean volume diameter
(Zhang et al., 2001). All these studies focused on deep precipitating clouds, stratiform5

or boundary layer clouds. The lack of convergence between studies suggests a differ-
ent type of rain spectra according not only to the type of cloud but also to the location in
the cloud system, the methodology employed, the temporal and horizontal resolutions,
the instruments used, and instrumental biases. Until now, no study has assessed the
shape parameter in shallow cumulus convection.10

In this study, the representation of the rain spectra in shallow cumulus is examined
via the values of the shape parameters σg and ν. The method used is the one detailed
in Geoffroy et al. (2010) (hereafter G10) for cloud droplet spectra analysis. The raindrop
spectra is assumed to be described by an analytical law. For each moment represen-
tative of a physical process M1, M2, M4 and M6, the shape parameter is calculated15

numerically by a minimization of the distance between the measured moment and the
analytical moment calculated, i.e. such that:

∂
(
Ma

p (ν,Nm,qm)−Mm
p
)
Nm,qm

∂ν
= 0 (5)

where exponents m and a refer to measured and analytical values, respectively. This
method is similar to the commonly used method of moments (Waldvogel, 1974; Ulbrich,20

1983) applied with M0, M3 and a 3rd moment that is the one to parameterize. It has
the benefit of providing the exact value to use to represent a considered moment and
avoiding negative values for ν, as it can be found by analytical calculation, for instance
in Zhang et al. (2001).

Some studies (Ulbrich and Atlas, 1998; van Zanten et al., 2005) consider truncated25

functions. However, the assumed distributions are not truncated when used in models
or for remote sensing parameter retrieval in order to avoid too many complex calcu-
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lations. Moreover, the use of complete distributions allows analytical integrations. For
these reasons, this study is limited to complete functions. Moreover, such truncations
do not significantly modify the results. The following section describes the data set and
gives an insight into the vertical profiles of the measured precipitation fields; the shape
parameters analysis results are reported in Sect. 3.5

2 Data set and vertical structure of the precipitation field

The spectra used in this study are derived from in situ shallow precipitating cumu-
lus cloud measurements taken during the RICO field experiment (Rauber et al., 2007;
Snodgrass, 2008; Nujiens et al., 2009). Two instruments are combined to obtain the
raindrop spectra used in that study. The PMS-OAP-260-X allows drizzle to be mea-10

sured in a range from 5 µm to 635 µm over 63 bins of 10 µm. The PMS-2DP measures
the diameters of larger drops over 32 to 64 bins of 200 µm between 100 µm and an up-
per limit depending on the method used by the NCAR to construct the particle spectra
from the PMS-2DP images.

The Entire-in method takes into account only particles that fully cross the sampling15

section and assumes that the diameter is the drop height. The sampling volume de-
creases with drop diameter because the upper limit of the measured diameter is re-
stricted by the height of the diodes, which is of the order of 6 mm. The Center-in method
also takes into account partially sampled drops by accounting for all particles for which
the center is within the sampling section, assuming that the diameter value is the max-20

imum value between the depth and the height of the drop. This method increases the
2DP sampling volume and allows larger drops, up to 12 700 µm, to be taken into ac-
count.

Large rain drop diameters are especially subject to be biased due to their non spher-
ical shape (Pruppacher and Beard, 1970; Chandrasekar et al., 1988), their low statis-25

tical representation and spurious counts (Heymsfield and Baumgardner, 1985; Backer
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et al., 2009). Thus, the Center-in spectra are used in this study and sensitivity tests are
performed according to the method used in Sect. 3.

The sampled volume is of the order of 1–4 L and 100–200 L respectively for the PMS-
OAP-260X and the PMS-2DP at 1 Hz resolution. This is low compared to the order of
magnitude of raindrop concentration, which is about 0.1–100 L−1. This statistical repre-5

sentation problem could be partly solved by decreasing resolution. However, because
of the spatial heterogeneity of the raindrops, the broadness of the spectra is sensitive
to the resolution.

Spurious counts, which affect both low and high diameters (Backer et al., 2009), are
removed in 2DP and OAP-260-X measurements. Similarly to Yuter and Houze (1997),10

all non-consecutive bins above 1500 µm are set to 0, and the single positive bin in
OAP-260-X are excluded. Because the moments of the distribution are sensitive to the
extremities of the distribution, sensitivity tests to the extremities of the distribution are
performed in Sect. 3.

The lower limit of the rain drop spectra D0, which corresponds to the separation di-15

ameter with the cloud droplet category, is assumed to be 75 µm. The results presented
here are not sensitive to the chosen D0 value, at least in the range 50–100 µm. The
PMS-2DP bins are added by excluding the first one in order to avoid overlap with the
OAP-260-X measurements. Thus, the measured spectra are continuous spectra cov-
ering the entire range of sizes of precipitating drops from D0 to 12 mm.20

Of the nineteen RICO flights analyzed in this study, thirteen are characterized by
significant rainy events (RF01, RF03, RF04, RF05, RF07, RF08, RF10, RF11, RF13,
RF14, RF15, RF16, RF19) and six are rejected due to the insignificant number of rain
samples (RF02, RF06, RF09, RF12, RF17, RF18). Rain spectra are defined as spectra
where qr > 0.010 gm−3. The total number of precipitating samples at 1 Hz resolution is25

of the order of 21 000. During RICO, the NCAR C-130 aircraft flew through the cloud
field at different altitudes between about 100 m and 3 km. The first two plots of Fig. 2
show the number of rain spectra sampled at each level of the boundary layer in cloud

684

http://www.atmos-chem-phys-discuss.net
http://www.atmos-chem-phys-discuss.net/14/677/2014/acpd-14-677-2014-print.pdf
http://www.atmos-chem-phys-discuss.net/14/677/2014/acpd-14-677-2014-discussion.html
http://creativecommons.org/licenses/by/3.0/


ACPD
14, 677–705, 2014

Characteristics of the
raindrop distributions

in RICO shallow
cumulus

O. Geoffroy et al.

Title Page

Abstract Introduction

Conclusions References

Tables Figures

J I

J I

Back Close

Full Screen / Esc

Printer-friendly Version

Interactive Discussion

D
iscussion

P
aper

|
D

iscussion
P

aper
|

D
iscussion

P
aper

|
D

iscussion
P

aper
|

region and in clear sky. Because the plane was pointing towards the cloud cells, a large
part of the rain spectra (almost 60 %) is in cloud samples.

The vertical structure of the main rain variables is represented in Fig. 2 for the thir-
teen cases studied. For flights where the Fast FSSP measurements are available (blue
symbols), profiles are averaged in cloud (left column) and clear sky profile (middle col-5

umn). The third plot of Fig. 2 shows the vertical profile of the cloud water content. The
following plots show the profiles of the rain concentration Nr, the rain concentration flux
FNr, the rain water content rain precipitation flux Fqr and the mean volume diameter
Dv. Values are averaged over the rain fraction at the corresponding level. Hence, these
profiles are not directly comparable to a mean profile over the whole domain or over the10

projected cloud fraction. Above the cloud base, some rain falls in clear sky. This feature
may be due to the shear, to turbulent motions, or to the fact that raindrops have a longer
lifespan than cloud droplets. Such a pattern was seen in the Dutch atmospheric model
DALES LES simulations of shallow cumulus even without shear (not shown). However,
in LES simulations, a large part of the rain mass is in clear sky, which is not suggested15

by qr and Fqr profiles. As expected, all quantities are larger in clouds due to evaporation
in clear sky.

The profiles of qr and Fqr do not show a particular trend with altitude. While evap-
oration leads to a decrease of these quantities in the subcloud layer, here values are
averaged over the rain fraction, which decreases with height, compensating for the ef-20

fects of evaporation. Moreover, the lack of a clear trend may be the result of a lack of
horizontal and vertical statistical representation. On the other hand, the rain number
concentration Nr (and the rain concentration flux) and the mean volume diameter Dv
decrease and increase with decreasing altitude, respectively. All processes (collection,
evaporation, sedimentation) contribute to a decrease of the number concentration and25

of the rain concentration flux (collection, evaporation, sedimentation), which explains
the clear trends. As for the mean volume diameter, the superposition of evaporation on
the size sorting effect results in a decrease of small drops with decreasing altitude and
thus an increase of the mean volume diameter. The average values are similar for the
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four cloud systems. The trends shown here are similar to those observed in stratocu-
mulus clouds (Wood et al., 2005), except that the rain concentration and the volume
diameter also vary above the cloud condensation level, both in and outside the cloud.

Some studies have examined the relationship between the slope parameter λ and
the shape parameter ν in the aim of remote sensing retrieval of rain distribution char-5

acteristics, mainly the precipitation flux, from radar measurements (Zhang et al., 2001;
Chang et al., 2009). Atlas and Ulbricht (2006) suggest that there is no universal rela-
tionship that would describe all types of storm spectra accurately. The RICO measure-
ments confirm this fact because of the large range of mean volume diameters covered
and its dependency on altitude. Assuming that the Gamma distribution gives an accu-10

rate representation of the rain spectra, λ depends on ν and Dv (Eq. 3). Because the
profile of Dv varies significantly with height, it follows that the λ−ν relationship depends
necessarily on the altitude.

This study is restricted to the estimation of the shape parameter of both Lognormal
and Gamma laws assuming that Nr and qr are known, as is the case in a simula-15

tion using a 2-moment bulk microphysics scheme. Figure 3 shows the space param-
eter of Nr and qr for all RICO spectra at 1 Hz resolution. The rainwater content and
the concentration cover a large range of values typical of drizzle and of more intense
precipitating events. Some samples have high local rainwater content between 1 and
10 gm−2. Some spectra concentrations are typical of drizzle: about 50 % of the sample20

values are greater than 5 L−1 and 10 % greater than 50 L−1. The mean volume diameter
ranges from 100 µm to about 1 mm near the surface. The RICO spectra have a lower
diameter and lower concentration than those observed in deep convection. Consider-
ing the large range of values covered, it seems reasonable to assume that all kinds of
rain spectra typical of shallow cumulus are statistically represented.25
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3 Shape parameters analysis results

In this section, the validity of the Lognormal and the Gamma distributions in repre-
senting shallow cumulus spectra is evaluated. Figure 4 shows the shape parameters
for each moment (M1, M2, M4 and M6) estimation as a function of the considered mo-
ment. The number of samples in each moment class is represented in the last row. The5

value of ν is represented on a log-scale because of the strong dependence of moments
with log(ν) (Fig. 1). The circles and triangles are the shape parameter values that mini-
mize, in each moment class, the arithmetic and the geometric standard deviation of the
absolute and relative errors, respectively.

For each minimization, there is a strong scatter in the ν estimation, ranging roughly10

from 1 to 10. The M6 minimization gives narrower spectra on average, especially for the
Lognormal model, because of the highest dissymmetry of this function. However, high
order moments are sensitive to the presence of large drops. When spurious counts are
not cleaned, broader spectra are obtained for the M6 minimization. Despite the large
scatter observed in the shape parameters and the dependence of the results on the15

chosen moment, data are merged together in order to derive a trade-off value of the
shape parameters and to determine a single law representative of all processes.

The trade-off values ν∗ and σ∗
g, of the Gamma and the Lognormal law, respectively,

are calculated by averaging the 80 optimum shape parameter values in each bin follow-
ing G10 for the different resolutions 1, 0.5, 0.2, and 0.05 Hz (i.e., a distance of the order20

of 100, 200, 500 and 2000 m, respectively). The results are summarized in Table 1.
A value of 3.2 for ν∗ and 1.63 for σ∗

g is obtained from the cleaned spectra (noted E2).
The broadness of the spectra increases with resolution, as expected, because of the
high heterogeneity of the rain field. At the scale of the cloud cell, distributions are close
to the MP distribution (ν = 1). Table 1 also shows the arithmetic and geometrical means25

of each ensemble of shape parameter values. The geometric mean of the Gamma law
shape parameter ν and the arithmetic mean of the Lognormal law shape parameter
σg are close to the trade-off values ν∗ and σ∗

g, respectively. These results suggest that
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such methods of averaging (geometric mean for the Gamma and arithmetic mean for
the Lognormal) are adequate for estimating the shape parameter. Moreover, this is
consistent with the logarithmic and linear dependency of the moments for the Gamma
and the Lognormal laws, respectively. The arithmetic mean, generally used in studies
to retrieve the characteristic ν value of the rain distributions, has significantly higher5

values.
To gain insight into the errors associated with the spurious count for both large and

small drops and those associated with a lack of statistical representation, sensitivity
tests to the tail of the rain spectra were performed. Without removing the spurious
count, the Entire-in method (E) and Center-in method (C) give similar results, which10

suggest a low contribution of the drops larger than 6 mm, with a ν∗ value of the order of
2. This value should give a lower boundary for ν∗. Truncations under 300 µm in diameter
(i.e. use of only 2DP measurements), above 1.5 mm and both show that the shape
parameter value is mostly sensitive to the presence of the smallest drops. Spectra
obtained are narrower, with an extreme value of ν∗ equal to 9 at 1 Hz, which should15

give a comfortable estimation of its upper bound. Such truncated spectra are close to
the Joss and Waldvogel (1967) disdrometer range. The 0.05 Hz value of ν∗ is close to
that derived from most previous studies.

Most studies that suggest narrow distributions are based on ground measurements.
RICO measurements show an increase of ν with decreasing altitude (Fig. 5d). This20

is consistent with experimental studies that show narrower distributions at the surface
than in clouds for the same case study (Tokay and Short, 1996; Ulbrich and Atlas,
1998) and with 1-D numerical studies focusing on the effect of size sorting (Milbrandt
and Yau, 2005; Seifert, 2008).

For spectra sampled at comparable spatial and horizontal resolutions, the shape25

parameters retrieved in this study differ from those reported in previous studies fo-
cusing on deep convective events. These discrepancies are due to differences in rain
characteristics specific to the cloud regime (lower mean volume diameters and larger
rain number concentrations in shallow cumulus), but not exclusively. They can also be
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partially attributed to instrumental limits, averaging procedures and the location of the
samples.

As in G10, ACE-2 stratocumulus case measurements were also analyzed. However,
they have not been included in the present study because the ACE-2 particle counter
upper boundary is not high enough (350 µm) to cover a reasonable range of raindrop5

diameters: the last bin is often non zero. However, assuming this upper truncation has
no significant impact, the results obtained by analyzing ACE-2 data set are in agree-
ment with RICO spectra typical of drizzle (Fig. 5a–c), i.e. with σ∗

g values of the order of
1.5 and ν∗ values of the order of 5. Moreover, these values are quantitatively consistent
with van Zanten et al. (2005) DYCOMS-II stratocumulus two-minute averaged spectra.10

As a second step, the sensitivity of the shape parameters to variables prognosticated
in 2-moment bulk schemes, qr, Nr and thus Dv, was examined (Fig. 5a–c). The largest
scatter in the 6th box plot of Fig. 5b corresponds to the transition between the OAP-200-
X and the 2DP measurements marked by an important decrease in resolution (from 10
to 200 µm). Measurements show a clear negative trend as a function of qr. As for Nr15

and Dv, no trend is observed over the whole range they cover. High concentrations and
intermediate mean volume diameters are characterized by the broadest spectra but
with a large spread. For low concentrations and low and high diameters, the distribu-
tions are narrow, consistent with Seifert (2008) and Milbrandt and Yau (2005).

At the early stage of their evolution (low Dv), spectra are narrow. For intermediate20

values of the mean volume diameter and high rainwater content, broadness increases.
Distribution tends to be narrower near the surface, where the mean volume diameter
increases and the concentration decreases, due to size sorting.

Because samples are mainly in clouds or close to clouds, trade-off values derived in
this study may be more representative of the first stages of rain development and not25

typical of subcloud layer rain spectra. However, because these large drops reach the
ground and are not subject to complete evaporation, it may be more important to rep-
resent distribution in the upper levels in order to represent raindrop growth and evap-
oration accurately. If raindrops are size-sorted during their fall and spectra narrower
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than predicted, it will lead to an overestimation of the fall velocity. However, evaporation
of a large raindrop is low because its lifetime in the subsaturated air is short. A 2 mm
drop falling in an 80 % relative humidity environment covers a distance of 2 km in 4 min
and loses about 3 % of its mass. In comparison, a 200 µm drop in the same conditions
evaporates completely after 11 min and after a distance of about 700 m. Thus, the pre-5

dicted amount of rain that evaporates and the amount of precipitation that reaches the
ground would not be considerably biased.

As for cloud droplet spectra (G10), the shape parameter is mostly sensitive to the
water content. In order to take into account size sorting and avoid a possible bias
in remaining spurious counts, the shape parameter is parameterized as a function of10

a power law of qr and also Nr. Figure 4 a, b shows scatterplots of ν and σg as a function

of Nrq
0.25
r and Nrq

0.1
r , respectively, for the 4 moments and the values that minimize both

absolute and relative errors in each bin.
For each law, the resulting 80 optimum parameters are fitted which leads to the

following expressions:15

νp = 18/(Nrqr)
0.25,

σp
g = 1.+0.30 · (Nrqr)

0.1 (6)

where qr is expressed in gm−3 and Nr in m−3.
In order to compare the accuracy of each analytical distribution to represent the rain20

spectra, relative and absolute errors between measured and theoretical moments are
calculated. Table 2 summarizes the offsets and standard deviations of the absolute and
relative errors over the whole range of moment values calculated for the gamma and
the Lognormal distribution, with trade-off and parameterized values. Both laws give
similar results. The parameterized expressions improve the results in terms of both25

bias and standard deviation.
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4 Conclusions

RICO in situ measurements of rain spectra were analyzed in order to validate the com-
mon analytical representation of raindrop spectra and quantify the broadness of these
distributions for shallow cumulus clouds. Two combined data sets from two instruments,
the PMS-OAP-260-X and the PMS-2DP, were used in order to cover the full range of5

raindrop sizes for shallow cumulus clouds. Aircraft measurements make it possible to
cover a large panel of raindrop spectra typical of this type of cloud by flying at different
levels in the boundary layer. First, the profiles of the microphysical rain variables were
described. Some profiles show the clear signature of microphysical processes. The
rain number concentration and the mean volume diameter decrease and increase with10

decreasing altitude, respectively.
Next, the broadness of the distribution was studied via the relationship between

a considered moment of the distribution and the two main rain variables used in micro-
physical schemes: the rain mixing ratio and the rain number concentration. All moments
of the distribution representative of a physical process were considered separately. For15

a given spectra, there is generally not a single value of the shape parameter that ac-
curately represents each moment simultaneously. Nevertheless, a constant trade-off
value is proposed for both the Gamma law and the Lognormal law. on On the ensem-
ble, spectra are found to be broad at the scale of an LES model, with trade-off values
ν∗ of the order of 3.2 and σ∗

g of the order of 1.63. At a coarser scale, distributions tend20

to be broader, with values of the shape parameter close to the MP value, which re-
flects the heterogeneity of the raindrop field. Considering differences in the location of
the samples, as well as instruments, these results are consistent with studies of the
literature focusing on deep convective events. Sensitivity tests to the extreme values of
the distribution suggest that the contribution of the smallest drops to the broadness of25

the distribution is important. The Lognormal and the Gamma laws give similar results.
However, the Gamma law allows analytical integration – for instance, the integration of
sedimentation flux using Roger et al. (1993) parameterization of the terminal velocity.
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As a second step, dependency as a function of the prognostic variables of a LES
microphysical scheme was explored. The best dependency is found to be with the
rainwater content, and a parameterization in function of a power law of qrNr that im-
proves the representation of the rain spectra was developed for the LES scale. The
shape parameter’s dependence on the rain variable is consistent with the effect of the5

microphysical processes. Spectra are narrow at the early stage of their evolution (low
Dv). Then they broaden as rain becomes more intense. Finally, the rain spectra tend
to be narrower near the surface due to size sorting. This behavior may be taken into
account in a LES model. However, tests with a LES model suggest that the use of
the tradeoff value is sufficient to represent the magnitude of precipitation in shallow10

cumulus clouds. Questions remain for deep convection. Moreover, the measurements
of raindrop spectra are limited by the low statistical representation of raindrops and by
instrumental biases. These measurements are important for reconstructing rain his-
tory in the boundary layer and subsequently for constraining rain formation – the main
source of uncertainty in precipitation calculation – at the scale of the cloud system. The15

results presented here highlight the importance of improving and performing particle
measurements over the whole spectrum range and at all stages of rain development,
i.e. in the whole boundary layer.
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Table 1. Values of ν∗, σ∗
g, the arithmetic mean νarith, σgarith, and geometric mean νgeom σgeom of

the ensemble of shape parameter values. And values of ν∗ for spectra reconstructed using the
Center-in (C) method, Entire-in method (E), spectra truncated above 1500 µm (< 1500), under
300 µm (> 300) and both (300–1500). All values are given for four resolutions: 1, 0.5, 0.2 and
0.05 Hz.

1 Hz (∼ 100 m) 0.5 Hz (∼ 200 m) 0.2 Hz (∼ 500 m) 0.05 Hz (∼ 2000 m)

E2 ν∗ 3.2 2.7 2.2 1.6
E2 < ν >geom 3.5 3.0 2.5 1.8
E2 < ν >arith 6.7 5.5 4.4 3.2

E2 σ∗
g 1.63 1.67 1.72 1.81

E2 < σg >geom 1.59 1.63 1.68 1.76
E2 < σg >arith 1.62 1.66 1.71 1.79

E ν∗ 2.4 1.9 1.5 1.0
C ν∗ 2.2 1.8 1.3 0.9
E2 < 1500 ν∗ 3.3 2.8 2.3 1.8
E2 > 300 ν∗ 8.0 7.6 6.9 5.9
E2 300–1500 ν∗ 9.0 8.6 8.1 7.3
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Table 2. Values of the geometric mean µlog and the geometric standard deviation σlog of the Log
errors and the arithmetic mean µabs and the arithmetic standard deviation σabs of the absolute
errors of calculated for M1, M2, M4, M6, for the Lognormal and the Gamma parametric functions,
when using the constant trade-off tuning parameters values, σ∗

g and ν∗ and the parameterized
value in function of Nrqr, σ

p
g and νp.

M1 M2 M5 M6

Lognormal, σ∗
g = 1.63 µlog

×
/
σlog

1.08×
/
1.32 1.05±1.27 1.0±1.41 1.42±3.21

µabs± σabs

0.7±3.0 (µmcm−3) 319±1232 (µm2 cm−3) −2.4±16.8 (108µm5 cm−3) −4±184 (1014 µm6 cm−3)

Gamma, ν∗1 = 3.2 µlog
×
/
σlog

1.06±1.32 1.06±1.27 0.93±1.41 0.87±3.21

µabs± σabs

0.7±2.9 (µmcm−3) 328±1247 (µm2 cm−3) −3±18 (108 µm5 cm−3) 19±184 (1014 µm6 cm−3)

Lognormal, σp
g µlog

×
/
σlog

1.07×
/
1.27 1.05×

/
1.22 1.0×

/
1.32 1.38×

/
2.62

µabs± σabs

0.1±2.2 (µmcm−3) 122±622 (µm2 cm−3) 0.3±8.4 (108 µm5 cm−3) 69±827 (1014 µm6 cm−3)

Gamma, νp µlog
×
/
σlog

1.02±1.26 1.04±1.22 0.95±1.32 0.91±2.55

µabs± σabs

−0.3±2.7 (µmcm−3) 74±570 (µm2 cm−3) 1±9 (108 µm5 cm−3) −1±122 (1014 µm6 cm−3)
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Figure 1: Relationship between the moments of the order p=1, 2, 4, 6 and the shape 
parameter for the Gamma function (left) and the Lognormal function (right). Each 
moment is normalized by the value corresponding to ν = 2 for the Gamma function and 
σg=1.6 for the Lognormal function. 
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Fig. 1. Relationship between the moments of the order p = 1,2,4,6 and the shape parameter
for the Gamma function (left) and the Lognormal function (right). Each moment is normalized
by the value corresponding to ν = 2 for the Gamma function and σg = 1.6 for the Lognormal
function.
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Fig. 2. Total number of rain sampled spectra in cloud region (top row, left) and in clear sky
(top row, right). The symbol denotes the contribution of each flight separately. Vertical profile of
statistical distribution of cloud water content qc (top, row right) sampled at 1 Hz for flights with
Fast-FSSP measurements available (blue points) and vertical profile of statistical distribution
of the rain variables sampled at 1 Hz for the rain concentration Nr, the rain concentration flux
FNr, the rain water content qr, the precipitation flux Fqrand the rain mean volume diameter Dv,
in all regions (left), in the cloud region (middle) and in the clear sky region (right) (the last only
for flights with Fast-FSSP available). The boxplots denote the 5th, 25th, 50th, 75th and 95th
percentiles of the variable distribution in every 300 m layer. Symbols are mean values for each
flight.
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Fig. 2. Continued.
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Figure 3: 
Scatter-plot of the drop number concentration, Nr, and the rain water content, qr, for drop 
spectra sampled at 1 Hz.  
Lines represent constant mean volume diameters for Dv = 1600, 800, 400, 200, 100 µm. 

555 

Fig. 3. Scatter-plot of the drop number concentration, Nr, and the rain water content, qr, for
drop spectra sampled at 1 Hz. Lines represent constant mean volume diameters for Dv = 1600,
800, 400, 200, 100 µm.
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Figure 4 
Statistical distribution of the shape parameter values as a function, from left to right, of 
the M1, M2, M4, and M6 moment values. The X-axis is divided into 10 classes on a 
Logscale. The boxplots denote the 5th, 25th, 50th, 75th and 95th percentiles of the shape 
parameter distribution in each class. The circles and triangles denote the tuning parameter 
value that minimizes the standard deviation of the absolute error and the geometric 
standard deviation of the Log error in each class, respectively. The top and second rows 
are for the Lognormal function and the Gamma function, respectively. The third row 
shows the number of sampled spectra in each moment class. 
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Fig. 4. Statistical distribution of the shape parameter values as a function, from left to right, of
the M1, M2, M4, and M6 moment values. The x axis is divided into 10 classes on a Logscale.
The boxplots denote the 5th, 25th, 50th, 75th and 95th percentiles of the shape parameter
distribution in each class. The circles and triangles denote the tuning parameter value that
minimizes the standard deviation of the absolute error and the geometric standard deviation
of the Log error in each class, respectively. The top and second rows are for the Lognormal
function and the Gamma function, respectively. The third row shows the number of sampled
spectra in each moment class.
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Figure 5  
Statistical distribution of the shape parameter values as a function of rain number 
concentration Nr (upper line), rain mean volume diameter Dv (2nd line) and rainwater 
content (3rd line) and profile of the statistical distribution of the shape parameter values 

Fig. 5. Statistical distribution of the shape parameter values as a function of rain number con-
centration Nr (upper line), rain mean volume diameter Dv (2nd line) and rainwater content (3rd
line) and profile of the statistical distribution of the shape parameter values (lower line) for the
M1 minimization (left row) and the M4 minimization (right row). The boxplots denote the 5th,
25th, 50th, 75th and 95th percentiles of the shape parameter distribution in each class. The
diamonds and crosses denote the arithmetic mean and the geometric mean in each class,
respectively.
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Figure 6: same as Fig. 4 but plotted as a function of a power law of qrNr. The thick lines 
represent the proposed parameterizations for the variable shape parameter. 
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Fig. 6. Same as Fig. 4 but plotted as a function of a power law of qrNr. The thick lines represent
the proposed parameterizations for the variable shape parameter.
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