Response to comments on Simplifying the
calculation of light scattering properties for
black carbon fractal aggregates, ACPD 14,

3537-3562, 2014.

A. J. A. Smith & R. G. Grainger

We are greatful for the submissions from referees and short commenters. All
comments have been instructive and we feel have helped improve the structure
and content of the paper. Responses will be made to each commenter in turn,
starting with the referees. The original comments are provided in italics for
reference. Modifications to the text have been highlighted.

Response to referee #1

1. One of the simplest and most popular algorithms for light scattering prop-
erties of the fractal aggregates is known as the Rayleigh-Debye-Gans (RDG)
method, which has simple formulae and is highly efficient for calculations of
any circumstance. Thus, before evaluating any parameterization on light scat-
tering properties of the fractal aggregates, its accuracy compared with the direct
approximations from the RDG should be checked. If the RDG can give similar
accuracy, it becomes really meaningless to carry out any of those parameteriza-
tions. I think it is of great interest to add RDG results in the comparison, since
RDG is a much more flexible and practical method.

As previously mentioned in Bond and Bergstrom (AST, 2006, §5.2 and refer-
ences therein), the RDG method can under-predict absorption by 30 %. Using
the descriptions from Sorensen (AST, 2001) with a structure factor parameter-
ized as suggested by Lin et al. (Phy. Rev. A, 1990), this indeed seems to be
the case. In Fig R1, we show the comparison of these RDG calculations and
our parameterisaton to the MSTM calculations for scattering and absorption
cross-sections. At longer wavelengths, differences between absorption in RDG
and MSTM can be greater than 35%. As such, we feel that the parameterisa-
tion presented in this paper is a useful improvement on RDG calculations. A
brief summary of RDG has been added to Section 1.3, Light scattering meth-
ods, including discussion of the under-prediction of absorption. It reads: “An
intermediate step between the rigour of MSTM and the simplicity of assuming
spherical aerosols is Rayleigh-Debye-Gans theory (RDG) which assumes that
the individual scattering spherules are small enough to be Rayleigh scatterers,
and that these scatterers have a negligible multiple scattering interaction with
each other. Further details can be found in the review paper by Sorensen (2001).
However, as noted by Bond and Bergstrom (2006, §5.2 and references therein),



several studies have shown an underprediction of fractal aggregate absorption by
RDG compared to rigourous light scattering calculations, particularly at longer
wavelengths.”
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Figure R1: Differences in the scattering and absorption cross-sections of RDG
and the parameterisation defined in the paper to MSTM calculations. The top
row shows RDG relative differences to MSTM. The bottom row parameterisa-
tion differences.

2. Page 3540: The authors discuss the aging of BC as well as its effects.
Yin and Liv (JQSRT 2010; 11: 2115-2126) and Liu et al. (AST 2012; 46: 31-
48) built a simple model to study the scattering properties of coated aggregates,
and can be easily adapted for this study (by also applying the effective medium
approximations). From their work, the coating enhances not only the absorption
but also the scattering of the aggregates, and their work should be mentioned.

A description of recent investigations of coating of BC has been added to the
introduction at the end of section 1.1. This includes the suggested references, as
well as discussion of the reduced absorption enhancement seen when aggregates
are not fully embedded, as suggested by Referee #2. The additioal sentences
read: “Once the BCFAs become hydrophilic, they can take on moisture and col-
lapse into much more tightly packed “globules” (Mikhailov et al., 2006). These
have greatly increased scattering and absorption cross-sections and greater for-
ward scattering (Yin and Liu, 2010; Liu et al., 2012). Some recent discussions
have focused on apparent discrepancy in absorption enhancement by the coating
of BCFAs between measurement and models (Cappa et al., 2013). It has been
noted that both the compactness and positioning of the BCFA within a coating
medium have significant effects on mass absorbing cross-section (MAC) (Adachi
et al., 2010; Scarnato et al., 2013).”

3. The right panel of Fig. 5: The asymmetry parameters for most aggregates
shown in the figure are less than 0.4, whereas the color bar chosen can hardly
show the details of their values.



Agreed. The colour bar has been adjusted.

4. Page 3544: The authors try to use the scattering properties of spheres to
represent those of fractal aggregates, and it should be noticed: even appropriate
spheres can be found for the cross sections and asymmetry parameters, the ac-
curacy of such approximations is significantly challenged for the phase function,
which was investigated in Li et al. (JQSRT 2010; 111: 2127-2132 that is cited
in the manuscript).

Agreed. We had hoped that using a simpler property than the phase func-
tion, we might be more easily able to find a match, but this was not the case.
A mention of this aspect of Li et al.’s work has been added at the end of sec-
tion 3.2: “Earlier work by Li et al. (2010) had found that it was not possible to
represent the phase function for a reasonable size distribution of BCFAs with a
similar distribution of spheres at wavelengths of A = 0.628 and 1.1 pym, so even
had a good fit of gext, Tsca, and g been found, it is unlikely that the full phase
function resulting would have been appropriate.”

5. In Fig. 7, the authors show only the performance of the spherical ap-
prozimation at wavelength of 550 nm, and demonstrate that the errors do not
improve with increased wavelength. However, as the wavelength increases, the
size parameter of the particle decreases, and the scattering properties should be
simple and close to those of Rayleigh scattering. How do the errors distribute
at large wavelengths (e.g. 12 um), and are they still over 15% for most cases or
Just for few special n, or Dy ? A figure similar to Fig. 7 but for large wavelength
will be interesting to discuss if the spherical approzimation shows difference per-
formance.

A very good point. At larger wavelengths, the fits are indeed better, but
still not acceptable. Taking the case of 12 pum, the principal issue is that in
the Rayleigh limit, the phase function is symmetric about scattering angles of
7/2 forward and backwards scattering are equal, but this is not the case for the
less compact aggregate particles. As such, one can either fit the extinction and
scattering cross-sections but not the asymmetry, or vice-versa. This can be seen
in the requested Fig. R2 where errors in scattering and extinction have been
reduced to less than 5 % in almost all cases, but with resultant absolute errors
in asymmetry of up to 0.2 for less compact BCFAs (with very large relative
errors).

Discussion of this, and the figure have been added to the manuscript: ”One
might expect that at longer wavelengths as the scattering BCFAs approached
the Rayleigh limit, the ability to fit spheres would improve. However, the asym-
metry parameter at these wavelengths is non-negligible for the less compact and
larger BCFAs (unlike Rayleigh scatterers) as can be seen in Figures 6 and 7.
This means that it is not possible to find spheres that can match Inoey and
In 0gca, whilst also having a large enough g. As such, a trade off between large
errors in either the cross-sections, or asymmetry must be made. The fit with
large errors in g is shown in Fig. 9.”

6. Table 1 shows that coefficients 1 for SSA and g are both zero at 550
nm, and this indicates that it is not necessary to consider the linear term in
Equations 3 and 4 for SSA and g. Is it true for all wavelengths or just for this
single case, and this should be clarified in the paper.
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Figure R2: Fitted spheres for BCFA MSTM calculations with a wavelength
of A = 12 um. In order to correctly characterise scattering and extinction,
asymmetry errors had to be significantly increased. This figure has been added
to the manuscript.

This is the case at shorter wavelengths only, as can be seen from inspect-
ing the supplementary material. In general, for both SSA and g, at shorter
wavelengths the linear coefficients are small, while at longer wavelengths, the
logarithmic coefficents are small. A short discussion of this has been added to
the caption for Table 1: “While the values of coefficient 1 (the linear term) in
the fits of SSA and g are negligible at 550 nm, they increase at longer wave-
lengths while the values of coefficient 2 (the logarithmic term) decrease.”

7. The bottom panels of Fig. 7 have some curves, which are not explained
in the paper, and the numbers listed in Fig. 9 are not well discussed. All those
should be detailed in the captions or the manuscript.

The curves in Fig. 7 marked the value (also represented by that data point’s
colour) at each data point in the image with a line at the extent of the box
showing that the value was exactly equal to the maximum of the colour range
for the plot. These were accidentally left in from a previous iteration of the plot
(to check that the colours were correctly representing the values) and have now
been removed. This definitely improves the clarity of the plot. Apologies.

The values in Fig. 9 are areas under the curves, and differences between
areas. A description of their meanings has been added to the caption for Fig. 9.
It reads: “The MSTM calculations (Data) are blue, the fitted data for the same
radii (Fit) are orange, and the missing area covered by the fit, but not the
MSTM calculations (Missing) are red. Numbers in these colours give the area
under the respective curves. A gives the ditfference in areas between Data and
Fit.”

8. Page 3548/Conclusions: Although the spheres cannot be used to model the
optical properties of fractal aggregates accurately, there are still other approxi-
mations that are efficient enough for GCMs (such as RDG mentioned above).
Furthermore, considering the uncertainties on the parameters of the fractal ag-



gregates (e.g. kr, Dy, and size distribution), the errors cased by the RDG or
even the spherical approrimations may be much smaller. Thus, the parameteri-
zation should not be the only way to consider the BC aerosol in GCMs.

Agreed. A comment following this gist has been added to the conclusions:
“Other approximations such as RDG can improve greatly the representation
of BCFA optical properties but generally do not provide sufficient absorption.
With this in mind, a prudent step for GCMs requiring constantly changing dis-
tributions of BC aerosol could be to include a parameterisation such as this one
which is computationally trivial to implement and is valid within the range of
black carbon particles seen in the atmosphere. Uncertainties in the size distri-
bution, shape, and composition of these particles should not be forgotten and
will certainly cause differences at least as large as the simplification of optical
properties to spheres or RDG.”

Response to referee #2

1. There is a general inconsistency of how an aggregate of black carbon spheres
is referred in the text (BC, BCFAs or soot).

Agreed. On inspection, all references to soot could be replaced with BC and
this has been done.

2. In a subsection of the introduction, section 1.1, the authors present a
physical description of aerosol formation and ageing. The authors mention the
absorption enhancement due to coating and refer to few papers (Fuller 1999,
Jacobson 2001, Bond 2006). Absorption properties of black carbon and appro-
priate parameterization are a major topic, due to climatological relevance and
there could be cited more recent literature, i.e. Liu et al., 2012; Kahnert et al.,
2012; Adachi et al., 2010. Also, it has been found both in field campaign and
using numerical computations that, when black carbon aggregates are not fully
embedded in the transparent coating there is no or little absorption enhancement,
please add in the text, as well, Cappa et al, (2012, 2013) and Scarnato et al.,
(2013), as references.

Based on this and the comments by reviewer #1, the description of aggre-
gate coating has been extended to include these points, at the end of section 1.1.
It now reads: “Once the BCFAs become hydrophilic, they can take on mois-
ture and collapse into much more tightly packed “globules” (Mikhailov et al.,
2006). These have greatly increased scattering and absorption cross-sections and
greater forward scattering (Yin and Liu, 2010; Liu et al., 2012). Some recent
discussions have focused on apparent discrepancy in absorption enhancement by
the coating of BCFAs between measurement and models (Cappa et al., 2013). It
has been noted that both the compactness and positioning of the BCFA within a
coating medium have significant effects on mass absorbing cross-section (MAC)
(Adachi et al., 2010; Scarnato et al., 2013).”

It would have been interesting a discussion of the authors mumerical com-
putations of absorptions properties of BC aggregates, which are not specifically
addressed in the paper.

The numerical computations were carried out using MSTM with no bells



or whistles. This basically involved generating input files with the positions of
each spherule in a BCFA defined, and passing this to MSTM along with re-
fractive index and wavelength. To clarify this, the following sentence has been
added after the first sentence in the methods section: “This required the input
of individual spherule positions and radii within an aggregate, wavelength, and
the refractive index.”

3. I, personally, would find more “clear” having the equations that are cur-
rently in sec 3.3 and 3.4, instead presented in the method section, in this way
there would be more space for discussion of results.

Initially these equations have been put in the Methods section, but we felt
that the narrative of the paper was less clear in this form so changed to the
current order. Discussion of results has been extended in response to several
referee’s comments, e.g. fitting of spheres in IR, additional comparisons with
literature, conversion to MAC. These are highlighted elsewhere in this response.

4. In my opinion, generally, the results could be discussed more in the details
and compared, where possible, with relevant literature. For example, results in
fig, 2 and 8 could be compared with the work of Liu et al., 2008, Kahnert,
2010a,b; Kahnert and Devasthale, 2011; Wu et al., 2012, Scarnato et al, 20183.

Discussion has been increased. In particular, Figs. 2 & 3 and a new figure
showing MAC at 550 nm are compared to several of the papers mentioned. e.g.
“The mass absorption cross-section (MAC) is another common parameter used
to describe black carbon aerosols. Values of MAC at A = 550 nm obtained by
these calculations are shown in Fig. 4 and are consistent with similar calcula-
tions in the literature (Bond and Bergstrom, 2006; Kahnert, 2010a) which found
calculated MAC values of around 6 m?/g. There is a discrepancy between this
and measured values of MAC which are around 7.5m?/g. Results also agree
with the work of Scarnato et al. (2013) who found that ’lacy’ aggregates had a
higher MAC and lower SSA than more compact aggregates.”

Discussion of other aspects of the results have been highlighted elsewhere in
this response.

An increase in the font size in the plot would help in reading figures. Figures
results are not discussed in detail in the text (for example Fig. 7).

Font sizes for Figures 2, 5, 6, and 7 have been increased. Discussion of
the figures in the section “Finding appropriate spheres” has been greatly in-
creased and is twice the length that it was previously. Explicit alterations are
mentioned elsewhere in these responses, and we will also provide a copy of the
altered manuscript showing all of our changes to the text highlighted.

Introduction section 1.2 page 3541: Line 3: Please, consider to rewrite the
sentence Particles are defined by equation with Fractal aggregates can be de-
scribed in terms of

Since the previous sentence refers to fractal aggregates, we have rewritten
the sentence as: “They can be described in terms of the equation:”

Line 7: Please, consider to rewrite the sentence with the following: “The
fractal dimension gives a measure of the compactness of the aggregate, a Dy
value of 1 describe an open chain structure, while a Dy value of 3 describe a



compact aggregate”

Done. The sentence has been rewritten as: “The fractal dimension gives
a measure of the compactness of an aggregate. A D; value of 1 describes an
open chain structure, whilst a Dy value of 3 describes a compact aggregate.”

Line 22: instead of “correct” write “considered as reference values ”. Remove
quotations.
Done.

Method Please, explain the author choice to use different set of refractive
indezes for different wavelengths ranges. Chang and Charalapopolous refractive
index are provided, as well, in the 400 nm to 1um wavelength region.

While it is true that Chang and Charalapopolous’ refractive index data ex-
tend down to 400 nm, the review paper by Bond and Bergstrom amalgamated
these values along with many others into a best estimate of visible refractive
index of BC lying along a “void fraction line” with their “best guess [being
that] the high values [...] are the most promising.” As such, we selected the
B&B highest value of 1.9540.797 and switched from C&C values to B&B values
at the wavelength where this value intersected with the B&B value. This was
between 1 and 2 pm. We acknowledge that this choice was a little ad hock but
preferred it to a sudden discontinuity in RI that would have occurred if we had
switched over at a different wavelength closer to the visible.

Results: The scattering cross section increase with increase of fractal dimen-
sion has also been found and discussed by Scarnato et al., (2013) and Liu et al.
(2008), please add references.

A sentence discussing scattering cross-section in the first paragraph of the
results section has been extended to read: “The scattering cross-section is more
pronounced at higher Dy as the fractals become more densely packed and so
a more coherent scattering entity as also reported by Liu et al. (2008); Scarnato
et al. (2013).”

Response to the short comment by J. C. Corbin

1. A single value was used for the spherule radius a (25 nm). For atmo-
spheric BCFAs, the value of a may vary considerably between different com-
bustion sources. The current value of 25 nm would be representative of wood-
combustion aerosol (Gwaze et al. 20006; Zelenay et al., 2011). Since diesel soot
typically has smaller spherules about 7.520 nm in radius, with more-modern en-
gines having smaller a (Burtscher, 2005) it would be interesting to see results
or discussion on the impact of smaller a.

An interesting question. While we weren’t able to run additional calculations
in time for this response, previous studies by Kahnert (2010, AST) and Liu
(2008, JQSRT) have found that in the visible, MAC is not affected by changes
in spherule size 15 < a < 25 nm while SSA decreases with smaller a. As a
decreases, we would expect that the results would tend towards the Rayleigh
limit at larger values of ng and shorter A, so it seems plausible to suggest that
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Figure R3: The optimum fitted sphere parameters (r, n, and k) and their
resultant errors relative to the reference MSTM calculations in Inoeyt, 1IN ogen
and g for BCFAs with A = 550 nm.

(ignoring changes in refractive index) optical properties will translate, to longer
wavelengths and larger numbers of spherules for the same effect.

In the near future, we are intending to run calculations for the smaller values
of a valid for diesel burning. For the purposes of this work, an additional com-
ment has been added to the methods section, reading: “The burning of diesel
fuels creates BCFAs with smaller spherules. More modern engines working in
optimised combustion conditions can have spherules as small as a = 6.5 nm,
whilst emissions from black smoking diesel engines have sizes of a = 17.5nm
(Su, 2004). Future work will investigate the light scattering properties of these
much smaller particles.”

2. What was the motivation for choosing Dy as low as 1.69 Although this
low value would reflect a DLCA-formed aggregate (Diffusion-Limited Cluster-
Cluster Aggregation) of highly-polydisperse spherules (Eggersdorfer et al., 2012),
to our knowledge natural soot aerosols have always been observed to consist of
nearmonodisperse spherules so that Dy = 1.8 (Sorensen, 2011). This would be
significant to Figs. 7 and 8, since the errors there are largest for the lowest Dy.
The authors will probably agree that Dy = 1.8 is most relevant, as they have
already focussed on this case in general.

We agree. It is very unlikely that BCFAs this open are seen often, although
some BCFAs have been observed with Dy as low as 1.2 (Heinson, 2010). It
was more an attempt to get a feel for how optical properties would change in an
arbitrary fractal aggregate as it became more compact. The limits of error plots
in Fig. 7 have been adjusted (see Fig. R3) so that the large errors from Dy < 1.8
are now beyond the scale of the colour bar. Even still, errors of > 10 % in both
In 0yt and In oy, are far too large to be acceptable. In order to keep In o errors
below 5 % and g errors below 0.10, we would have to impose limits of Dy > 1.8
and ng < 100.



3. As the authors have noted, the fractal dimension of soot particles may
increase to 2.8 (Bambha et al., 2013) or higher (Zhang et al., 2008) follow-
ing coating. The value of 2.8 is already outside the range of the Dy studied,
presumably because the clustering algorithm does mot represent subsequent re-
structuring. But since the coating-induced increase in Dy was prescribed during
cluster formation and not afterwards, even the Dy = 2.2 aggregates may not
have the same structure as restructured DLCA soot with Dy = 2.2. In partic-
ular, the anisotropy (Heinson et al. 2010; Eggersdorfer and Pratsinis, 2013)
and fine structure (Mitchell et al., 2003) of restructured aggregates are not con-
strained by Dy alone. So the higher Dy values of restructured BCFAs may not
be precisely captured by tuning the clustering algorithm to produce higher Dy
values. This theoretical expectation is confirmed by a comparison of microscopy
images (Bambha et al., 2013; Zhang et al., 2008) with the authors modelled BC-
FAs (shown in their Fig. 1). The modelled BCFAs appear to have a different,
less-compact structure than the real restructured BCFAs. This would imply that
the real restructured BCFAs may have smaller deviations from Mie theory than
calculated in the manuscript. Would it be possible for the authors to somehow
synthesize aggregates that are more spherical to provide an upper bound? We
realize that this may be quite challenging without a quantitative restructuring
model, but if the clustering algorithm is not representing the restructuring pro-
cess, a manually-synthesized BCFA would not necessarily be less physical than
the current high-Dy BCFAs.

It is definitely outside the scope of this work to attempt such restructur-
ing or generating such a large number of particles manually, but we would be
very interested in pursuing this avenue in future work. A short summary of
the literature above has been added to the end of the section discussing fractal
dimension (§1.2): It reads: “When aggregates collapse into more tightly packed,
higher D; clusters, they are restructured by the changes in humidity, and the
coatings covering them. In these cases, the new shapes have formed in a funda-
mentally different manner from particles formed by the cluster-cluster algorithm
used in this work (Thouy and Jullien, 1994) which gradually aggregates clus-
ters to other clusters, never reordering previously added spherules within the
aggregate. As such, the larger valued Dy aggregates should not be taken as
realistic models for compact BCFAs after atmospheric processing. This can be
seen in comparisons of real compact BCFAs (e.g. Mikhailov et al., 2006; Zhang
et al., 2008; Bambha et al.,2013) with Fig. 1d generated by the cluster-cluster
algorithm.”

One final comment. Since the asymmetry parameter g was quite small for
the smallest clusters (Fig. 5c, bottom row), perhaps it would be better in Fig. Tc
to plot the absolute error in g instead of the relative error. The actual deviation
here appears to be relatively small.

We agree, and this has been done.

We agree with Smith and Graingers conclusion that light-scattering by BC-
FAs cannot be accurately modelled as equivalent spheres in general, but we won-
der whether this conclusion could be reversed under certain conditions: could
the errors in an equivalent-sphere treatment in an atmospherically-relevant pa-
rameter space (Dy > 1.8 and n, < 500) be small enough to be acceptable in at
least some modelling applications?



As we mentioned above, in order to keep errors in In o below 5 % and errors
in g below 0.10, we would have to impose limits of Dy > 1.8 and n, < 100 which
seems unacceptable for most modelling applications.

Response to the short comment by M. Kahnert

1. Comment on the results presented in Sect. 3.3: Similar work has been done
and discussed in Kahnert, M.: Numerically exact computations of the optical
properties of light absorbing carbon aggregates for wavelength of 200 nm - 12.2
um, Atmos. Chem. Phys. 10, 8319-8329, 2010. The fitting ansatz used there
(Sect. 3.2) was slightly different from that proposed here and did not lend itself
equally easily to analytically performing size integrations. In this regard the
fitting approach proposed here by the authors is more useful. In the ACP paper
by Kahnert the fitting approach was eventually dismissed and the computational
results obtained for the black carbon aggregates were put into a look-up table and
directly coupled to a chemical transport model and to a radiative transfer model.
The rationale was that there really is no more need for parameterisations if one
can perform aerosol optics calculations for all relevant sizes and wavelengths.
That this is indeed possible has been demonstrated in that paper, and it has been
confirmed by the work presented here by Smith and Grainger.

Agreed. In the methods section, we have added a passage commenting on
the differences between our methods: “Similar work by (Kahnert (2010b) used
fewer ditferent sizes of BCFA, but attempted to find a “typical” geometry that
was a good optical representation of BCFA at that size, by this method obtain-
ing smoothly varying fields. In this study, only a single representation of each
n, and Dy particle was generated, and so one would expect occaisional outliers
in the output optical properties. Since the aim of this work was to find a map-
ping of complex shapes to simple spherical equivalents it was thought that a
parameterisation of the conversion would smooth out these issues.”

In the results section, discussing the fitting, we have similiary compared our
fitting strategies: “In the work of Kahnert (2010b), attempts to parameterise
the optical properties 0,5 with a cubic polynomial in the radius of equal volume,
Ty, were successful, but fits of ogca, g X 0sca, and the backscatter cross-section
were unsuccessful. Instead, fits to the logarithm of these quantities were ob-
tained which made analytic integration over 7, to develop optical properties of
size distibutions of BCFA unfeasible. As such, a look-up table of pre-computed
BCFA optical properties was used instead. In this work, that problem is not
encountered since we are dealing with parameters of the properties we desire to
integrate directly.”

2. Comment on comparison between modelling results and measurements: In
the manuscript the authors mention that their modelled single-scattering albedo
at wvisible wavelengths agrees well with observations as reviewed by Bond and
Bergstrom (2006). However, Bond and Bergstrom also review measurements of
the mass absorption cross section (MAC). The ACP paper by Kahnert (2010)
cited above briefly mentions that existing computations for black carbon aggre-
gates do not fully agree with available measurements. This problem is discussed
in more detail by Kahnert M.: On the discrepancy between modeled and mea-
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sured mass absorption cross sections of light absorbing carbon aerosols, Aerosol
Sci. Technol. 44, 453-460, 2010. It would be interesting if the authors could
convert their absorption cross section at 550 nm to MAC and compare to the
measured values reviewed by Bond and Bergstrom, as well as to the computed
values reported by Kahnert.

A very good idea. This has been done and a figure added to the paper
showing MAC at 550 nm. We also include it here as Fig. R4. We find values
of 5.8 <MAC < 6.3 for A = 550 nm, Dy = 1.8 which is in agreement with your
paper. Discussion of this has been added to the results section and reads: “The
mass absorption cross-section (MAC) is another common parameter used to de-
scribe black carbon aerosols. Values of MAC at A = 550 nm obtained by these
calculations are shown in Fig. 4 and are consistent with similar calculations in
the literature (Bond and Bergstrom, 2006; Kahnert, 2010a) which found calcu-
lated MAC values of around 6 m?/g. There is a discrepancy between this and
measured values of MAC which are around 7.5m?/g. Results also agree with
the work of Scarnato et al. (2013) who found that ’lacy’ aggregates had a higher
MAC and lower SSA than more compact aggregates.”

Mass absorption cross-section at 550 nm
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Figure R4: The mass absorption cross section at A = 550 nm for BCFAs. For
these calculations, a density of 1.8gm™2 was assumed. This figure has been
added to the manuscript.

One more very minor thing: please correct the citation of Gustav Mies sem-

inal paper: “Beitragge” should be “Beitrage”.
Done. Thank you for spotting this!
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Abstract

Black carbon fractal aggregates have complicated shapes that make the calculation of their
optical properties particularly computationally expensive. Here, a method is presented to esti-
mate fractal aggregate light scattering properties by optimising simplified models to full light
scattering calculations. It is found that there are no possible spherical models (at any size or
refractive index) that well represent the light scattering in the visible, or near-thermal infrared.
As such, parameterisations of the light scattering as a function of the number of aggregate par-
ticles is presented as the most pragmatic choice for modelling distributions of black carbon
when the large computational overheads of rigorous scattering calculations cannot be justified.
This parameterisation can be analytically integrated to provide light scattering properties for
log-normal distributions of black carbon fractal aggregates and return extinction cross-sections
with 0.1 % accuracy for typical black carbon size distributions. Scattering cross-sections and
the asymmetry parameter can be obtained to within 3 %.

1 Introduction

Particulate products of incomplete combustion, such as black carbon (BC), have been the sub-
ject of recent intense discussion (e.g. Jacobson, 2002, 2003; Bond, 2007; Bond et al., 2013).
Emissions rates are high (Bond et al., 2004), and have tripled in the last 140 yr (Ito and Penner,
2005) although specific regions have not followed this trend. The developed world has reduced
emissions while Asian countries have come to dominate carbon aerosol emission (Streets et al.,
2003). Since BC has a high imaginary part of refractive index, it is one of the few aerosols that
has a positive direct effect on radiative forcing (Jacobson, 2001; Bond, 2007; Bahadur et al.,
2011).

Studies have shown that when BC is deposited on snow, the lowering of surface albedo leads
to faster run-off and to an additional warming effect (e.g. Flanner et al., 2009; Doherty et al.,
2010), although other absorbing aerosols also play a role (Bond et al., 2013). Aside from the
positive radiative forcing due to BC, there are considerable negative health effects from fine
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particulate matter (Dockery et al., 1993; Jansen et al., 2005), and in urban environments, issues
of poor visibility (Larson et al., 1989).

Black carbon fractal aggregates (BCFA) are clusters of BC spherules forming aerosols with
a non-spherical shape. Accurate quantification of their optical properties is important both for
their measurement, and for predicting their radiative effect. Current estimates of the climate
forcing caused by BC emissions are positive with a typical value of 1.1 Wm™2 (Bond et al.,
2013).

The object of this work is to see whether there are spheres (of some radius,  and complex
refractive index, m) whose optical properties are close enough to a BCFA’s light scattering
properties (as calculated using T-Matrix code) to acceptably represent these particles. If some
mapping of r and m to properties of the BCFA can be found, there may be additional physical
insight into the fractal light scattering, additional to the advantage of a much simpler scattering
calculation.

After a brief description of black carbon, we show that this is not possible within the bounds
of reasonably sized spheres with a wide range of refractive indices and go on to present a pa-
rameterisation of BCFA light scattering properties.

1.1 A physical description of aerosol formation and ageing

Formation of sub-micron aggregate aerosols from burning is a rapid process involving several
stages, some of which are irreversible. Initially, due to very high temperatures, some of the
burning fuel vapourises (if it is not already gaseous). If the fuel is something such as coal, the
main products could be inorganics and elemental carbon formed from the vapouried coal ash
(Helble et al., 1988; Turns, 2000). In the case of biomass, this could be organics such as benzene
and poly-aromatic hydrocarbons (PAH) (Reid et al., 2005).

Further away from the hottest part of the flame, nucleation of these molecules leads to the for-
mation of very small particles with diameters of 1-2 nm (Calcote, 1981). These quickly grow by
coagulation and surface condensation to sizes of 10-30 nm. Coagulation is encouraged initially
due to a high proportion of hydrocarbon radicals which falls off as the particles age (Homann,
1967; Calcote, 1981). High resolution TEM images of individual carbonaceous spherules shows
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them to be haphazardly ordered micro-structures of graphene-like layers (Buseck et al., 1987;
Pésfai et al., 1999; Li et al., 2003) with a very narrow range of diameters for a specific flame
(Homann, 1967).

After the initial nucleation and coagulation, primary particles can aggregate leading to the
fractal BC aerosol often seen (e.g. Helble et al., 1988; Sorensen, 2001; Li et al., 2003; Zhang
etal., 2008). As the particles pass through the edge of the flame, some will be oxidised, although
not completely (Turns, 2000). Those that make it through the flame without burning are the BC
emissions. Flames that burn more intensely have poorer transport of oxygen into the area where
the particles are being created, and as a result will emit more particulate matter (Reid et al.,
2009).

The aggregates created during burning last a very short amount of time, of the order of hours
(Martins et al., 1998b), before being irreversibly deformed as the chain-like structures fold up
into more spherical clusters (Martins et al., 1998a; Abel et al., 2003). Although the BC spherules
are hydrophobic, their irregular shapes provide active sites where water can be deposited (Zhang
et al., 2008). This change is thought to be due to atmospheric processing of the particles by
nucleating water, and the coating of the carbon by nucleating additional products of the burning,
e.g. sulphate and OC. This also means that the BC cores become coated in shells of other
material which are generally hydrophilic (Popovicheva et al., 2008). This coating enhances the
light absorption of the BC core (Fuller et al., 1999; Jacobson, 2001; Bond et al., 2006).

Once the BCFAs become hydrophilic, they can take on moisture and collapse into
much more tightly packed “globules” (Mikhailov etal.,2006). These have greatly
increased scattering and absorption cross-sections and greater forward scattering
(Yin and Liu, 2010; Liu et al., 2012). Some recent discussions have focused on apparent
discrepancy in absorption enhancement by the coating of BCFAs between measurement and
models (Cappa et al., 2012, 2013; Jacobson, 2013). It has been noted that both the compactness
and positioning of the BCFA within a coating medium have significant effects on mass
absorbing cross-section (MAC) (Adachi et al., 2010; Scarnato et al., 2013).
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1.2 Fractal dimension

Fractal aggregate particles are to some extent scale invariant, although do not have the true scale
invariance of a mathematical fractal, which would have infinite extent. They can be described
in terms of the equation

D¢
ny = ki (Rg> , M

a

where ng is the number of spherules in the aggregate, a is the radius of an individual spherule
in the fractal, D is the fractal dimension, ks is the fractal prefactor, and R, is the radius of
gyration which gives the root-mean-square distance of spherules from the cluster’s centre of
mass (Sorensen, 2001).

The fractal dimension gives a measure of the compactness of an aggregate. A Dy value of 1
describes an open chain structure, whilst a D¢ value of 3 describes a compact aggregate. This
dependence of shape on Dy is shown in Fig. 1.

For particles formed by diffusion limited cluster aggregation (such as BC from flames), fractal
dimensions of D¢ ~ 1.75 — 1.8 are expected (Sorensen, 2001).

1.3 Light scattering methods

The scattering of light by a spherical particle can be solved analytically using Mie’s solution to
Maxwell’s equations (Mie, 1908; Bohren and Huffman, 1983). Additionally, the derivatives of
all light scattering properties are also analytic (Grainger et al., 2004).

The scattering of light by fractal clusters can be calculated using the Multiple Spheres T-
Matrix Fortran-90 code (MSTM) (Mackowski, 2012) which is based on theory found in Mack-
owski and Mishchenko (1996). This method combines the spherical wave expansions for each
spherule (at that spherules origin) in the aggregate, and orientationally averages. For this work,
the results from this method are considered reference values.

An intermediate step between the rigour of MSTM and the simplicity of assuming
spherical aerosols is Rayleigh-Debye-Gans theory (RDG) which assumes that the indi-
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vidual scattering spherules are small enough to be Rayleigh scatterers, and that these
scatterers have a negligible multiple scattering interaction with each other. Further de-
tails can be found in the review paper by Sorensen (2001). However, as noted by
Bond and Bergstrom (2006, §5.2 and references therein), several studies have shown an under-
prediction of fractal aggregate absorption by RDG compared to rigorous light scattering calcu-
lations, particularly at longer wavelengths.

2 Method

Light scattering properties of BCFAs were calculated over a range of wavelengths, A, from
400 nm to 15 um using the MSTM code. This required the input of individual spherule positions
and radii within an aggregate, wavelength, and the refractive index. The fractal aggregates were
generated using a cluster—cluster algorithm (Thouy and Jullien, 1994) with a spherule radius
of 25 nm and fixed fractal prefactor of k¢ = 1.18 which is very close to value used by Liu and
Mishchenko (2005); Zhao and Ma (2009); Li et al. (2010). The spherule radius of 25 nm is rep-
resentative of wood combustion aerosol (Gwaze et al., 2006) and has been noted to give the best
agreement in single scatter albedo between measurements and calculations (Kahnert, 2010a).
The burning of diesel fuels creates BCFAs with smaller spherules. More modern engines work-
ing in optimised combustion conditions can have spherules as small as @ = 6.5 nm, whilst emis-
sions from black smoking diesel engines have sizes of a = 17.5nm (Su et al., 2004). Future
work will investigate the light scattering properties of these much smaller particles.

For 400 nm < A < 1 um, a step size of AX = 150 nm and a fixed refractive index of mpc =
1.95+0.79: was selected, following Bond and Bergstrom (2006). Above this, the step size was
widened to A\ = 1 um and a parameterised refractive index fit by Chang and Charalampopou-
los (1990) was used. To alter the shape and size, the number of spherules was varied in steps
of 20 with 20 < ng <980 and fractal dimension in steps of 0.1 with 1.6 < Dy < 2.2. Similar
work by Kahnert (2012b) used fewer different sizes of BCFA, but attempted to find a “typical”
geometry that was a good optical representation of BCFA at that size, by this method obtaining
smoothly varying fields. In this study, only a single representation of each ns and D particle
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was generated, and so one would expect occasional outliers in the output optical properties.
Since the aim of this work was to find a mapping of complex shapes to simple spherical equiv-
alents it was thought that a parameterisation of the conversion would smooth out these issues.
The calculated optical properties were the extinction and scattering cross-sections, Oext, Tscas
and the asymmetry parameter g which gives a measure of the angular distribution of scattered
light (Bohren and Huffman, 1983) and is used in several global circulation models to represent
aerosol optical properties (e.g. Stier et al., 2007; Kahnert, 2012b).

Next, best fits of spherical radius and complex refractive index (m = n + ¢k) of spheres were
fitted to the individual BCFAs. Optimal estimation (Rodgers, 2000) and least-squares fitting
were tried. The differential optical properties required for the inversion, e.g. ag;“, g—z, were
obtained using IDL code described in Grainger et al. (2004).

When aggregates collapse into more tightly packed, higher D clusters, they are restruc-
tured by the changes in humidity, and the coatings covering them. In these cases, the new
shapes have formed in a fundamentally different manner from particles formed by the clus-
ter-cluster algorithm used in this work (Thouy and Jullien, 1994) which gradually aggregates
clusters to other clusters, never reordering previously added spherules within the aggregate.
As such, the larger valued Dy aggregates should not be taken as realistic models for compact
BCFAs after atmospheric processing. This can be seen in comparisons of real compact BCFAs
(e.g. Mikhailov et al., 2006; Zhang et al., 2008; Bambha et al., 2013) with Fig. 1d generated by
the cluster-cluster algorithm.

3 Results
3.1 Optical properties of black carbon fractal aggregates

Figure 2 shows the extinction and scattering cross-sections, and asymmetry parameter for BC-
FAs as a function of Dr and ng in the visible. Although not clear from the figure (due to the
logarithmic scale), the extinction cross-section is broadly a function of the particle volume sug-
gesting that using the Rayleigh limit might be appropriate. The scattering cross-section is more
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pronounced at higher Dy as the fractals become more densely packed and so a more coherent
scattering entity as also reported by Liu et al. (2008); Scarnato et al. (2013). Similarly, g shows
a greated amount of the light being scattered forwards as the fractals become both more densely
packed, and larger.

Figure 3 shows the single scatter albedo (SSA = 0ca/0ext) Which agrees well with the liter-
ature review by Bond and Bergstrom (2006), who noted that when measured, the SSA of BC-
FAs are “surprisingly consistent” with a value of 0.2-0.3. The mass absorption cross-section
(MAC) is another common parameter used to describe black carbon aerosols. Values of MAC
at A = 550 nm obtained by these calculations are shown in Fig. 4 and are consistent with similar
calculations in the literature (Bond and Bergstrom, 2006; Kahnert, 2010a) which found calcu-
lated MAC values of around 6 m?/g. There is a discrepancy between this and measured values
of MAC which are around 7.5 m? /g. Results also agree with the work of Scarnato et al. (2013)
who found that “lacy” aggregates had a higher MAC and lower SSA than more compact aggre-
gates.

Since fractal aggregates are by nature randomly assembled, these are not the only possible
representations of the light scattering properties that a BCFA with these properties could have.
However, as shown in Fig. 5, relative difference from the mean values of the three parameters
are small, with variance in the total extincion generally less than 1 % away from the mean, and
less than 5 % away for oy, and g at A = 550 nm.

At A = 12 um, one might expect things to be more straightforward. The size parameter of the
largest BCFAs studied are zv = 0.1 and z¢ = 0.6 (by equivalent volume and radius of gyration
respectively) which would place the vast majority of studied equivalent spherical particles in the
Rayleigh limit. In that case it would be expected that g ~ 0 and that there would be little depen-
dency of the cross-sections with shape. Figure 6 shows BCFA light scattering at 12 pm, where
the refractive index is mpc = 2.93 + 2.16¢. For particles with large D values, the asymmetry
is close to zero, but this is not the case for larger particles with smaller fractal dimensions.

The calculations over the entire wavelength range are shown in Fig. 7 at a fixed fractal di-
mension of Dy = 1.8. Extinction cross-sections decrease with decreasing size parameter (either
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because of increasing wavelength or decreasing numbers of spherules in the aggregate). Single
scatter albedo and asymmetry also decrease with decreasing size parameter and increasing k.

3.2 Finding appropriate spheres

For all of the BCFAs, it was attempted to find matching optical properties using spheres with
50 <7 < 1500nm, 1 <n <4, and 0 < k < 4. Attempting to fit closest values of In gexy, In ogca,
and ¢ using optimal estimation (Rodgers, 2000) is shown in Fig. 8 for A =550 nm. We see
relative errors of > 15 % for extinction, > 20 % for scattering, and > 40 % for asymmetry at
this wavelength which are unacceptable, and do not improve with increased wavelength. Addi-
tionally, sudden discontinuities in the fitted refractive index show that a regime change based
on particle size would be required. Similar attempts fitting the single scatter albedo instead
of Inog,, and o instead of Ino values also were not successful. Least-square fits were also
unsuccessful.

One might expect that at longer wavelengths as the scattering BCFAs approached the
Rayleigh limit, the ability to fit spheres would improve. However, the asymmetry parameter
at these wavelengths is non-negligible for the less compact and larger BCFAs (unlike Rayleigh
scatterers) as can be seen in Figures 6 and 7. This means that it is not possible to find spheres
that can match In oey; and In og,, Whilst also having a large enough g. As such, a trade off be-
tween large errors in either the cross-sections, or asymmetry must be made. The fit with large
errors in g is shown in Fig. 9.

As such, it is suggested that within the range 0.4 < A < 15 um, there are no suitable sizes or
refractive indices of spheres appropriate for the optical modelling of black carbon aggregates.
Earlier work by Li et al. (2010) had found that it was not possible to represent the phase function
for a reasonable size distribution of BCFAs with a similar distribution of spheres at wavelengths
of A =0.628 and 1.1 um, so even had a good fit of gext, 0sca, and g been found, it is unlikely
that the full phase function resulting would have been appropriate.
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3.3 Parameterising fractal aggregate optical properties

Since the extinction cross-section scales with volume which is proportional to ng, a polynomial
in ng was chosen and order 3 was found to adequately capture the full range of )\, D; and ng
used here.

3
Goi =3 bl @)
m=0

The scattering cross-section is not so simple to parameterise, and so the SSA is fitted instead
and multiplied by oy to obtain og,. The SSA and g are both well captured by a logarithmic ng
and a linear offset. This was due to the tendency of these optical properties to initially increase
with ng before levelling off at large ng:

SSA = wg + w1 ng + wo Inng, (3)
g=Go+Gins+ Golnng. 4)

Table 1 shows the fit coefficients at 550 nm and Dy = 1.8. The root-mean-square (RMS)
errors in oex, SSA, and g compared to the calculated values are also given. Including the small-
est particles is roughly responsible for a doubling in the error of the fits, as can be shown
by not including the two smallest particle sizes in the calculation. This is because the limit
lim,,, 0 (0ext) = 0 and lim,,__,0(g) = 0 leading to large inflation in the relative differences be-
tween points. Over the entire range of A and Dy, errors in the visible are below 3 % as shown in
Fig. 10. In the range 2 < A < 9um, RMS errors in SSA and g can be as large as 10 %. Errors in
extinction are < 10 % in all cases.

In the work of Kahnert (2012b), attempts to parameterise the optical properties o,ps With a
cubic polynomial in the radius of equal volume, r,, were successful, but fits of ogca, g X Tscas
and the backscatter cross-section were unsuccessful. Instead, fits to the logarithm of these quan-
tities were obtained which made analytic integration over r,, to develop optical properties of size
distributions of BCFA infeasible. As such, a look-up table of pre-computed BCFA optical prop-
erties was used instead. In this work, that problem is not encountered since we are dealing with
parameters of the properties we desire to integrate directly.

10



3.4 Parameterising light scattering for a lognormal distribution of particles

From these fitted optical schemes, the optical properties of lognormal distributions of these
particles can be obtained trivially. For the extinction, we first relate ng to a size distribution by
volume-equivalent radius, r, saying

r=ans, )

and inserting into a lognormal distribution defined as:

N 1 /Inr—1 2
n(r):O'T' 27Texp [_2 <IWO'M)> ]’ (6)

where N is the total number of particles in the distribution, o is the standard deviation of Inr,
and rq is the geometric mean of r. The extinction coefficient at some point along the path of
a light beam, z, is defined as

Bowi(2 / Gex(r) n(r 2) dr. ™
0

Following from Eq. (2), oext can separated into four terms in powers of r3:

3 P 3m
o =3 b (5) ®)

Finally, noting that

Vi In =\ 2 22

/ Lexp <TO> dr=rj'e 2, ©)]
o

0

11




an expression for Se; is given by

3m (3mo‘)2

ﬁext:Nzg:k:m (%0) e (10)
m=0

Scattering is obtained from the extinction and single scatter albedo as:

Bsca(z) :/asca(r)n(r,z) dr:/Uext(r)SSA(T)n(r,z)dr,
0 0

i km<£>3m [wo—i—wl (2)3—)1—102 In (2)1 n(r,z)dr. an

Using
o0
a\}ﬂ /rm_l Inrexp [—; (lnj;]>2] dr = 7’816# (lnro + m02) , (12)
0
this can be reduced to
Bsca = IN Bext (wo — 3wz Ina)
+ Nmi_ok;m (%0)37” 6(3";<’>2 X [wl (%0)36% + 3w; (Inrg + 3mo) | . (13)

Similar integration can be used to find the averaged asymmetry parameter for the size distri-
bution, < g >, using:

: (14)
12
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by noting that:

1 7 1 /InLt 2 m2o2
/rm_l In? rexp [— (m) ] dr=ri'e" 2 [(Inrg+mo?)* +0°]. (15)
ovV2rm 2 o
0

Using a reasonable atmospheric BC size distribution (rgp = 120 nm; ¢ = In 1.32), differences
between the extinction calculated by summing the various individual fractal calculations, and
the parameterisation were investigated. The method used is shown for the example of A = 2 pm
and Dy = 1.8 in Fig. 11. The parameterisation is an integral over the whole of particle ra-
dius space, whereas the calculations of fractal optical properties were truncated at ng = 980
(r = 248 nm). As such to check the validity of the integral parameterisation, the limit was set at

0248 "™ f(r)dr. For all wavelengths and fractal dimensions, agreement between the two meth-

ods is within 3 % for g and og,, and within 0.15 % for oey. Errors are slightly smaller than for
individual scattering particles, since the parameterisation of individual particles roughly under-
estimates values as often as it overestimates.

The parameterisation is available as an Supplement to this work, and includes routines in
the Interactive Data Language (IDL) to implement extinction, scattering, SSA, and asymmetry
parameter calculations for individual particles and log-normal distributions.

4 Conclusions

It has been shown that it is not possible to model the optical properties of black carbon fractal
aggregates using spheres with refractive indices in the range 0 < mpgc < 3+ 3¢ at any wave-
length between 400 nm and 15 pm. Other approximations such as RDG can improve greatly the
representation of BCFA optical properties but generally do not provide sufficient absorption.
With this in mind, a prudent step for GCMs requiring constantly changing distributions of BC
aerosol could be to include a parameterisation such as this one which is computationally trivial
to implement and is valid within the range of black carbon particles seen in the atmosphere.
Uncertainties in the size distribution, shape, and composition of these particles should not be
13
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forgotten and will certainly cause differences at least as large as the simplification of optical
properties to spheres or RDG.
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Table 1. Fit coefficients for estimation of BCFA optical properties at A = 550 nm and Dy = 1.8. Relative
RMS errors for all fitted points, equally weighted are also given. The marked, lower values, “Rel.*”
ignore the first two data points where ng < 40, showing that this is where the majority of the relative
error is contained. While the values of coefficient 1 (the linear term) in the fits of SSA and g are negli-
gible at 550 nm, they increase at longer wavelengths while the values of coefficient 2 (the logarithmic
term) decrease.

Coeff.  0ext SSA g

0 —2.026 x 103 8.902 x 1072 2.669 x 10!
1 9.581 x 102 0.000 x 10° 0.000 x 10°
2 1.120x 1073 2.876 x 1072  6.981 x 102
3 4110x1076 - -

RMS error

Rel. 0.50 % 2.53 % 5.02 %

Rel.* 0.25% 1.64 % 2.13%
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(@) Dy =15 (b) Dy =1.75

() Dy =2.0 (d) Dy =225

Fig. 1. Modelled fractal aggregates with ns= 300, k¢ = 1.25 and varying values of Ds. As the fractal
dimension increases, we move from linear to bunched clusters. These aggregates were generated using
a cluster—cluster algorithm.
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Fig. 2. Extinction cross-section, scattering cross-section, and asymmetry parameter calculated using the
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MSTM code at A = 550 nm for a range of fractal dimensions and numbers of spherules.
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Fig. 3. The SSA of BCFAs at A =550 nm as a function of ng and Ds. The most likely values of Dy
would be from 1.7-1.8, where the SSA values are between 0.2-0.3.
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Mass absorption cross-section at 550 nm

6.4
~ 6.0
= 600
B 58 i
= 400
< s6

5.2

Fig. 4. The mass absorption cross section at A = 550 nm for BCFAs. This is the absorption cross section,
divided by the mass of the particles. For these calculations, a density of 1.8 gm™2 was assumed.
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Fig. 5. Showing the envelope of relative spread from the mean of the three output parameters, oex, Tsca

and g at A = 550 nm, for BC with Dy = 1.75, given four fractal geometries at each size. The high relative
differences g with low ng can be accounted for by the lower values of g in this regime.

24

1odeJ UOISSNoSI(T 1odeJ UOISSNoSI(T 1odeJ UOISSnosI(T

1odeJ UOISSNOSI(T



Asymmetry parameter
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Fig. 6. Extinction cross-section, scattering cross-section, and asymmetry parameter calculated using the
MSTM code at A = 12 um for a range of fractal dimensions and numbers of spherules.
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Fig. 7. Extinction cross-section, single scatter albedo, and asymmetry parameter calculated using the
MSTM code at D = 1.8. Note the discontinuity in wavelength step size at A = 1 pm. Unlabeled wave-
lengths are half-way between the two values on either side.
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Fig. 8. The optimum fitted sphere parameters (r, n, and k) and their resultant errors relative to the ref-
erence MSTM calculations in ln oey, In oy, and absolute errors in g for BCFAs with A = 550 nm. The
colour scale has been adjusted so that the very large errors caused by unphysically small BCFA D are

clipped.
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Fig. 9. The optimum fitted sphere parameters (r, n, and k) and their resultant relative errors in In gey,
Inoy, and absolute errors in g for A = 12 um. In this case, the errors on g have been allowed to be
large in order to get good fits in the cross-sections. As a result, the fitted radius is close to the radius of
equal volume (not shown), and the refractive indices are close to those used by the MSTM calculations
(m =2.93 4 2.167).
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Fig. 10. The RMS relative errors between the calculated and parameterised values of oy, SSA, and g.
RMS calculations exclude the lowest two values of ng as discussed in the text.
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Fig. 11. Comparing the integrals of extinction, scattering, and asymmetry from a sum of fractal optical
properties, and the parameterisations described in the text. Differences between the parameterised fit and
the data are compared only for the area bounded by the maximum value of ng = 980. These calculations
are for Dy = 1.8 and A = 2 um. The MSTM calculations (Data) are blue, the fitted data for the same radii
(Fit) are orange, and the missing area covered by the fit, but not the MSTM calculations (Missing) are
red. Numbers in these colours give the area under the respective curves. A gives the difference in areas
between Data and Fit. The missing fraction is the fractional volume of Fit, not covered by Data.
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