
D
iscussion

P
aper

|
D

iscussion
P
aper

|
D

iscussion
P
aper

|
D

iscussion
P
aper

|

Manuscript prepared for Atmos. Chem. Phys. Discuss.
with version 2014/09/16 7.15 Copernicus papers of the LATEX class copernicus.cls.
Date: 12 March 2015

Determination of interfacial parameters of
a soluble particle in a nonideal solution
from measured deliquescence and
efflorescence humidities
O. Hellmuth1 and A. K. Shchekin2

1Leibniz Institute for Tropospheric Research (TROPOS), 04318 Leipzig, Germany
2St Petersburg State University, Department of Statistical Physics, 198504 St Petersburg, Russia

Correspondence to: O. Hellmuth (olaf@tropos.de)

1



D
iscussion

P
aper

|
D

iscussion
P
aper

|
D

iscussion
P
aper

|
D

iscussion
P
aper

|

Abstract

In order to study the growth/shrinking of a hygroscopic nanoparticle during hydra-
tion/dehydration in an atmosphere of water vapour we have employed a thermodynamic ap-
proach proposed by Shchekin et al. (2008). This approach uses the mechanic and thermo-
dynamic concept of disjoining pressure of thin films and allows, among others, the prediction
of the humidity growth factor of both (i) a homogeneous solution droplet with completely
dissolved residual core, and (ii) a heterogeneous solution droplet with partially dissolved
residual core as a function of the ambient relative humidity. For application to a nanometric
sodium chloride particle we have extended the original approach by (i) consideration of the
nonideality of the solution through the dependence of molecular volumes of the solvent and
solute molecules and the solute and solvent activities on the solution concentration, by (ii)
derivation of an equation for the estimation of the efflorescence properties of a homoge-
neous solution droplet, and by (iii) combination with the empirical power law fittings for the
size dependence of the deliquescence and efflorescence relative humidity values by Biskos
et al. (2006a). It was demonstrated how the solution/solute interface energy and the corre-
lation length of a thin solution film can be determined from a combination of experimentally
determinable efflorescence and deliquescence humidities with the present calculus. The
solution/solute interface energy was found to be in close agreement with some previous
values reported in the literature, while it strongly differs from data of some other sources.
The calculated deliquescence humidity shows a low sensitivity against the choice of the nu-
merical value for the film correlation length. The estimated film correlation length of 1 nm for
a nanometric sodium chloride particle with dry particle radius of 5 nm was found to be rec-
oncilable with available a priori estimates of the correlation length from the literature when
the measurement uncertainty of the deliquescence humidity is considered. Considering the
combination of an extensive calculus, a comprehensive set of thermophysical constraints,
and independent measurements of the deliquescence and efflorescence humidities as func-
tions of dry particle radius, the obtained values of the solution/solute interface energy and
the correlation length are in close agreement with previous estimations. The humidification
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of sodium chloride particles in the initial hydration stages was found to be very sensitive
against the specification of the disjoining pressure. The enhancement of the wettability of
the particle surface leads to an earlier onset of hygroscopic growth.

1 Introduction

The importance of deliquescence and efflorescence (the notions of which will be explained
below) for atmospheric models and processes, especially for climate models, originates
from associated radiative effects (see Anonymous Referee, 2014 and references given
therein to, e.g., Cziczo and Abbatt, 1999, Oatis et al., 1998, Xu et al., 1998, Lohmann
and Feichter, 2005, Khvorostyanov and Curry, 2014, Sections 2.3, 2.5, 6.1, 11.1 therein):
Deliquescence and efflorescence of aerosols impact the aerosol optical thickness, and in
this way, the direct aerosol affect. It also influences activation of CCN into cloud drops and
determines the 1st and 2nd indirect aerosol effects via cloud drops and, after subsequent
freezing – several other indirect aerosol effects. Activated drops participate in cloud dynam-
ical circulation. Due to downdrafts near the cloud edges such drops can be transported
below the cloud bottom, where they may penetrate into the very dry environment (some-
thing similar can happen due to lateral entrainment of dry environmental air into cloudy air).
Such drying may cause the reverse effect: evaporation of the drops to the sizes of CCN
with strongly supersaturated solution concentration, which may in turn cause efflorescence
and transformation of the aerosol particles to the state close to the original dry or slightly
wetted CCN. When such particles are brought again into the cloud by the updrafts, they can
grow again, may be activated and influence cloud microphysical and optical properties. Ac-
counting for the significant variability of aerosol over the globe, it is obvious that any reliable
estimates of aerosol impacts on clouds and climate change require physically appropriate
theories of aerosol deliquescence and efflorescence.

Soluble substances (mostly salts) have a strong affinity for moisture, i.e., they are able
to absorb water molecules from the ambient air. When the ambient relative humidity (RH)
is sufficiently high, the water uptake continues until the hygroscopic particle completely
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dissolves in the absorbed water, in this way forming a pure solution droplet. The transition
from partial to complete dissolution is called deliquescence, and the RH threshold at which
a soluble particle completely dissolves is called deliquescence humidity (DRH). For highly
soluble salts such as sodium chloride (NaCl) and small condensation nuclei, deliquescence
occurs at subsaturation of the ambient partial water vapour with respect to a flat surface of
pure bulk water (RH< 100 %rh). In the case of low soluble and larger nuclei, deliquescence
can also occur in supersaturated vapour.

The reverse process, called efflorescence (or crystallisation), leads to hydrosol formation
by precipitation of solid crystals from the solution within existing droplets. Crystallisation
proceeds via two steps: (i) nucleation and (ii) crystal growth. In the nucleation step, solute
molecules, dispersed in the solvent, start to form clusters on the nanometer scale. These
clusters need to reach a critical size (embryonic stage) in order to freely grow up to solid
precipitates within the maternal solution droplet. The critical size of the embryo depends on
temperature, supersaturation, and the droplet size. The crystallisation is driven by the su-
persaturation of the solution, which depends on both ambient relative humidity and temper-
ature. The relative humidity at which efflorescence sets in is called efflorescence humidity
(ERH). The difference between DRH and ERH results in a hysteresis effect. Owing to the
high variability of the relative humidity and temperature in the ambient atmosphere, e.g., due
to multiscale turbulence, hysteresis effects effectively impact the partitioning between solid
and aqueous phases of tropospheric NaCl and (NH4)2SO4 particles. In ambient air, hygro-
scopic particles may exist in homogeneous and heterogeneous states. The homogeneous
state can be either a pure solid core or a pure solution droplet. The heterogeneous state
is a thermodynamically stable configuration in which a solid core substrate may coexist in
thermodynamic equilibrium with an enveloping aqueous solution. The solid core can either
consist of completely soluble matter or be a mixture of some insoluble fraction, coated with
a soluble mantle of certain thickness. Here, we want to restrict our consideration to soluble
one-component solid cores.

The atmospheric impact of hygroscopic particles is threefold:
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– Hygroscopic particles may impact the global energy balance by a cooling effect (Wise
et al., 2012, see references therein for the role of sea salt aerosol). The radiative
properties of such particles depend, among others, on the liquid/solid phase partition-
ing within the particles (Wang et al., 2008a, 2008b). Aqueous particles have a larger
mass extinction efficiency but a smaller backscattered fraction than their solid coun-
terparts. Owing to the high variability of the relative humidity in the planetary boundary
layer, hysteresis effects were found to effectively impact the partitioning between solid
and aqueous phases of tropospheric salts on a global scale. For sulphate-ammonium
particles Wang et al. (2008a) reported a significant impact of the solid/liquid phase
partitioning on the sulphate direct climate forcing (SDFC). Depending on how these
effects were parameterised in a global 3-D chemical transport model, an uncertainty
in the SDFC of 23 % on the global scale (but of much higher values on regional scales)
has been found from sensitivity studies (Wang et al., 2008b).

– Sea salt aerosol (SSA) is a major contributor to natural global aerosol emission and
a main source of hygroscopic particles. According to Seinfeld and Pandis (2006,
see p. 61, Table 2.22 therein)1 the best estimate of the SSA emission flux amounts
10100 Tg yr−1. This is nearly the fourty-fold of the best estimate of the total (primary
plus secondary) anthropogenic aerosol flux (≈ 263 Tg yr−1), and 75% of the best esti-
mate of the total (natural plus anthropogenic) aerosol flux (≈ 13466 Tg yr−1). Natural
SSA particles have a complex chemical composition. As many physical properties of
SSA are controlled by NaCl (e.g., light scattering efficiency), several authors, e.g.,
Wise et al. (2012, see references therein) use NaCl as a proxy for SSA2.

1In the cited table only the global emission estimates for the major aerosol classes have been
considered.

2The mining of salt in Europe can be traced back to about 4000 years ago (Schmiedel, 1984).
Justus von Liebig characterised salt as the most valuable among all precious stones, and Cassiodor,
roman statesman (6th century), stated that gold is dispensable but salt is not (Bontjer, 2006). In
the middle ages salt was called “white gold”. Despite of its importance in daily life, environmental
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– Hygroscopic particles from SSA may serve as ice nuclei and influence cirrus forma-
tion. The mechanism of deliquescent-homogeneous and heterogeneous freezing and
its atmospheric relevance has been intensively studied by Khvorostyanov and Sassen
(1998a, b, 2002); Khvorostyanov and Curry (2000, 2004a, b, 2005, 2007, 2009, 2012,
2014); Khvorostyanov et al. (2001, 2003, 2006), and Curry and Khvorostyanov (2012).
Recently, also efflorescent-heterogeneous nucleation onto SSA particles has attracted
increasingly interest (Wise et al., 2012; Wagner and Möhler, 2013). Investigating the
freezing capability of SSA particles Wise et al. (2012) pointed out the temperature
dependence of phase composition of SSA particles: a brine solution and solid sodium
chloride dihydrate (NaCl · 2H2O(s)) are stable from the triple point of water to the
eutectic temperature3. Below the eutectic temperature solid ice and sodium chloride
dihydrate are stable. The authors found the following efflorescence behaviour of aque-
ous NaCl particles: (i) at temperatures above the eutectic temperature solution par-
ticles effloresced into anhydrous solid NaCl particles, (ii) at temperatures below the
eutectic temperature but above 236 K solution drops effloresced to a mixture of anhy-
drous and hydrated solid particles, (iii) at temperatures below 236 K solutions drops

science, biophysics, catalysis etc., many fundamental physical and chemical properties of NaCl
surfaces are still unknown and deserve a better understanding (Li, 2009, see chap. 3 therein).

3The eutecticum or “eutectic mixture” of chemical compounds or elements denotes the solidifica-
tion products of homogeneous mixed melts at that chemical composition at which the melting point
is lower than at any other chemical composition made up of the same ingredients (Wolf, 1959, p.
763 therein). Similarly, Atkins (1994, pp. 254–255 therein) wrote that a liquid with eutectic compo-
sition freezes at a single temperature, without previously depositing solid A or B. A solid with the
eutectic composition melts, without change of composition, at the lowest temperature of any mixture
(see also Wedler, 2004, pp. 364–365 therein). The composition of the eutecticum is known as the
eutectic composition and the temperature at which it solidifies is known as the eutectic tempera-
ture. The name eutectic composition comes from Greek words for “easily melted” (Atkins, 1994, p.
254 therein). Water and sodium chloride form a eutectic mixture. The eutectic temperature of aque-
ous sodium chloride solution amounts ϑE =−21.2◦C, the eutectic mass fraction of solute 0.2242
(Brdička, 1965, p. 513 therein).
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effloresced into hydrated solid particles. Wise and coworkers demonstrated the high
efficiency of depositional ice nucleation on both crystalline anhydrous and hydrated
NaCl particles, with an even better ice nucleation capability of hydrated particles.
The authors referred to field observations of the chemical composition of anvil cir-
rus residue near the Florida peninsula, which revealed a SSA fraction of anvil ice
residue of 26 %. In the present case, however, we will restrict our consideration to
a temperature well above the eutectic temperature, i.e., “eutectic solidification” will be
excluded.

– Hygroscopic particles may act as chemical microreactors for hydrolysis, secondary
organic aerosol formation, micellisation, and heterogeneous surface reactions.

From evaluation of nine years of radiosonde observations at five stations representing
oceanic conditions (years 1980–1988, latitude from 14.3◦ S–57.2◦N), Liu et al. (1991, Fig. 2
therein) derived vertical profiles of the 9 years means of the relative humidity (inclusive
standard deviations of individual measurements and standard deviations of the monthly
means). These data reveal some common features of the humidity profile at all stations.
The RH surface values were reported to vary between the stations in the range RH0 ≈ 75–
82 %rh. The humidity profiles revealed their maximum values (spatially varying in the range
RHmax ≈ 84–90 %rh) just below the height of the 900 hPa-surface. From the level of RH
maxima, the mean relative humidity decreased to minimum values (spatially varying in the
range RHmin ≈ 30–40 %rh) in the upper troposphere. These observations revealed that the
vertical variation of the tropospheric relative humidity over the ocean safely exceeds the hu-
midity interval fixed by the deliquescence and efflorescence humidities of sodium chloride
particles (Seinfeld and Pandis, 2006, see Sect. 10.2 therein; Biskos et al., 2006b). Thus,
in the marine troposphere sodium chloride particles are expected to exist both in homoge-
neous (either as an aqueous solution or as pure solid) and in heterogeneous (a solid core
enveloped by a liquid solution film) states depending on the particle size.

The study of the deliquescence behaviour of hygroscopic particles in the limit of bulk
properties is well understood (Seinfeld and Pandis, 2006, see, e.g., Sect. 10.2 therein).
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In contrast to this, the investigation of size-dependent effects in both deliquescence and
efflorescence is comparatively rare and not completely understood so far.

McGraw and Lewis (2009) investigated the size-dependent deliquescence/efflorescence
phase transformation for particles down to several nanometers in size. The authors anal-
ysed the thermodynamic properties of inorganic salt particles, coated with aqueous so-
lution layers of varying thickness and surrounded by vapour. In order to define a limiting
deliquescence relative humidity (RHD) for small particles a thin layer criterion (TLC) has
been introduced, which is based on the fulfillment of two equilibrium conditions: (1) equal-
ity of chemical potentials between salt in an undissolved core, and thin adsorbed solution
layer, and (2) equality of chemical potentials between water in the thin layer and vapour
phase. For the limit of large dry particle size the bulk deliquescence properties were ob-
tained. Nanosize particles were reported to deliquesce at relative humidity just below the
RHD on crossing a nucleation barrier, located at a critical solution layer thickness. This
nucleation barrier will vanish at the RHD defined by the TLC. The authors employed con-
cepts and methods from nucleation theory including the kinetic potential, self-consistent
nucleation theory, nucleation theorems, and the Gibbs dividing surface, altogether provid-
ing the theoretical foundation of their approach. McGraw and Lewis (2009) emphasised
the existence of unifying features of small particle deliquescence/efflorescence processes
such as common thermodynamic area constructions and a common free-energy surface.
However, the approach of McGraw and Lewis (2009) is based on the employment of the
classical capillary drop model, but does not explicitly consider measurable thin film quan-
tities such as the disjoining pressure, which is indispensable for the description of the ini-
tial stages of hygroscopic growth from the formation of first monolayers up to thick films.
Here, we can already antedate that the approach of McGraw and Lewis (2009) and the
one presented in this paper essentially differ in the way of “metrisation” of the small particle
deliquescence/efflorescence processes leading to complementary information about these
processes.

Bruzewicz et al. (2011) characterised the behaviour of NaCl nanoparticles as a function
of RH. The authors measured the heights of particles deposited on a prepared hydrophobic
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surface by means of noncontact environmental atomic force microscopy and found a cubic
shape of NaCl nanoparticles with sides of 35 and 80 nm. These nanoparticles were ob-
served to reversibly take up water with increasing RH well below the bulk DRH of 75 %rh
at 23 ◦C, forming of a liquid-like surface layer of thickness 2 to 5 nm with measurable up-
take (> 2 nm increase in particle height) beginning at 70 %rh. The maximum thickness of
the layer was observed to increase with increasing RH and increasing particle size over
the investigated size range. The liquid-like layer appeared as a reversible rounding at the
upper surface of the particles with the shape of the layer fitting to a parabolic cross-section.
The ratio of particle height to maximum radius of curvature was reported to increase from
zero (flat top) at 68 %rh to 0.7± 0.3 at 74 %rh. From their observations Bruzewicz et al.
(2011) concluded the occurrence of mass reorganisation on the solid NaCl nanocrystal at
RH below the DRH, suggesting that the deliquescence of NaCl nanoparticles “is more com-
plex than an abrupt first-order phase transition”. The height measurements were found to
be consistent with a phenomenological model that assumes favourable contributions to the
free energy of formation of a liquid layer on solid NaCl due to both van der Waals interac-
tions (depending partly upon the Hamaker constant of the interaction between the thin liquid
film and the solid NaCl), and to a longer-range electrostatic interaction over a characteristic
length of persistence. The authors derived best fit values for the Hamaker constant and the
persistence length scale.

Using the thermodynamic theory of thin solution films developed by Shchekin et al.
(1993); Kuni et al. (2001); Djikaev et al. (2001a, b) and Djikaev (2002), which is based on the
mechanical and thermodynamic concept of the disjoining pressure, Shchekin and Shabaev
(2005); Shchekin and Rusanov (2008) and Shchekin et al. (2008) derived for the limit of ide-
ality of the aqueous electrolyte solution generalisations of the Gibbs–Kelvin–Köhler (GKK)
equation of the theory of nucleation on soluble particles and of the Ostwald–Freundlich (OF)
equation of the theory of solutions (hereafter called SSR theory according to the initials of
the authors Shchekin, Shabaev, and Rusanov). These equations allow (i) the determination
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of the humidity growth factor of a hygroscopic particle4 as a function of ambient temper-
ature, relative humidity, dry particle radius and of different thermophysical and interfacial
parameters of the system, and (ii) the determination of the DRH.

Based on the SSR theory, the present study pursues the following aims:

1. First, the generalised GKK and OF equations as predicted by the SSR theory will be
extended to determine the humidity growth factor and DRH also for nonideal aqueous
solutions.

2. In contrast to the DRH determination, the ERH cannot be obtained from a pure ther-
modynamic approach alone, but requires a kinetic consideration (e.g., Onasch et al.,
2000, Pant et al., 2006, Parsons et al., 2006, Shchekin and Shabaev, 20105, and
Shchekin et al., 2013). Therefore second, a governing equation for determination of
the ERH on the base of the classical nucleation theory, applied to homogeneous salt
crystallisation from a supersaturated solution, will be derived.

3. Third, it will be demonstrated how the extended SSR theory in combination with CNT
can be used to determine the specific interfacial parameters, namely the solution/salt
interfacial energy, and the characteristic correlation length of a thin film, which are
difficult to obtain from direct measurements. In the present approach the mentioned
interfacial parameters will be estimated by considering size-dependent DRH and ERH
values obtainable from measurements.

4. Fourth, by application of the calculus to a nanometric NaCl particle in a water vapour
environment we will show that the approach presented here is able to theoretically

4The humidity growth factor is defined as the ratio of the radius of the hygroscopic particle to the
dry particle radius.

5Shchekin and Shabaev extended their approach to the determination of the activation barriers
for the complete dissolution of a condensation nucleus and its reverse crystallisation in droplets in
a subsaturated solvent vapour between DRH and ERH. The authors showed that the coexistence of
drops with partly and completely dissolved nuclei is impossible.
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describe the phenomenon observed by Bruzewicz et al. (2011) at least in a qualitative
way.

The paper is structurised as follows. In Sect. 2 we will briefly describe the model, in Sect. 3
we will present the method for the estimation of interfacial properties, in Sect. 4 we will
present and discuss the model results, and the last section contains the summary and con-
clusions. A comprehensive detailed outline of the calculus can be found in the Supplement
(SM).

2 Model description

2.1 Determination of humidity growth factor and the deliquescence humidity ac-
cording to SSR theory

2.1.1 Governing equations

The basic scenario and assumptions are described in SM/Sect. S1.1. In the initial state, the
system consists of a soluble solid core (phase γ) with dry particle radius RN, embedded
in a solvent vapour (phase β) within fixed volume V at absolute temperature T . In the
final state, a liquid droplet (phase α) of radius R is formed, depending on the ambient RH
either including a partially dissolved residual core of radius R′N enveloped by a liquid film of
thickness h=R−R′N (phase α), or the residual core being completely dissolved, R′N = 0.
The formation work ∆F , required to form a heterogeneous droplet from a vapour, reads
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(see SM/Sect. 1.3, Eq. S43):

∆F =−∆N (β→α)
[
µ(β)−µ(β→α)

?

]
+ ∆N (γ→α)

[
µ

(γ→α)
? −µ(γ)

∞

]
+ 4πR2σ(αβ)

∞ + ∆FW,

∆FW = 4πR′2N

[
σ(αγ)
∞ + l(?)ΠD(h)

]
− 4πR2

Nσ
(βγ)
∞ ,

µ
(β→α)
? (x) = µ(β)

∞ + kBT ln

[
asolvent(x)

asolvent(x= 0)

]
,

µ
(γ→α)
? (x) = µ(γ)

∞ + kBT ln

[
asolute(x)

asolute(x∞)

]
.

(1)

Here, ∆N (β→α) denotes the number of solvent molecules condensed from the vapour into
the solution film, and ∆N (β→α) is the number of solute molecules dissolved from the solute
into the solution film, respectively. The quantity µ(β)(T,S(β)) is the chemical potential of the
solvent vapour, which is a function of temperature and vapour saturation ratio S(β); µ(β)

∞ is
the value of µ(β) at equilibrium of the vapour with a pure bulk liquid. The chemical potential
differences µ(β→α)

? (x)−µ(β)
∞ and µ(γ→α)

? (x)−µ(γ)
∞ represent the activity contributions to the

chemical potentials of solvent and solute molecules in the solutions, µ(β→α) and µ(γ→α),
respectively, and µ(γ)

∞ is the equilibrium value of the chemical potential of the solid matter
at the flat interface between the solid substrate and a bulk solution at saturation vapour
pressure. The quantity asolvent(x) is the solvent (water) activity as a function of the relative
solute concentration x=mMW/(1 +mMW) in the film with m denoting the molality of the
solution and MW the molar mass of water. Analogously, asolute(x) is the solute (salt) activity
as a function of the relative solute concentration in the film, and x∞ is the relative solute
concentration corresponding to the solubility of the solute.

The term ∆FW in Eq. (1) represents the work of wetting of a soluble nucleus. The deriva-
tion of this term is based on the negligence of adsorption of salt at the droplet surface. Fur-
thermore, all surface tensions and parameters of the disjoining pressure have been taken
as independent of salt concentration. The function ΠD(h) =K(?) exp(−h/l(?)) appearing in
the term ∆FW is the disjoining pressure of a thin solution film with K(?) = s/l(?) denoting
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a characteristic pressure scale of the thin film. The quantity s= σ
(βγ)
∞ −

(
σ

(αβ)
∞ +σ

(αγ)
∞

)
therein is the nonequilibrium spreading coefficient with σ

(αβ)
∞ , σ(αγ)

∞ , and σ
(βγ)
∞ denoting

the surface tension of the bulk solution (in the absence of vapour adsorption), the so-
lution/solute and vapour/solute interfacial energies, respectively (Shchekin et al., 2008,
Eqs. 28 and 29 therein). The quantity l(?) is the film correlation length, which is of the
order of the intermolecular separation in the film (Rusanov et al., 1994). Furthermore, kB

denotes the Boltzmann constant.
The disjoining pressure of a thin liquid film is the excess free energy density (free energy

per unit volume), which originates from the overlapping of molecular interactions at both
sides of the film when the film thickness decreases down to nanometric scales and the in-
terfaces approach each other. It arises together with the nonuniformity of the middle part
of the film. While the surface tension of a ’thick’ film (considered as a ’bulk’ liquid phase)
is given by the sum of the surface tensions of both adjacent film interfaces, the principle
of additivity of surface tensions cannot be applied any longer to a ’thin’ film. Upon thinning
a liquid film the interfacial layers on both sides of the film start to penetrate each other,
leading to the emergence of an extra excess value, which must be additionally considered
in the calculation of the film surface tension. The disjoining pressure decreases upon in-
creasing the film thickness, and can be neglected in the limiting case of a thick film. The
value of the disjoining pressure results from a superposition of contributions from different
kinds of molecular interactions. The strengths of these interactions depend on the physi-
cal properties of the film phase and the ambient phases adjacent to the film. The shape
of the functional dependence of the disjoining pressures on the film thickness results from
molecular theory; the quantification of the disjoining pressure values requires experimental
data and/or computer simulations. The notion ’disjoining pressure’ (German: ’Spaltdruck’)
has been introduced by B. V. Derjaguin (e.g., Derjaguin, 1955a, b; Derjaguin et al., 1987)
to characterise the interaction-induced excess pressure appearing in a ’join’. The disjoin-
ing pressure is a signed value, i.e., it can effectively act as a ’disjoining pressure’ (due to
repelling forces) or as a ’joining pressure’ (due to attractive forces). Details of the physical
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motivation of the concept of disjoining pressure and references for the specification applied
here can be found in SM/Sections S.1.2 and S.1.7).

The equilibrium state of the droplet is controlled by two thermodynamic conditions cor-
responding to the locations of the minima and saddle points of the formation work (see
SM/Sect. S1.4):

– the “external solvent equilibrium” between the solvent in the vapour phase β and the
solvent in the liquid phase α;

– the “internal solute equilibrium” between the solute in the residual solid phase γ′ and
the solute in the liquid phase α.

At external equilibrium, the thermodynamic driving force for the transfer of solvent molecules
from the vapour phase into the liquid phase must vanish. From this condition one can ar-
rive at the following generalisation of the Gibbs–Kelvin–Köhler equation of the theory of
nucleation on soluble particles (see SM/Sect. S1.4, Eq. S54):

FGKK

(
S(β),R′N,R

)∣∣∣
T=const
RN=const

=−kBT lnS(β) + kBT ln

[
asolvent(x(R,R′N))

asolvent(0)

]

+ v(β→α)(x)

[
2σ

(αβ)
∞
R

−
(
R′N
R

)2

ΠD(h)

]
= 0.

(2)

In Eq. (2), S(β) denotes the ratio of the actual water vapour pressure to the saturated water
vapour pressure over bulk water (hereafter called water vapour saturation ratio in accor-
dance with Seinfeld and Pandis, 2006, p. 813 therein), and v(β→α)(x) is the partial molec-
ular volume of solvent molecules in the solution.

At internal equilibrium, the thermodynamic driving force for the transfer of solute
molecules from the solid phase into the liquid phase must vanish. This leads to the fol-
lowing generalisation of the Ostwald–Freundlich equation of the theory of solutions (see

14



D
iscussion

P
aper

|
D

iscussion
P
aper

|
D

iscussion
P
aper

|
D

iscussion
P
aper

|

SM/Sect. S1.4, Eq. S56):

FOF
(
R′N,R

)∣∣
T=const
RN=const

= kBT ln

[
asolute(x(R,R′N))

asolute(x∞)

]
+ v(γ→α)(x)

[
2σ

(αβ)
∞
R

−
(
R′N
R

)2

·ΠD(h)

]
− v(γ)

[
2σ

(αβ)
∞
R

−
(
R′N
R

)2

ΠD(h) +
2σ

(αγ)
∞
R′N

+

(
1 +

2l(?)

R′N

)
ΠD(h)

]
= 0.

(3)

In Eq. (3), v(γ) and v(γ→α)(x) are the partial molecular volumes of solute molecules in the
solid phase and of dissolved solute molecules in the solution film, respectively.

Equations (2) and (3) are extensions of the generalised GKK &OF equations as derived
by Shchekin et al. (2008, Eqs. 25 and 26 therein) for the limit of an ideal solution6 and serve
as governing equations for determination of the humidity growth factor and DRH.

2.1.2 Determination of the humidity growth factor

As demonstrated by Shchekin et al. (2008, see Sect. V, Fig. 6 therein), the dependence
of the droplet radius R on the vapour saturation ratio S(β) at equilibrium between the
droplet and the ambient vapour can be fully determined from simultaneous solution of
the generalised GKK and OF Eqs. (2) and (3) (see SM/Sect. S1.5). Knowing the relation
R = f(T,RN,S

(β)), the measurable vapour condensation growth factor GF can be directly

6In derivation of their generalised GKK Eq. (25), Shchekin et al. (2008) employed the approxi-
mations asolvent(x)≈ 1−x, (with the Taylor expansion lnasolvent(x)≈−x) and asolute(x)≈ x for the
limit of an ideal solution. Furthermore, the molality-dependent partial molecular volume of solvent
molecules in the solution, v(β→α)(x), has been approximated by an average value for the molecular
volume of solution molecules in the solution, v(α). Analogously, in derivation of their generalised OF
Eq. (26) the authors employed the ideal-solution limit asolute(x)≈ x and approximated the molality-
dependent partial molecular volume of solute molecules in the solution, v(γ→α)(x), by an average
value v(γ→α). Note that Eqs. (25) and (26) of Shchekin et al. (2008) can be obtained as special
cases of Eqs. (2) and (3), but, vice versa, the latter cannot be obtained by formal replacement of
quantities referring to the ideal-solution limit in Eqs. (25) and (26) of Shchekin et al. (2008).
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determined:

GF =
R

RN
=R−1

N f(T,RN,S
(β)). (4)

2.1.3 Determination of the deliquescence humidity

Prompt transition from the equilibrium state with the partially dissolved residual core to
the equilibrium state with the completely dissolved residual core (“deliquescence transi-
tion”) is a barrierless process. As demonstrated by Shchekin et al. (2008, see Sect. V,
Figs. 4–6 therein), the determination of the vapour saturation ratio at deliquescence,
S

(β)
th = DRH/100%, proceeds as follows (see SM/Sect. S1.6):

– Firstly, the drop radius is determined as a function of the residual radius R =R(R′N)
from the numerical solution of the transcendental OF Eq. (3).

– Secondly, we employ the expression for the chemical potential of solvent molecules in
the liquid film given in thermal units, b(β→α) (see SM/Sect. S1.6, Eq. S62):

b(β→α)
(
R,R′N

)
=
µ(β→α)−µ(β)

∞
kBT

= ln

[
asolvent(x(R,R′N))

asolvent(0)

]
+
v(β→α)(x(R,R′N))

kBT

×

[
2σ

(αβ)
∞
R

−
(
R′N
R

)2

ΠD(h(R,R′N))

]
.

(5)

Here, µ(β→α) and µ
(β)
∞ are the chemical potentials of the solvent molecules in the

liquid film and of the vapour at equilibrium with a pure bulk liquid having a flat interface.
Inserting function R′N =R′N(R) into Eq. (5) delivers the chemical potential of solvent
molecules in the solution as a function of drop radius, b(β→α) = b(β→α)(R).

– Thirdly, from b(β→α) = b(β→α)(R) the maximum value b
(β→α)
th is determined, which

allows us to find the deliquescence vapour saturation ratio according to S
(β)
th =

exp
(
b

(β→α)
th

)
and the deliquescence relative humidity defined by DRH = 100%×S(β)

th .
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2.2 Determination of the efflorescence humidity according to CNT

The prompt transition from a homogeneous solution droplet to a solution droplet with a sta-
ble crystal core is called efflorescence transition. It performs via homogeneous crystallisa-
tion, i.e., precipitation of solute crystals from a supersaturated solution droplet. Supersatu-
ration of the solution can be achieved by decreasing the chemical potential of the solvent
vapour (or by decreasing the temperature). Here, for a such confined system as a submi-
cron droplet, the efflorescence is assumed to be the result of only one successful crystalli-
sation event inside the solution droplet.

Based on the classical nucleation theory (CNT) (here, homogeneous nucleation) and the
efflorescence condition employed by e.g., Gao et al. (2007); Onasch et al. (2000); Pant
et al. (2006) and Parsons et al. (2006), one can derive the following governing equation
for the determination of the relative solute concentration of a solution droplet with com-
pletely dissolved residual core (R′N = 0) at efflorescence transition, xeffl = x(ERH) (see
SM/Sect. S2.2, Eqs. S81 and S82):

FCNT(R(xeffl))
∣∣∣T=const
R′

N
=0

RN=const

=

16π

3

[
σ

(αγ)
∞
kBT

]3 [
v(γ)

]2
ln
[

4
3π[R(xeffl)]3Jhom,0 τind

]


1/2

− ln

[
asolute(xeffl)

asolute(x∞)

]
= 0, (6)

Jhom,0 =
[
v(γ)

]−1
(
kBT

h

)
exp

(
−∆Fact

kBT

)
.

In Eq. (6), Jhom,0 denotes the kinetic prefactor in the nucleation rate expression. The terms
kBT/h and ∆Fact/(kBT ) are the frequency and free energy barrier (in thermal units) of
a solute molecule to jump from the solution to the crystalline nucleus, respectively, where h
denotes the Planck constant. The quantity τind is the induction time, defined as the time the
system spent at constant droplet composition prior to homogeneous nucleation of the first
supercritical nucleus.
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To find the root of Eq. (6), i.e., the droplet radius at the onset of efflorescence, one has
to consider a closure condition to determine the relative solute concentration as a func-
tion of the initial and residual core radii and the droplet radius. The closure condition
is given by the condition of preserving the salt mass in the droplet, written in form of
a composition-geometry implicit relation Fcomp-geom(x,RN,R

′
N,R) = 0. With consideration

of this relation, one can determine xeffl and Reffl =R(ERH) from the transcendental Eq. (6).
For known Reffl, the efflorescence humidity, ERH = 100%×S(β)

effl , is the root of the relation
R = f(T,RN,S

(β)) referring to the solution droplet with a completely dissolved residual core
(R′N = 0) (see SM/Sect. S2.2).

2.3 Thermophysical parameters for the aqueous sodium chloride system

For application of the calculus to an aqueous sodium chloride system various thermody-
namic and interfacial quantities must be known as input parameters, which were taken from
the literature and/or derived employing additional assumptions:

– The solvent and solute activities asolvent(x) and asolute(x) for nonideal NaCl solu-
tion are determined from the Ally–Braunstein statistical mechanics theory of multi-
layer adsorption of water on inorganic salts (Ally and Braunstein, 1998) according to
SM/Sect. S3.1.

– The partial molecular volumes v(β→α)(x), v(γ→α)(x), and v(γ) are determined accord-
ing to SM/Sect. S3.2.

– The composition–geometry relation Fcomp-geom(x,RN,R
′
N,R) = 0 has been derived in

SM/Sect. S3.3 and is given by Eq. (S120).

– The relative solute concentration of sodium chloride solubility in water, x∞, is given in
SM/Sect. S3.4.

– The activation energy for solution/solute interface-crossing diffusion, ∆Fact(T,x), has
been determined according to SM/Sect. S3.5.
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– For the induction time a value of τind = 1s has been used (Gao et al., 2007).

– For the surface tension of an aqueous NaCl solution a fixed value of σ(αβ)
∞ =

0.083J m−2 according to Russell and Ming (2002) was used (see SM/Sect. S3.6).

– Based on computer simulations of Li (2009), the reference value of the vapour/solid
interfacial energy was specified as σ(βγ)

∞ = 0.24J m−2, but varied within the framework
of sensitivity studies (see SM/Sect. S3.6).

– Owing to their large uncertainties both the solution/solute interfacial energy, σ(αγ)
∞ , and

the film correlation length, l(?), have been estimated from measured ERH and DRH
values (see SM/Sects. S3.6 and S3.7).

3 Estimation of the solution/solute interfacial energy and the film correlation length

3.1 Determination of the solution/solute interfacial energy

The “best guess” estimation of σ(αγ)
∞ proceeds in three steps:

– At first, from combination of the generalised GKK equation, FGKK, and the
composition–geometry relation, Fcomp-geom, specified to the case of a completely dis-
solved residual core (R′N = 0), one gets the efflorescence radius, Reffl, as a function

of the measured vapour saturation ratio at efflorescence, S(β)
effl, meas(RN).

– Secondly, from Fcomp-geom one gets the relative solute concentration at efflorescence,
xeffl, as a function of Reffl.

– Thirdly, the solution/solute interface energy is adjusted in such a way that at the
measured ERH exactly one crystallite forms inside the volume of the homogeneous
droplet, VR,effl, during the induction time.
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The expression for the homogeneous nucleation rate, Jhom, is given in SM/Sect. S2.2,
Eq. (S81). On this base, one can define a suitable physical constraint in form of an implicit
function F (σ)(σ

(αγ)
∞ ) = 0, the numerical root of which is the sought-after interfacial energy

σ
(αγ)
∞ .
The whole calculus reads:

FGKK +Fcomp-geom Reffl = f(T,RN,S
(β)
effl, meas)

Fcomp-geom xeffl = xeffl(Reffl)

F (σ)
cost

{
σ(αγ)
∞

}
= ln

[
Jhom

{
σ(αγ)
∞ ,xeffl, . . .

}
VR,efflτind

]
︸ ︷︷ ︸

!
=1#

= 0. (7)

The sought-after value of σ(αγ)
∞ is found if for given Seffl, meas(RN) the constraint

F (σ)
cost

{
σ

(αγ)
∞

}
!

=0 is fulfilled.

3.2 Determination of the correlation length

Similarly, the “best guess” estimation of l(?) proceeds in the following three steps:

– At first, σ(αγ)
∞ obtained from the previous step is used to determine the spreading

coefficient s.

– Secondly, the theoretical deliquescence humidity, DRHSSR, is determined using the
SSR theory according to Sect. 2.1.3.

– Thirdly, l(?) is adjusted in such a way that the theoretical value DRHSSR equals the
measured value DRHmeas(RN) for given radius of the dry particle.
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On this base, one can define another physical constraint in form of an implicit function
F (l)(l(?)) = 0, the numerical root of which is the sought-after length scale l(?):

F (l)
cost{l

(?)}= DRHSSR

{
l(?), . . .

}
−DRHmeas = 0. (8)

The sought-after value of l(?) is found if for given DRHmeas(RN) the constraintF (l)
cost{l(?)} !

=0
is fulfilled.

The functions F (σ)(σ
(αγ)
∞ ) = 0 and F (l)(l(?)) = 0 serve as additional side conditions to

close the model.

3.3 Size dependence of deliquescence and efflorescence humidities

Based on laboratory studies Biskos et al. (2006a) derived the following power law fits
for the size dependence of the deliquescence and efflorescence relative humidity val-
ues, DRH and ERH, of NaCl particles with dry mobility equivalent diameters in the range
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6<Dm, dry/nm<60 (see Fig. 1):

DRHBiskos

%rh
= 213

(
Dm, dry

nm

)−1.6

+ 76,

ERHBiskos

%rh
= 213

(
Dm, dry

nm

)−1.65

+ 44.

(9)

For the present purposes, we have replaced the dry mobility equivalent diameter,Dm, dry, by
the dry volume equivalent diameter,DV, dry

7. For the relative humidity measurements at sev-
eral points throughout the apparatus using capacitance sensors, Biskos et al. (2006b, see
p. 98 therein) communicated an “accuracy” of ±2.5%rh. In their abstract, however, the au-
thors stated that the power law fits were calibrated with “less than 1%rh uncertainty.” Within
the framework of sensitivity studies we have varied the efflorescence and deliquescence

7The relation between the dry mobility equivalent diameter and the dry volume equivalent diam-
eter, DV, dry, reads (e.g., Romakkaniemi et al., 2001, Hämeri et al., 2001):

DV, dry =

[
1

χ

C(DV, dry)

C(Dm, dry)

]
Dm, dry, χ= 1.08,

C(D) = 1 +

(
133

D/nm

)
×
[

1.142 + 0.588exp

(
−0.999D/nm

133

)]
.

Here, χ denotes the shape factor and C(D) the Cunningham slip correction factor. For Dm, dry ≈
DV, dry = 30nm we obtain DRHBiskos = 76.92% and ERHBiskos = 44.78%. With consideration of the
Cunningham slip correction we obtain Dm, dry = 31.2nm, DRHBiskos = 76.87% and ERHBiskos =
44.73%. The difference to the approximative results is rather small and can be neglected for the
present purposes.
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humidities as follows:

ERH = ERH0 + ∆ERH,

DRH = DRH0 + ∆DRH.
(10)

Here, ERH0 and DRH0 are the nominal values of the efflorescence and deliquescence hu-
midity according to Eq. (9), and ∆ERH and ∆DRH are the corresponding uncertainties,
which are assumed to be independent from each other. Within the framework of sensitiv-
ity studies we have assumed three different values for the uncertainties: −1 %rh, 0 %rh,
+1 %rh.

4 Results and discussion

4.1 Reference case calculation

The subsequent calculations were performed at T = 298K for a dry NaCl particle radius of
RN = 5nm, corresponding to DRH≈ 81%rh ERH≈ 47%rh according to Eq. (9).

At first, we start with the determination of σ(αγ)
∞ with consideration of the uncertainty in

the ERH measurement (see Table 1 and Fig. 2). Figure 2 shows the function F (σ)
cost in depen-

dence of the solution/solute interfacial energy σ(αγ)
∞ according to Eq. (7) for three different

∆ERH values corresponding to graphs 1, 2, and 3, respectively, in Fig. 2. For the best guess
of the solution/solute interfacial energy at the nominal ERH a value of σ(αγ)

∞ ≈ 0.088J m−2

was obtained, which is considerably larger than the value of σ(αγ)
∞ = 0.029±0.020J m−2

given by Russell and Ming (2002, see references therein), but which is close to the value of
σ

(αγ)
∞ ≈ 0.0895J m−2 obtained by Gao et al. (2007).
Secondly, we determined l(?) with consideration of the uncertainty in both the ERH and

DRH measurements (see Table 2 and Fig. 3). Figure 3 shows the function F (l)
cost in depen-

dence of the correlation length l(?) according to Eq. (8) for different ERH and DRH values.
The sensitivity of the correlation length against uncertainties in the ERH measurements
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is very small. However, for the assumed DRH uncertainty the correlation length varies in
the range l(?) ≈ (0.7–1.5)nm with a best guess value of l(?) ≈ 1nm at the nominal DRH
value. This value is somewhat larger than the value proposed by Marčelja and Radić (1976)
(l(?) ≈ 0.3nm) and the values obtained from density functional theory and discussed in
detail in SM/Sect. S3.7 (l(?) ≈ (0.4–0.54)nm). However, considering (i) that the present ap-
proach is based on completely different assumptions than DFT, and (ii) that the present
approach employs a comprehensive set of experimental thermophysical data of the sodium
chloride/water system, it is justified to assess the achieved agreement as very good8. The
application of the employed here theory to experimental data allows the determination of
interface parameters which are reconcilable with predictions from molecular theories. The
subsequent calculations have been performed using the best-guess values of σ(αγ)

∞ and
l(?).

Figure 4 displays the dependence of the solute mass fraction as a function of the
residual core radius at the efflorescence radius. A vanishing residual core, R′N→0, corre-
sponds to a homogenous solution droplet in which the solute mass fraction attains its max-
imum. According to Fig. 4, the solute mass fraction at efflorescence amounts xm ≈ 0.48.
The efflorescence radius, i.e., the radius of a homogeneous solution droplet at the on-
set of crystallisation, was found to be R(ERH)≈ 7.3nm, corresponding to a molality of
m(ERH)≈ 15.6mol kg−1 and a solution saturation ratio of S(α) ≈ 2.53 required for homo-
geneous crystallisation to occur.

Figure 5 displays the chemical potential of solvent molecules in the liquid film given in
thermal units, b(β→α), as a function of the film thickness, h, according to Eq. (5). The differ-
ence between the actual dimensionless chemical potential of the vapour, b(β) = lnS(β), and
b(β→α) can be interpreted as a driving force of vapour condensation. It appears that in the
initial stages of water uptake, when the film is still very thin, the values of b(β→α) are very
low, i.e., the condensation driving force is very large. This effect originates from the contri-
bution of the disjoining pressure. Without the consideration of the disjoining pressure, the

8It should be mentioned, of course, that the realisation of an adopted RH uncertainty of only
1 %rh is a very great experimental challenge.
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water uptake by hygroscopic particles at RH well below DRH cannot be explained (see Kuni
et al., 1996). Condensation occurs as long as the actual value of b(β) is larger than b(β→α).
The maximum value of b(β→α) defines the DRH value. In the present case, deliquescence
sets in at a film thickness of h(DRH)≈ 2.5nm at RN = 5nm.

The numerical solution of the OF Eq. (3) delivers the drop radius R as a function of the
residual radius R′N, which is depicted in Fig. 6 for RN = 5nm. The maximum of the function
R (R′N) represents the stability limit of the heterogeneous droplet, i.e., above this value
a heterogeneous solution droplet cannot exist in thermodynamic equilibrium with a residual
core. Below the maximum droplet radius and above the efflorescence radius, R(ERH),
there exist two numerical solutions of the OF equation, i.e., the equilibrium droplet radius
R is reconcilable with two different sizes of the residual core radius R′N. The lower of the
two horizontal solid lines depicted in Fig. 6 indicates the efflorescence radius, R(ERH), as
determined from previous steps9.

Figure 7 shows the humidity growth factor GF as function of RH according to Eq. (4)
for RN = 5nm. The solid line refers to the homogeneous solution droplet with completely
dissolved residual core, R′N = 0, and the dotted curves refer to the heterogeneous solution
droplet with partially dissolved residual core, R′N 6= 0. Let us consider a dry particle which is
placed in an atmosphere free of vapour at the beginning. Upon humidification by increasing
RH the dry particle initially remains seemingly “inert” against hydration until about 40 %rh.
However, the adsorbed film exist even in this stage as a very thin film in equilibrium with
vapour. Close to this humidity value the dry particle starts to take up remarkable amounts of
water molecules, as seen from the rapid increase of the growth factor; at this stage the film
is still thermodynamically stable but already thicker. At the DRH, a liquid film forms without
an activation barrier, the residual core fast vanishes, and upon further increase of the RH

9The solution of the OF equation (thick solid line in Fig. 6) is intrinsically not restricted to droplet
sizes above the efflorescence radius. In the present approach, however, the efflorescence radius
has been considered as an additional physical constraint imposing a lower limit on the physically
accessible drop radius.
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the growth factor evolves according to the solid line referring to the homogeneous droplet
10.

Upon dehumidification of the ambient atmosphere the droplet shrinks. As the mass of the
completely dissolved residual core remains conserved inside the droplet, the solute mass
fraction in the droplet will increase until a solution supersaturation is achieved at which
homogeneous crystallisation sets in. As described previously, the determination of the con-
ditions of efflorescence relies on the employment of CNT and the use of several thermo-
physical parameters, among which the kinetic prefactor in the nucleation rate expression is
subject of some uncertainties owing to limited availability of data on the energy barrier for
interface-crossing diffusion. In the range ERH≤ RH≤ DRH there exist two thermodynami-
cally stable numerical solutions of the calculus; one refers to a heterogeneous, the other to
a homogeneous droplet. For the heterogeneous droplet in turn there exist two branches cor-
responding to two different GF values (label “het equil 1” with symbol “•”, label “het equil 2”
with symbol “×”), but as shown by Shchekin and Shabaev (2010) they cannot coexist. The
heterogeneous nucleation pathway “het equil 1” corresponds to a thermodynamically stable
heterogeneous equilibrium droplet, the pathway “het equil 2” to a thermodynamically condi-
tionally stable heterogeneous equilibrium droplet, respectively. The efflorescence transition
from the homogeneous to a heterogeneous droplet corresponds to a jump from the solid
line to the pathway “het equil 2”. Figure 7 shows that the specification of the temperature
and humidity is in fact a necessary but not sufficient condition for the full characterisation
of the thermodynamic state of the system; the full characterisation requires also the speci-
fication of the “history” of the thermohumid conditions.

Figure 8 shows the dimensionless 2-D work of droplet formation, ∆F/(kBT ),
as a function of drop radius R and the residual core radius R′N according to

10We emphasise that at all relative humidities below the DRH a thermodynamically stable film
forms without an activation barrier. In these cases the stable equilibrium of the film corresponds to
a deep minimum of the work of formation. In the vicinity of the DRH, the barrier for transition to
a droplet with completely dissolved nucleus vanishes. Hence, one can say that at the DRH a homo-
geneous droplet forms without an activation barrier.
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Eq. (1) for at RH = 78 %rh, i.e., just below the deliquescence stage. One can
clearly see the existence of two minima in the formation work, which are sepa-
rated by a saddle point. These three points represent the three possible (and equi-
table) thermodynamic states the aerosol system can adopt at (T,RH)=(298K,78%rh).
The first minimum at about (R′N,R)≈(4.5nm,6.5nm) corresponds to the existence
of a thermodynamically stable heterogeneous droplet, the second minimum at
about (R′N,R)≈(0nm,8.8nm) to a thermodynamically stable homogeneous solution
droplet, and the saddle point at about (R′N,R)≈(3nm,8.8nm) to the existence of condi-
tionally stable heterogeneous droplet. The latter is thermodynamically stable against small
fluctuations ofR′N andR along a trajectory across the ’valley’, but thermodynamically unsta-
ble against small fluctuations of R′N and R along a trajectory across the ’ridge’. For detailed
analysis of this conditional stability the reader is referred to Shchekin et al. (2013).

4.2 Sensitivity studies

4.2.1 Influence of the solution surface tension

Figure 9, in comparison with Fig. 7, shows the influence of the solution surface tension on
the hygroscopic growth factor.

The derivation of the calculus relies on the assumption that the vapour/solution sur-
face tension and the solution/solute interfacial energy are independent of the solution
concentration. In order to study the sensitivity of the model results against the special
choice of the surface tension of the droplet, we have performed a comparative run with
σ

(αβ)
∞ = σW = 0.072J m2, where σW is the surface tension of pure water (calculations have

been performed for the nominal values of experimental ERH and DRH). For a solution
droplet in which a NaCl core with radius RN = 5nm has been completely dissolved the
efflorescence radius was found to be R(ERH)≈ 7.4nm (slightly higher than its reference
case (r.c.) value), corresponding to a molality of m(ERH)≈ 15.2mol kg−1 (slightly lower
than its r.c. value) and a solution saturation ratio of S(α) ≈ 2.47 (slightly lower than the r.c.
value) required for homogeneous crystallisation to occur. At efflorescence, the solute mass
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fraction amounts xm ≈ 0.47 (slightly lower than its r.c. value). For the best guess of the so-
lution/solute interface energy a value of σ(αγ)

∞ = 0.0866J m−2 has been found (slightly lower
than its r.c. value), which results in a spreading coefficient of s= 0.081J m−2 (higher than
its r.c. value). For the correlation length the best guess value is l(?) ≈ 5.4 Å (lower than its
r.c. value). The higher spreading coefficient and lower correlation length scale results in
a higher value of the disjoining scaling pressure, and should promote the disjoining pres-
sure effect in the initial stages of wetting, i.e., when the first condensed monolayers will
form on the hygroscopic particle. The influence of σ(αβ)

∞ on the humidity growth factor can
be seen from comparison of Figs. 7 and 9. The change of the droplet surface tension has
seemingly a dramatic impact on the affinity of the hygroscopic particle to take up water.
The dry particle starts to take up water already at about 20 %rh, which is much “earlier”
than in the reference case. However, the influence of the solution surface tension on the
growth factor of the homogeneous droplet is insignificant, hence the recognised sensitivity
of the growth factor of the heterogeneous droplet is intrinsically an effect of the disjoining
pressure.

4.2.2 Influence of the vapour/solid interface energy

Previous studies suggest a large uncertainty in estimates of the solid/vapour interface en-
ergy of NaCl, σ(βγ)

∞ ≈ (0.1–0.39)J m−2 (see SM/Sect. S3.6). Figure 10 shows the calcu-
lated correlation length, spreading coefficient, and characteristic disjoining pressure, l(?), s,
and K(?) = s/l(?), respectively, as a function of σ(βγ)

∞ , constraint by the condition s > 0. An
increase of the surface energy of a solid enhances the affinity of that solid to take up water
by both (i) promoting the spreading of the condensate on the surface, and by (ii) lowering
the correlation length and enhancing the disjoining pressure. This result underpins the need
for careful estimations of interface energies of hygroscopic matter for quantification of the
water uptake. The present approach has been applied to the estimation of σ(αγ)

∞ and l(?)

from measured ERH and DRH values. The additional estimation of σ(βγ)
∞ would require an

further governing condition for a well-measurable observable.
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4.2.3 “Non-ideal” vs. “ideal” solution model

The original SSR approach was derived adopting the ideal-solution approximation of the
activities (see footnote 6), i.e., the authors employed a linearisation of the solvent and so-
lute activities that is valid for diluted solutions. In doing so, Shchekin, Shabaev and Rusanov
predicted the first time theoretical curves for the humidity growth factor as function of the
RH. However, for the special NaCl system considered here and with consideration of the
constraints set by the employed thermophysical properties (see SM/Sect. S3) we could by
no means get a numerical solution using the ideal-solution approximation of the activities
that is reconcilable with the observed DRH data of Biskos et al. (2006a). For example,
replacing in the reference case run the “nonideality” activity model with the ideal-solution
approximation we found a solid/liquid interface energy of σ(αγ)

∞ ≈ 0.0593J m−2 for the ob-
served ERH value (see Fig. 11). For the corresponding efflorescence radius we obtained
R(ERH) = 5.7nm, which results in a very high value of the molality at the onset of efflores-
cence,m(ERH)≈ 82mol kg−1. This value corresponds to an extremely high solution super-
saturation and is far beyond an experimentally accessible state of the system. In contrast
to the possibility to obtain a value for σ(αγ)

∞ which formally fulfills the adopted constraints, it
was impossible to decrease the difference between predicted and observed DRH values to
a value smaller than 10 %rh by adjusting the correlation length (see Fig. 12).

However, compared to the ideal-solution limit employed by Shchekin, Shabaev, and Ru-
sanov, the present result is essentially based on consideration of additional physical and
physicochemical constraints: (i) employment of the CNT, (ii) using specific hygric, ther-
modynamic, and interfacial properties obtained from different experimental and modelling
sources. Hence, the nonapplicability of the ideal-solution limit does not restrict the physical
generality of the SSR approach. A possible candidate for enhancement of the “degrees of
freedom” of the present approach is the solubility of the solute in the liquid film. However,
as we do not have a profound physical justification for changing the solubility, the “ideal
solution” approximation was not further examined here.
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5 Conclusions

1. In order to study the growth/shrinking of a hygroscopic nanoparticle during hydra-
tion/dehydration in a solvent vapour atmosphere, we have employed a thermodynamic
theory proposed by Shchekin, Shabaev, and Rusanov which allows the prediction of
the humidity growth factor of both (i) a homogeneous solution droplet with completely
dissolved residual core, and (ii) a heterogeneous solution droplet with partially dis-
solved residual core as a function of the ambient relative humidity.

2. For application to a nanometric sodium chloride particle placed in a water vapour at-
mosphere, we have extended the theory as follows: (i) consideration of the nonideality
of the solution through the dependence of the molecular volumes of the solvent and
solute molecules in the solution on the solution concentration, (ii) consideration of the
nonideality of the solution in the determination of the solute and solvent activities, (iii)
derivation of a CNT-based governing equation for the estimation of the efflorescence
properties of a homogeneous solution droplet.

3. It was demonstrated how the solution/solute interface energy and the correlation
length of a thin solution film can be determined from a combination of experimen-
tally determinable efflorescence and deliquescence humidities with the present cal-
culus. The solution/solute interface energy was found to be in close agreement with
the value proposed by Gao et al. (2007); the correlation length was found to be about
1 nm, which is somewhat higher than previous estimated from the literature. Consid-
ering the combination of an extensive calculus, a comprehensive set of thermophysi-
cal constraints, and independent ERH/DRH measurements as function of dry particle
size, the obtained values of both the solution/solute interface energy and the corre-
lation length scale are surprisingly close to previous estimations. This reflects a sat-
isfying degree of “self-consistency” of the present approach allowing the retrieval of
microscopic interfacial parameters from macroscopic humidity measurements. It also
shows the crucial role that humidity metrology plays for the theoretical description of
the water uptake by nanometric particles.
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4. The question of interest of the present study was the theoretical description of phase
transitions of soluble nanoparticles. These particles are suspended in ambient air,
which is thermodynamically controlled by macroscopic parameters, namely tempera-
ture and relative humidity. The empirical size dependence of deliquescence and ef-
florescence humidities on nanometric scales underlying the present approach under-
pins the great importance of high-accuracy measurements of nanometric particles
under well-controlled thermohumid conditions. Such technically elaborate measure-
ments are a prerequiste for (i) the estimation of interface parameters, (ii) for further
enhancement of theoretical concepts to describe such systems, and (iii) for the as-
sessment of the predicitive power of available models especially in the heterogeneous
nucleation regime.

5. Mirabel et al. (2000) proposed a scenario of prompt deliquescence of particles relying
on the assumption that the particle being dry at the point of deliquescence. However,
this assumption does not hold for crystalline sodium chloride, which adsorbs several
monolayers of water prior to the onset of deliquescence. ‘Predeliquescent’ water ad-
sorption is considered a significant effect especially for particles smaller than 400
nm. Russell and Ming (2002, p. 311 and references therein) argued that “for deli-
quescence points at higher relative humidities, the Gibbs free energy of the phase
change should be predicted by difference of the dissolved particle compared to the
wetted particle rather than to the dry crystal. The difficulty of this approach is that
it requires describing the free energy of the adsorbed water layer and its interface,
since the surface energy of a thin adsorbed layer on a crystal of unknown geometry
is poorly constrained.” As a further challenge Russell and Ming (2002) stated the ad-
equate description of the surface energy of the interior and exterior interfaces of the
spherical shell of water enveloping the dry crystal. The authors quantified the potential
impact of variation of surface tension for finite-molecule situations by consideration of
size-dependent surface tension using simple Tolman length model. The generalised
theoretical approach proposed in the present study considers the physical require-
ments formulated by Russell and Ming (2002).
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In their Figs. 4, 5, and 10–12 Russell and Ming (2002) presented predicted hygro-
scopic growth factors of nanometric NaCl particles for their ’coated’ and ’uncoated’
deliquescence models, which at first glance differ from our predictions depicted in
Figs. 7 and 9. Depending on the chosen model, Russell and Ming (2002, Fig. 4 for
15 nm dry diameter NaCl) distinguished several equilibrium regimes. For their ’coated
particle model’ the authors found stable and metastable equilibria for the wet particle,
stable and unstable equilibria for the dry particle, unstable equilibria for partially wet
particles, and deliquescence. For the ’uncoated particle model’, the only difference in
predicted equilibria is the onset of deliquescence at a lower relative humidity. Despite
of the differences in the theoretical approaches and in the determination of the ther-
mophysical properties, both approaches, i.e., that of Russell and Ming (2002) and the
present one, describe the essential physical features of deliquescence of nanomet-
ric sodium chloride particles in agreement with available empirical findings. However,
there are remarkable differences in the description of the heterogeneous nucleation
pathway, i.e., in the hygroscopic growth of the partially wet particle. As the disjoin-
ing pressure is a continuous function of the film thickness, the predicted hygroscopic
growth of the heterogeneous particle as shown in Figs. 7 and 9 reveals a smooth
transition from the dry particle to the deliquescent point (stable equilibrium) and from
the deliquescent point to the efflorescence point (conditionally stable equilibrium). In
the approach of Russell and Ming (2002) these transitions show a more steplike be-
haviour. As the results of Russell and Ming (2002) and the ones presented here are
both based on theoretical predictions, it is not possible to draw final conclusions re-
garding the predictive power of the employed theories with respect to the transitional
behaviour in the heterogeneous regime. Nevertheless, both approaches appear to be
reconcilable with available empirical findings on the hygroscopic growth of nanomet-
ric sodium chloride particles, i.e., available laboratory data cannot rule out one or the
other prediction so far.

6. The humidification of sodium chloride particles in the initial hydration stages is very
sensitive against the specification of the disjoining pressure. While the overall shape
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of the humidity growth factor dependence on humidity does not change, the onset
of water uptake strongly depends on the disjoining pressure scale, which has been
parameterised in terms of the spreading coefficient and the correlation length scale.
The enhancement of the wettability of the particle surface leads to an earlier onset of
hygroscopic growth. However, it remains to be investigated, how an explicit consider-
ation of the dependence of the solution surface tension on the solution concentration
in the theory will quantitatively affect the prediction of the humidity growth factor11.
Also a systematic sensitivity study using “alternative” formulations of the disjoining
pressure remains to be done.

7. The calculations performed here give a theoretical explanation of the hysteresis effect
during hydration/dehydration of a hygroscopic particle originating from the onset of
the deliquescence and efflorescence transitions at different ambient humidities. Such
hysteresis brings some “memory effect” into atmospheric phase transitions and was
previously shown to affect aerosol-induced radiative forcing.

8. The retrieval of physically meaningful values of the solution/solute interface energy
and the correlation length for a tiny NaCl particle with a dry particle radius of 5 nm
from experimentally determined ERH/DRH values required the consideration of the
“nonideality” of the film solution. The employment of the “ideal solution” limit of the
solvent and solute activities did not result in physically sound numerical solutions of
the calculus, regardless of the use of alternative, physically possible interfacial param-
eters (according to parameter uncertainties).

11It should be noted that the solution surface tension in the final equations cannot be a posteriori
replaced by its concentration-dependent counterpart. Instead, the concentration-dependence of the
surface tension must be already considered in the physical formulation of the chemical potentials and
the energy balance itself. Moreover, the dependence of surface tension on concentration requires
a consistent concentration dependent disjoining pressure.
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6 Remaining questions

In order to demonstrate the feasibility of combined thermodynamic theory and CNT to de-
scribe memory effects during humidification/dehumidification of soluble nanoparticles, the
present approach had to be restricted to a special, well-characterised aqueous inorganic-
salt solution under such thermohumid conditions, for which preferably all of the required
thermophysical properties were available from authoritative sources. For such a reference
system the aqueous sodium chloride solution at T = 298K has been chosen. However,
even for this highly relevant and well-studied salt system there is still a great lack of quan-
titative insight into the properties of the NaCl surfaces such as the interfacial energy (see
SM/Section S.3.6). Systematic simulations for the whole atmospheric temperature range,
for the full size range of nanoparticles, for other aqueous salt solutions, and discussion of
applicational aspects were beyond the scope of the current study. Nevertheless, owing to
the practical relevance of these points we will add here some specific comments on remain-
ing questions:

1. Temperature dependence of deliquescence/efflorescence: There is comprehensive
phenomenological knowledge and theoretical analysis concerning the temperature
dependence of both the deliquescence and efflorescence humidities (Khvorostyanov
and Curry, 2014, Chapter 11 therein). For example, for (NH4)2SO4 Cziczo and Ab-
batt (1999, Fig. 6 therein) reported a negative temperature coefficient of the del-
iquescent humidity, dDRH/dT < 0, in the temperature range 253−303K with the
following pairs of variates: DRH = (79.1± 1)%rh@T = 298K; (81± 2)%rh@283K;
(82± 2)%rh@273K; (82± 3)%rh@263K; (83± 4)%rh@254K. Similarly, also the
temperature coefficient of the efflorescence humidity was found to be negative,
dERH/dT < 0, at least in the temperature range 253−298K with the following pairs of
variates: ERH = (33± 2)%rh@T = 298K; (37± 3)%rh@273K; (42± 4)%rh@253K;
(41± 6)%rh@238K. A detailed theoretical evaluation of the temperature depen-
dence of deliquescence and efflorescence and additional references can be found
in Khvorostyanov and Curry (2014, Chapter 11 therein).
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The theory evaluated in the present paper does not contain any restrictions con-
cerning the applicable temperature range. However, the challenge in application of
the model is the providence of the required experimentally determined thermophys-
ical input properties in the extended temperature range, especially in the super-
cooled regime. For the surface tensions of pure water, aqueous sodium chloride, and
ammonium sulphate solutions there are appropriate correlation functions available
(e.g., Seinfeld and Pandis, 2006, Section 17.1.3 therein, Kalová and Mares, 2012,
Khvorostyanov and Curry, 2014, Section 4.4.5 therein).
The temperature dependence of the solubility for different inorganic salts can
be found in Seinfeld and Pandis (2006, Section 10.2.1 therein), however, with-
out explicit information on the allowed temperature range for application. Based
on the Khvorostyanov–Curry (KC) model of deliquescent-heterogeneous freezing
Khvorostyanov and Curry (2014, Section 11.4.2, Eq. (11.4.9), Fig. 11.2 therein) de-
rived a new equation for the temperature dependence of the solubility of inorganic
salts. The authors demonstrated the applicability of this model to aqueous sodium
chloride and ammonium sulphate solutions in the temperature range −40◦C≤ ϑ≤
100◦C. In addition, the temperature dependence of the relative deviation of the KC
model predictions from measured data has been quantified.
Similarly, Khvorostyanov and Curry (2014, Section 11.4.3, Fig. 11.3 therein) derived
an expression for the temperature dependence of the water activity in the limiting case
of an ideal solution. For an aqueous ammonium sulphate solution the authors found
very good agreement of the KC predictions with measured water activities in the tem-
perature range 240K≤ T ≤ 370K.
Importantly, the empirical characterisation and theoretical description of several
water–salt systems published in previous studies such as those performed by
Khvorostyanov and Curry (2014, Chapter 11, Figs. 11.1–11.4, see also references
therein) can be used as reference data for systematic model-to-model intercompari-
son studies.
In the limiting case of ’thick’ solution films (vanishing disjoining pressure), all simu-
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lations should agree for the same thermophysical input data. The main focus of the
present model is on the description of thin-film systems, allowing the treatment of
size effects of deliquescence and efflorescence, which are very important in the early
stages of water uptake. Additional empirical and modelling data for the temperature-
dependence of deliquescence and efflorescene in the limiting case of bulk systems
can be used, e.g., to formulate additional mathematical constraints for the determi-
nation of hygroscopic and interface properties of ambient aerosol systems (see item
4). Further efforts in this direction should also aim at the demonstation, that differ-
ent theoretical approaches to solve identical questions of interest (the same chemical
composition and size of the aerosol system under the same thermohumid conditions)
are physically reconcilable and consistent among each other.

2. Thermophysical properties: The solute supersaturation, S(α) = as,effl/as,sat, defined
as the ratio of the salt activity at efflorescence, as,effl, to the saturated activity at del-
iquescence, as,sat, has been reported to exceed values of 20−30 (depending on the
inorganic salt) at the point of homogeneous efflorescence (Khvorostyanov and Curry,
2014, pp. 548, 551 therein). Such high values pose a great challenge regarding the
molality range of experiments to determine the solution viscosity, which enters the
calculus via the activiation energy in the kinetic prefactor of the homogeneous efflo-
rescence rate.
For example, available table values for the viscosity of an aqueous sodium chlo-
ride solution are usually restricted to molalities not exceeding the saturation molality,
m≤ms,sat = 6molkg−1 (see SM/Section S.3.5). Hence, the application of these table
values to highly supersaturated states, occuring at the point of homogeneous efflores-
cence, is necessarily based on extrapolation with unknown uncertainty.
In the present study, the determination of the solvent and solute activitites is based
on the Ally–Braunstein statistical mechanics theory of multilayer adsorption for highly
concentrated solutions in combination with an empirical solvent activity as function of
molality (see SM/Section S.3.1). For the solvent activity a molality dependence has
been used, the validity of which is restricted to T = 298K. Hence, application of the
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calculus to the aqueous sodium chloride system at temperatures T 6= 298K requires
corresponding revision of the solvent activity formula or at least quantification of the
uncertainty of extrapolated activities and the associated model sensitivity.
For the solubility of the sodium chloride solute a temperature-dependent bulk value
has been used (see SM/Section S.3.4). For the time being nothing conclusive can
be said about a possible size-dependence of this quantity and the model sensitivity
against such dependence.
Sources of experimental data and formulations of thermophysical properties for ap-
plication of the theory to supercooled states down to the eutectic temperature are
the IAPWS pool of thermophysical properties (http://www.iapws.org/), the new Ther-
modynamic Equation Of Seawater-2010 (TEOS-10, http://www.teos-10.org/), and the
FREZCHEM database (http://www.dri.edu/frezchem).

3. Refinement of the theory: The current theory is based on the assumption that, among
others, the vapour/solution surface tension is independent of the solution concentra-
tion. In reality, the surface tension of an aqueous solution depends on the solution
molality (e.g., Seinfeld and Pandis, 2006, Section 17.1.3 therein, Khvorostyanov and
Curry, 2014, Section 4.4.5 therein). The uncertainty originating from the neglect of the
molality dependence of the solution surface tension is needed to be quantified. How-
ever, the consideration of the molality dependence of the surface tension requires a
rederivation of the whole calculus and will lead to the appearance of additional terms
in the generalised thermodynamic equilibrium equations.
Another challenge is the generalisation of the theory to a multicomponent three-
phases system, e.g., for application to describe formation of secondary organic
aerosols in the film phase.

4. Other binary aqueous solutions of unary salts and organo-salt mixtures: The variety
of atmospherically relevant aerosols containing either pure inorganic salts or mixtures
of inorganic salts with organic compounds is very large, whereat mixed states of hy-
groscopic particles have to be considered as the atmospheric normal case. In view of
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high importance of water uptake by such systems for cloud droplet activation, there
are multitudinous studies on the deliquescence and efflorescence (e.g., Cziczo and
Abbatt, 1999, Xu et al., 1998, Oatis et al., 1998, Khvorostyanov and Curry, 2014), and
hygroscopic growth of ’pure’ and ’mixed’ particle systems (e.g., Michel Flores et al.,
2012, Sjogren et al., 2007, Stock et al., 2011).
The present theory allows the simulation of water adsorption of unary salts from the
first monolayer and the reverse process, water desorption until homogeneous efflores-
cence, provided the required thermophysical properties and interface parameters are
available. As emphasised previously, a special challenge is the determination of the
disjoining pressure. Employing measured DRH and ERH values, it was demonstrated
here how these interface parameters can be estimated.
With retainment of the basic assumptions of the present theory, this monocomponent
approach can be extended to mixed hygroscopic particles by consideration of the
Zdanovskii–Stokes–Robinson (ZSR) relation for the growth factor of mixtures (e.g.,
Michel Flores et al., 2012, Sjogren et al., 2007, Stokes and Robinson, 1966, Stock
et al., 2011), which provides an additional constraint for the estimation of interface
parameters for mixed particles within the framework of the present approach. The
combination of the current theory with the ZSR relation opens a semi-empirical way to
derive interface parameters for atmospherically relevant mixed aerosol systems from
both measured volume fractions of the pure components in the mixture (e.g., using
Aerosol Mass Spectrometer) and hygroscopic growth factors of these mixed systems
(using Hygroscopic Tandem Differential Mobility Analyser) (personal communication
with L. Poulain, TROPOS Leipzig, December 19, 2014). In turn, provided that the rele-
vant interface properties are available with sufficient accuracy, the present model can
be used to predict the size- and temperature-dependent hygroscopic growth factors of
mixed particles.

5. Application in aerosoldynamical and microphysical models: Provided all necessary
thermophysical and interfacial properties of the chemical substances of interest can
be acquired, the application of the present calculus in a bin-resolved aerosoldynam-
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ical or microphysical model requires (a) the implementation of an efficient numerical
solver for the solution of the coupled transcendental equations describing the humid-
ity growth factor and the chemical composition of the aerosol system as function of
both temperature and relative humidity, or alternatively, (b) the precalculation of look-
up-tables with the corresponding values (eventually complemented by an effective
interpolation routine).
In order to decide which of the multiple (and equitable) thermodynamic states (size
and composition) a certain particle will adopt under specific thermohumid conditions
during its lifetime, one must not only know the actual temperature and humidity but
also their history, i.e., the ’memory’ of the aerosol system must be carried along the
simulation, notwithstanding that only equilibrium states are considered. In context with
the specification of the time resolution of a host model which incorporates the calculus
an analysis of the characteristic time scales to establish the Gibbs–Kelvin–Köhler and
Ostwald–Freundlich equilibria for the specific systems of interest is required.

The Supplement related to this article is available online at
doi:10.5194/acpd-0-1-2015-supplement.
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Table 1. Determination of the efflorescence radius R(ERH), the efflorescence molality m(ERH),
the efflorescence mass fraction xm(ERH), and the liquid/solid interface energy σ(αγ)

∞ according to
Eq. (7) for three different ∆ERH values (see Fig. 2).

Graph ∆ERH R(ERH) m(ERH) xm(ERH) σ
(αγ)
∞

%rh nm mol kg−1 1 J m−2

1 −1.0 7.28 15.95 0.4825 0.0894
2 0.0 7.32 15.58 0.4765 0.088
3 +1.0 7.36 15.20 0.4705 0.0866
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Table 2. Determination of the correlation length l(?) according to Eq. (7) for six possible combinations
of ∆ERH and ∆DRH values (see Fig. 3). The spreading coefficient s is added.

Graph ∆ERH ∆DRH l(?) s
%rh %rh nm J m−2

11 −1.0 −1.0 1.52 0.0676
21 0.0 −1.0 1.51 0.069
31 +1.0 −1.0 1.5 0.07
12 −1.0 0.0 0.98 0.0676
22 0.0 0.0 0.98 0.069
32 +1.0 0.0 1.05 0.07
13 −1.0 +1.0 0.7 0.0676
23 0.0 +1.0 0.7 0.069
33 +1.0 +1.0 0.7 0.07
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Figure 1. Empirically derived power law fits of the size dependence of the deliquescence and ef-
florescence relative humidity values, DRH and ERH, of NaCl particles with dry mobility equivalent
diameters in the range 6<Dm, dry/nm<60 according to Eq. (9) experimentally determined by Biskos
et al. (2006b).
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Figure 2. Function F (σ) in dependence of the solution/solute interfacial energy σ(αγ)
∞ according to

Eq. (7) for three different ERH values ERH = ERH0 + ∆ERH with ERH0 denoting the nominal value
of ERH according to the power law fit given by Eq. (9) with ∆ERH optionally assuming −1 %rh,
0 %rh, and +1 %rh, corresponding to graphs 1, 2, and 3, respectively. The sought-after value σ(αγ)

∞

is the abscissa value corresponding to the functional value F (σ)(σ
(αγ)
∞ ) = 0, indicated by the solid

horizontal line.
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possible combinations of ∆ERH and ∆DRH values according to Table 2. The sought-after value
l(?) is the abcissa value corresponding to the ordinate value F (l)(σ
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∞ ) = 0, indicated by the solid

horizontal line.
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Figure 4. Solute mass fraction xm as a function of the residual radius R′N.
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Figure 5. Chemical potential of solvent molecules in the liquid film given in thermal units, b(β→α), as
a function of the film thickness, h, according to Eq. (5) at RN = 5nm.
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Figure 6. Drop radiusR as a function of residual radiusR′N as the numerical solution of the Ostwald-
Freundlich equation (3) at RN = 5nm.
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Figure 7. Humidity growth factor GF as function of RH according to Eq. (4) for RN = 5nm. The solid
line represents the numerical solution of the GKK equation for the homogeneous solution droplet
with completely dissolved residual core, R′N = 0. The dotted curves (symbols “×” and “•’) represent
the two numerical roots of the combined Ostwald-Freundlich and Gibbs-Kelvin-Köhler equations for
the heterogeneous droplet with partially dissolved residual core, R′N 6= 0. The graph ’het equil 1’
corresponds to the thermodynamically stable heterogeneous equilibrium droplet and the graph ’het
equil 2’ to the conditionally stable heterogeneous equilibrium droplet. See also Fig. 8.
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Figure 8. Dimensionless 2-D work of droplet formation, ∆F/(kBT ), as a function of drop radius
R and the residual core radius R′N according to Eq. (1) for at RH = 78 %rh. One can see two
minima in the formation work, which are separated by a saddle point. These three characteris-
tic points represent the three equitable thermodynamic states the aerosol systems can adopt at
(T,RH)=(298K,78%rh). The first minimum at about (R′N,R)≈(4.5nm,6.5nm) corresponds to the
existence of a thermodynamically stable heterogeneous droplet, the second minimum at about
(R′N,R)≈(0nm,8.8nm) to a thermodynamically stable homogeneous solution droplet, and the sad-
dle point at about (R′N,R)≈(3nm,8.8nm) to the existence of conditionally stable heterogeneous
droplet.
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Figure 9. As in Fig. 7 but using the surface tension of pure water, σ(αβ)
∞ = 0.072J m−2.
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Figure 10. Calculated interfacial parameters as functions of σ(βγ)
∞ (with constraint s > 0). Left panel:

spreading coefficient s and correlation length l(?). Right panel: characteristic disjoining pressure
K(?) = s/l(?).
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Figure 11. Function F (σ) in dependence of the solution/solute interfacial energy σ(αγ)
∞ according to

Eq. (7) employing the “ideal solution” limit of the activity model for two different σ(αβ)
∞ values. Black

graph using σ(αβ)
∞ = 0.083J m−2, blue graph using σ(αβ)

∞ = 0.072J m−2.
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Figure 12. Function F (l) in dependence of the correlation length l(?) according to Eq. (8) employing
the “ideal solution” limit of the activity model for two different σ(αβ)

∞ values. Black graph using σ(αβ)
∞ =

0.083J m−2, blue graph using σ(αβ)
∞ = 0.072J m−2.
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