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Abstract

Persistent contrails and natural cirrus clouds often coexist in the upper troposphere
and contrails can be embedded within cirrus clouds. The present paper deals with
some questions regarding the interaction of cirrus clouds and embedded contrails. I
have selected only questions that can be answered by analytical means. I find that (1)5

the emission index for water vapour is only slightly changed when an aircraft crosses
a cirrus cloud, (2) that contrail formation is not affected by an ambient cirrus, (3) that
cirrus ice crystals entrained into the trailing wing tip vortex do not efficiently retard the
sublimation of contrail ice crystals, and (4) that cirrus can start to dissolve an embedded
contrail after a couple of hours by aggregation.10

1 Introduction

Although contrails and cirrus clouds do not have the same formation conditions, they
often occur together in the same regions because the condition for cirrus formation, ice
supersaturation, is also required for contrail persistence. Indeed, sensitive observations
with lidar instruments that are capable to detect optically very thin cirrus, including sub-15

visible cirrus, suggest that contrails mostly occur together with cirrus (Sassen, 1997;
Immler et al., 2008; Iwabuchi et al., 2012). Further, airborne lidar observations often
show backscatter peaks within cirrus clouds that can be interpreted as embedded con-
trails.

A recent study of air traffic effects in the North Atlantic on cirrus (and contrail) cov-20

erage and outgoing longwave radiation (OLR, Schumann and Graf, 2012) showed an
effect on OLR that was too large to be explainable by the additional cloud coverage due
to contrails (1 to 2 %) alone. Instead one must assume that aircraft flying through cirrus
clouds produce contrails and further effects within these natural clouds which eventu-
ally manifests itself as a significant change in OLR. These findings are consistent with25

results from radiation transfer calculations (Schumann et al., 2012).
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These results warrant to start studies concerning the interaction between cirrus
clouds and embedded contrails using numerical models and analytical calculations
where possible. To my knowledge, contrails have so far been modelled mainly as iso-
lated objects and numerical simulations of the development of contrails within cirrus
clouds have only recently been performed for the first time (Gierens and Spichtinger,5

2012). In the present paper I will present some simple analytical calculations on certain
aspects of contrail development within cirrus clouds. Generally the questions treated
are of the kind “is process P important for the interaction or not?” and these questions
can often be treated considering and comparing various time scales.

The questions treated are the following:10

– How much do ice crystals sucked through an engine change the water vapour
emission index?

– Is contrail formation within a cirrus affected by the cirrus?

– Can cirrus crystals mixed into the downward travelling wing vortex enhance the
available water mass such that the sublimation of contrail ice is efficiently re-15

tarded?

– What is the role of aggregation between cirrus and contrail ice crystals?

These questions are dealt with in several sections. A summary is given at the end and
since quite a number of calculations are performed I provide a nomenclature section
as an appendix.20

2 How much do ice crystals sucked through an engine change the water vapour
emission index?

An aircraft flying through a cirrus cloud sucks ice crystals together with air through its
engines. The ice sublimates and the resulting water vapour at engine exit adds to the
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water vapour resulting from burning kerosene; thus an enhanced emission index for
water vapour results which could affect contrail formation. How large is this effect?

Let us assume a fairly large ice mixing ratio of qc = 10−3.5. This value corresponds
to the maximum mixing ratio measured in 28 research flights (see Schiller et al., 2008,
their Fig. 2 and the second entry in their Table 2). An aircraft engine typically has an5

air fuel ratio ṁair/ṁfuel ≈ 70, and the emission index of water vapour for kerosene is
EIH2O = 1.25. With these values we find the ratio of water vapour emission at engine
exit of sublimated ice vs. emission from kerosene combustion is (ṁairqc)/(ṁfuelEIH2O).
Even with the assumed large ice mixing ratio this ratio is merely of the order percent.
Thus the contribution of sublimated cirrus ice on the water vapour emission index is10

generally negligible.

3 Is contrail formation within a cirrus affected by the cirrus?

How could a pre-existing cirrus affect contrail formation? When ambient air (i.e. cirrus
air) is mixed into the exhaust plume, the plume temperature decreases and the relative
humidity in the plume increases. Contrail formation requires that the relative humidity15

increases up to water saturation (Schmidt–Appleman criterion, see Schumann, 1996);
if water saturation is reached, the water that is condensed on the exhaust particles,
mainly on soot particles which serve as freezing nuclei, freezes and a contrail results.
If this happens within a cirrus, ice crystals are mixed into the plume and start to grow
as soon as the plume air is supersaturated with respect to ice, thereby consuming the20

excess vapour. Thus we have two competing processes affecting the plume supersat-
uration, the cooling due to mixing caused by jet dynamics and the growing ice crystals
mixed into the plume from the ambient cirrus. The latter process adds latent heat to the
plume but this effect is negligible.
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The temporal change of the saturation ratio S(t) = e(t)/e∗[T (t)] in an exhaust plume
is given as

dS
dt

=
e∗[T (t)] de

dt −e(t)de∗

dT
dT
dt

e∗[T (t)]2

=
1

e∗[T (t)]
de
dt

−S(t)
L

RvT 2

dT
dt

. (1)
5

The symbols are listed in the nomenclature section below. The second rhs term de-
scribes the change of the saturation vapour pressure due to jet cooling with a rate
dT/dt which I prescribe as a function C(t) that is determined by the entrainment of am-
bient air into the hot plume air. Since the latent heat release is a negligible contribution
to this term, it is not affected by the presence of an ambient cirrus and I do not consider10

it further.
The first rhs term describes change of S due to the change of the vapour pressure

e. This term has a jet dynamical and a microphysical component as follows:

de
dt

= GC(t)−c(t), (2)

where G is the change in vapour pressure per change in temperature of the isobarically15

expanding plume (cf. Schumann, 1996):

G =
cppEIH2O

εQ(1−η)
. (3)

The condensation function c(t) for condensation on pre-existing cirrus ice crystals can
be approximated following Gierens (2003) as

c(t) =
e−e∗

τg
(4)20
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with the crystal growth time scale τg (see, e.g. Kärcher and Lohmann, 2002; Gierens,
2003). In order to see whether an ambient cirrus affects contrail formation it suffices
to compare the two S-change rates GC(t)/e∗ and c(t)/e∗ or their inverses which can
be interpreted as the respective time scales. C(t) can be obtained from an explicit
consideration of the entrainment of ambient air into the jet where we have (Schumann,5

1996)

cp(Tjet − Tcirrus) ≈
Q(1−η)

N(t)
. (5)

N(t) is the plume dilution ratio, indicating that at plume age t the jet is composed of
one unit exhaust air and N−1 units of ambient cirrus air. In the equation above I simply
considered cp to be a constant and I neglected the enthalpy of ambient air against that10

of the hot exhaust gases which are reasonable approximations. N(t) can be approxi-
mated from engine exit up to almost 3 h plume age as a power law (Schumann et al.,
1998):

N(t) = N0(t/t0)γ (6)

where N0 = 7000 when t0 = 1 s. γ = 0.8 was successfully used by Schumann et al.15

(1998) to fit a large number of in-situ measurements. The cooling rate is then:

C(t) ≡
dTjet

dt
= −

Q(1−η)

cp
γ

N(t)t

(7)

Setting everything together and inserting the expression for G we find for the dynamic
time scale in the jet (of course the absolute value has to be taken):

τjet =
εe∗N(t)t
EIH2Opγ

= 0.62
e∗

p
N(t)t. (8)20
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In order to find a typical order of magnitude for τjet we can take t = 1 s, N = N0 = 7000

and e∗/p =O(10−3) which gives a timescale of a few seconds.
The condensation time scale can be obtained using expressions from Gierens

(2003):

τ−1
g = 1.4×10−6T 1.61p−1(se∗)1/3N 2/3

cir , (9)5

which can be inserted into Eq. (4) and gives the condensation timescale as

τcond = τg/s (10)

with s = S −1.
Figure 1 shows the ratio τcond/τjet as a function of cirrus ice crystal number con-

centration and plume age within the first second of the plume and for various ambient10

conditions. In order to yield a maximum effect of the ambient cirrus I have assumed
water saturation for the value of s. In spite of this, the ratio is much larger than one for
realistic cirrus conditions (Ncir < 10cm−3). In microphysical terms: the cirrus crystals
grow too slowly to efficiently halt the increase of plume supersaturation due to the cool-
ing. This means that contrail formation is not affected by the presence of an ambient15

cirrus cloud. A ratio of unity between the two time scales is only reached at very high
crystal concentrations, N =O(104 . . .105)cm−3. Such high concentrations are perhaps
observed in the contrails themselves. Thus it is eventually the growing contrail ice that
is able to compete with the dynamic jet cooling for affecting plume supersaturation. The
number of particles that can freeze at sufficient supersaturations in a plume is much20

higher than the number of soot particles (which usually nucleate ice first). If there were
not enough soot for letting τcond/τjet → 1 other particles would freeze until eventually
τcond/τjet = 1 (see also Kärcher and Yu, 2009) .
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4 Can cirrus crystals mixed into the downward travelling wing vortex enhance
the available water mass such that the sublimation of contrail ice is efficiently
retarded?

During the jet phase, cirrus ice crystals are entrained into the exhaust plume as en-
thalpy and water vapour are mixed in. Once the vortex pair is completely rolled up5

and starts to travel downwards, both contrail ice and cirrus ice crystals experience the
adiabatic heating in the plume and start to sublimate as soon as the in-plume rela-
tive humidity decreases below ice saturation. Now, if the contrail ice is alone present,
a certain fraction (depending mainly on initial supersaturation and temperature) of the
contrail ice crystals eventually sublimates completely (Unterstrasser and Sölch, 2010).10

When cirrus ice is present, this process could be slowed down because the large cirrus
crystals could supply water vapour without sublimating completely and the added wa-
ter vapour helps to keep the relative humidity closer to ice saturation than without the
cirrus crystals. In the following I estimate whether this can be an important process.

It suffices to compare the sublimation time scales for the two ice populations, the15

contrail ice and the cirrus ice. Let M be the ice water concentration (IWC). Then,
for a certain crystal mass distribution we can invoke the Koenig–parameterisation for
crystal growth/sublimation (Koenig, 1971) in the following form (Eq. 45 of Spichtinger
and Gierens, 2009, without corrections for ventilation and kinetic effects):

dM
dt

= aµb, (11)20

where a,b are parameters depending mainly on temperature and saturation ratio (a < 0
for S < 1), and where µb is the moment of order b of the crystal’s mass probability
density function (pdf). M itself is proportional to the first moment, M∝ µ1, and the
sublimation timescale is then

τ =
M

|dM/dt|
∝

µ1

µb
. (12)25
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The moments µk are given in Spichtinger and Gierens (2009, Eq. 24) for a log–normal
pdf, and these will be used here as well:

µk =N m̄krk(k−1)/2
0 , (13)

with crystal number density N (the pdf is normalised to the number concentration of
ice crystals), mean mass m̄ and a parameter r0 that quantifies the width of the pdf.5

With this information we can now compute the ratio of the sublimation time scales for
contrail and cirrus ice:

τcir

τcon
=

Ncirm̄cirr0,cir

Nconm̄conr0,con
·
Nconm̄

b
conr

b(b−1)/2
0,con

Ncirm̄
b
cirr

b(b−1)/2
0,cir

(14)

=
m̄1−b

cir r1−b(b−1)/2
0,cir

m̄1−b
con r

1−b(b−1)/2
0,con

.

10

The width parameters r0 of cirrus and contrail pdfs are similar (values of 2 to 4 are
typical) such that their ratio is of the order unity. The value of b is of the order 1/3 to 1/2,
such that also the exponent 1−b(b−1)/2 approximates unity; the factors involving the
width parameters can thus be safely neglected. What remains is the ratio of the mean
crystal masses, viz.:15

τcir

τcon
≈
(
m̄cir

m̄con

)(1−b)

. (15)

This ratio is typically of the order 100. Thus the effect of cirrus ice in the downward
travelling plume to halt the sublimation of the contrail ice is usually small or even neg-
ligible. This result is surprising if we compare the total ice mass concentrations in the
plume: Mcon is typically of the order 1 to 10 mgm−3 (Schumann, 2002, Fig. 11.5) while20
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that of a cirrus can reach a few 10 mgm−3 (e.g. Schiller et al., 2008). Although there
can be more cirrus ice in the contrail vortex than contrail ice itself, the reaction of the
cirrus ice to changing saturation conditions is much too slow to retard the sublimation
of the contrail ice when subsaturation is reached in the adiabatically heated plume.

5 What is the role of aggregation between cirrus and contrail ice crystals?5

After the end of the vortex phase the contrail develops further within the cirrus cloud.
There is generally a complex interaction between the two ice classes, depending on
ambient conditions, on the state of the cirrus, on the composition of the cirrus ice
crystals (heterogeneously vs. homogeneously formed ice crystals) and so on. Thus
numerical simulations are generally required to capture all these possible interactions.10

But one can at least estimate the role of aggregation between cirrus and contrail ice
crystals. In particular if the contrail is located in the lower part of a cirrus layer it is
possible that large cirrus crystals falling from above into the contrail collect contrail ice
crystals, thereby diminishing the contrail signature in the perturbed cloud.

I derive the expression for the aggregation time scale starting from the master equa-15

tion for aggregation (cf. Kienast-Sjögren et al., 2012). Assuming that contrail crystals
are depleted by aggregation with cirrus crystals and neglecting aggregation between
contrail crystals, the master equation takes the simple form:

∂n(mcon,t)
∂t

= −
∞∫
0

K (mcon,mcir)n(mcon,t)n(mcir,t)dmcir. (16)

Here, n(m,t) is a number density per infinitesimal mass interval. Using the normalized20

pdf f (m,t) = n(m,t)/N and integrating both sides over all contrail crystal masses we
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obtain:

∂Ncon(t)
∂t

= −NconNcir ×
∞∫ ∫
0

K (mcon,mcir)f (mcon,t)f (mcir,t)dmcirdmcon. (17)

The double integral can be conceived as the expectation value of K given the mass
pdfs, 〈K 〉. The aggregation time scale is then

τaggr =
Ncon

|∂Ncon/∂t|
= (Ncir〈K 〉)−1, (18)5

For the aggregation kernel I assume the following expression (Field and Heymsfield,
2003; Westbrook et al., 2004):

K = π(R2
con +R2

cir)vtEa, (19)

where vt is the fall speed of the cirrus crystals. The fall speed of the contrail crystals has
been neglected and that is the reason why I could neglect aggregation between contrail10

ice crystals in the master equation. Ea is the collision efficiency. As generally Rcon < Rcir

we may simplify the analysis by also neglecting R2
con in the expression for K . The

corresponding integral for 〈K 〉 then reduces to a single integral over the cirrus crystal
masses. The terminal velocity is usually taken proportional to Ry

cir : vt = v0(Rcir/R0)y ).
Using this we have15

τaggr = (Ncir〈R
2+y
cir 〉v0πEa)−1. (20)

y is in the range 0.7 to 1.3 depending on crystal size and habit (e.g. Heymsfield and
Iaquinta, 2000, Eq. A29), but for crystals with maximum dimension smaller than about
0.5 mm (which are much more abundant than larger ones), y is about 1.25, and the
prefactor v0 is of the order 22 700 ms−1 for a unit radius R0 = 1 m. With this parameteri-20

sation an ice crystal of R = 100 µm would fall with a speed of 23 cms−1. For a lognormal
25247
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radius pdf we can estimate 〈R3.25
cir 〉 ≈ 2R̄3.25. With Ea ≈ 0.7 we can write the following

approximation:

τaggr ≈ 4×10−5N −1
cir R̄

−3.25
cir . (21)

As shown in Fig. 2, this aggregation time scale varies between approximately 1 s
for an unrealistically high density of large crystals (the upper right corner in the figure)5

and several hours. Heymsfield and McFarquhar (2002, Fig. 4.6) present concentrations
of large crystals with Rcir > 50 µm. These have typically concentrations of 1 to 10 l−1.
Thus, aggregation timescales are typically a couple of hours, similar to timescales
needed for contrails to spatially expand several kilometres. Thus we can expect that
cirrus clouds after some hours start to remove the ice of embedded contrails (in partic-10

ular contrails at cloud bottom) via aggregation.

6 Summary

As a prooemium to more elaborate numerical studies (Gierens and Spichtinger, 2012), I
have treated several questions regarding the interaction between cirrus and embedded
contrails. Only questions that can be answered by analytical means, mainly by com-15

parison of certain timescales, have been selected. The questions and their answers
are:

Q: How much do ice crystals sucked through an engine change the water vapour
emission index?

A: The emission index of water vapour changes by a few percent at most when20

an aircraft crosses a cirrus cloud.

Q: Is contrail formation within a cirrus affected by the cirrus?

A: No. The contrail forms as if no cirrus were present.
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Q: Can cirrus crystals mixed into the downward travelling wing vortex enhance the
available water mass such that the sublimation of contrail ice is efficiently re-
tarded?

A: Hardly, although the ice mass provided by the cirrus can be larger than the ice
mass of the contrail itself. As the concentration of contrail crystals is several5

orders of magnitude larger than the concentration of cirrus crystals entrained
in the plume, the cirrus crystals react slowly on changing saturation condi-
tions and therefore have hardly any effect on the evolution of the saturation
ratio within the plume, which is driven mainly by the vortex dynamics.

Q: What is the role of aggregation between cirrus and contrail ice crystals?10

A: After a few hours it is possible that sedimenting cirrus crystals collect a signif-
icant fraction of contrail crystals (mainly for contrails embedded in the lower
part of a cirrus), and thus that the contrail dissolution is enhanced by aggre-
gation with cirrus crystals.

There are many more interesting questions regarding contrails embedded in cirrus15

clouds. To answer them is generally beyond the possibilities of analytical estimation.
Numerical simulations are then required which are the topic of another paper.

Nomenclature

a prefactor for crystal growth parameterisation
b exponent for crystal growth parameterisation
c condensation rate in terms of partial pressure (Pas−1)
cp specific heat of air (1005.7 Jkg−1 K−1)
C cooling rate due to jet expansion (Ks−1)
e partial pressure of water vapour (Pa)
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e∗ saturation (with respect to ice) partial pressure of water vapour (Pa)
Ea collision and collection efficiency (≈ 0.7)
EIH2O emission index of water vapour (1.25)

f normalised probability density function for crystal masses (kg−1)
G de/dT in an expanding plume (PaK−1)
K aggregation kernel (m3 s−1)
L latent heat of sublimation (2.8352×106 Jkg−1)
M ice water concentration (IWC, kgm−3)
ṁair/fuel air and fuel flow rates through an engine (kg s−1)
m crystal mass (kg)
m̄ mean mass of an ice crystal pdf (kg)
n number density of ice crystals per infinitesimal mass interval (m−3 kg−1)
N number density of ice crystals (m−3)
N,N0 plume dilution ratio, at unit time
p pressure (Pa)
Q calorific value of kerosene (43.2 MJkg−1)
qc ice mixing ratio (kg ice(kgair)−1)
r0 width parameter of crystal size distribution
R crystal “radius” (m)
R̄ mean crystal radius (m)
Rv gas constant of water vapour (461.5 Jkg−1 K−1)
s supersaturation with respect to ice (S −1)
S ice saturation ratio
t time or plume age (s)
T ,Tx various temperatures (K or ◦C)
vt terminal fall speed of ice crystals (ms−1)
y exponent in fall speed to radius relation
γ exponent for plume dilution parameterization
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ε ratio of molar masses of water and air (0.622)
η overall propulsion efficiency of an aircraft (≈ 0.3)
τx various process time scales (s)
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Fig. 1. Isolines of τcond/τjet, the ratio of the condensation time
scale to the jet expansion time scale vs. plume age during contrail
formation (first second) and vs. number concentration of ice crys-
tals in the ambient cirrus for various conditions: (a) T =−40◦C,
p= 300 hPa, (b) T =−50◦C, p= 250 hPa, (c) T =−60◦C, p=
200 hPa. Note that crystal number concentrations for cirrus clouds
exceeding 10 cm−3 are unrealistic. On the contrary, number con-
centrations in young contrails are of the order 104 to 105 cm−3.
Hence, contrail formation within a cirrus cloud is generally not af-
fected by the cirrus ice crystals (ratioÀ 1) but the ice crystals form-
ing and growing in the exhaust can affect the evolution of the super-
saturation almost as strongly as the expansion process does.

Fig. 1. Isolines of τcond/τjet, the ratio of the condensation time scale to the jet expansion
time scale vs. plume age during contrail formation (first second) and vs. number concentration
of ice crystals in the ambient cirrus for various conditions: (a) T =−40 ◦C, p = 300 hPa, (b)
T =−50 ◦C, p = 250 hPa, (c) T =−60 ◦C, p = 200 hPa. Note that crystal number concentrations
for cirrus clouds exceeding 10 cm−3 are unrealistic. On the contrary, number concentrations in
young contrails are of the order 104 to 105 cm−3. Hence, contrail formation within a cirrus cloud
is generally not affected by the cirrus ice crystals (ratio � 1) but the ice crystals forming and
growing in the exhaust can affect the evolution of the supersaturation almost as strongly as the
expansion process does.
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Fig. 2. Aggregation time scale for the removal of contrail ice crys-
tals by sedimenting cirrus ice crystals as a function of the mean cir-
rus crystal radius R̄cir and the cirrus crystal number concentration
Ncir. Note that only parameter combinations below the the main di-
agonal can be considered realistic in cirrus clouds; thus aggregation
timescales are typically of the order hours.

Fig. 2. Aggregation time scale for the removal of contrail ice crystals by sedimenting cirrus
ice crystals as a function of the mean cirrus crystal radius R̄cir and the cirrus crystal number
concentration Ncir. Note that only parameter combinations below the the main diagonal can
be considered realistic in cirrus clouds; thus aggregation timescales are typically of the order
hours.
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