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A. Derivation of BL Model (eqs. 1 and 2) 

Symbol 

List of symbols 

Quantity 

T System temperature 

T Bulk melting temperature of ice m 

P System pressure 

ice
wf  Fugacity of pure ice 

brine
wf̂  Fugacity of water in brine layer 

wx  Mole fraction of water in brine layer 

0,wx  Mole fraction of water in unfrozen solution 

ice
wH  Enthalpy of ice at T, P 

0,ice
wH  Enthalpy of ice at reference state 

brine
wH  Partial molar enthalpy of water in brine layer 

0,liq
wH  Enthalpy of water in unfrozen liquid solution 

brine
wV  Partial molar volume of water in brine layer 

fus
wH∆  Enthalpy change of fusion 

brine
wH∆  Enthalpy change upon formation of brine layer 

fus
wV∆  Volume change of fusion 

brine
wV∆  Volume change upon formation of brine layer 

wγ  Activity coefficient of water in brine 



 

 

 

 

 

 

 

 

 

 

At equilibrium (Tester and Modell, 1996),  

𝑑 ln 𝑓𝑤𝑖𝑐𝑒 =𝑑 ln 𝑓𝑤𝑏𝑟𝑖𝑛𝑒  (S1) 

Expanding, 

�𝜕 ln𝑓𝑤
𝑖𝑐𝑒

𝜕𝑇
�
𝑃
𝑑𝑇 + �𝜕 ln𝑓𝑤

𝑖𝑐𝑒

𝜕𝑃
�
𝑇
𝑑𝑃 = �𝜕 ln �̂�𝑤

𝑏𝑟𝑖𝑛𝑒

𝜕𝑇
�
𝑃,𝑥𝑤

𝑑𝑇 + �𝜕 ln �̂�𝑤
𝑏𝑟𝑖𝑛𝑒

𝜕𝑃
�
𝑇,𝑥𝑤

𝑑𝑃 + �𝜕 ln �̂�𝑤
𝑏𝑟𝑖𝑛𝑒

𝜕𝑥𝑤
�
𝑇,𝑃

𝑑𝑥𝑤 (S2) 

Substituting for the partial derivatives of fugacity,  
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Collecting terms,   
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we know 

𝑓𝑤𝑏𝑟𝑖𝑛𝑒 = 𝛾𝑤𝑓𝑤𝑥𝑤 (S6)  

therefore, 

vap
wf  Fugacity of water in vapor space above ice 

vap
wH∆  Enthalpy change upon vaporization 

vap
wV∆  Volume change upon vaporization 

ϕ  Liquid water fraction 

brine
wn  Moles of water in brine layer 

wn  Total number of moles of water 

sn  Number of moles of solute 

d  Thickness of liquid layer 

 V  Volume of ice sample 

A  Surface area of ice sample 

wρ  Density of water 

iceρ  Density of ice 
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and 
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Also,  

𝑑 ln 𝑓𝑤
𝑣𝑎𝑝 =𝑑 ln 𝑓𝑤𝑏𝑟𝑖𝑛𝑒 (S9) 
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Equating eqs (S5) and (S10),  
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Substituting eq (S11) into eq (S5),  
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Neglect the partial molar enthalpy and volume of mixing, and simplify. 
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Dividing through on top & bottom by ∆Vw vap and using the fact that ∆Vw fus <<∆Vw vap
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simplifies to:  

Integrating,  
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In order to calculate layer thickness we first relate xw
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 to the liquid water fraction, ϕ 

Where d is BL thickness, A and V are dimensions of the sample, and ρ is density.   



From the definition of  xw
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B. Derivation of Semi-Empirical Models for the QLL 

Table 1:  The semi-empirical models (dQLL,ln, dQLL,-1/2, dQLL,-1/3

|ln((Tm - T)/Tm))| (Tm - T)-1/2 (Tm - T)-1/3

Slope Intercept R2 Slope Intercept R2 Slope Intercept R2

Dosch 16.371 -51.919 0.8218 66.855 -19.83 0.9341 80.95 -36.155 0.9037
Doppenschmidt 10.262 -17.72 0.8208 45.757 0.0502 0.8572 53.9 10.051 0.8521
Mazzega 1.1 -2.4711 1 0.8906 0.9297 0.6744 2.2058 0.1019 0.8231
Bluhm 0.8423 -2.1323 0.9165 3.7415 -0.6945 0.9547 4.4728 -1.5471 0.9596
Pittenger 0.3151 -0.8009 0.8919 1.2272 -0.1601 0.9819 1.512 -0.4723 0.9613
Sadtchenko 2.4478 -8.231 0.9786 2.7037 0.8935 0.974 5.3146 -1.3638 0.9931

R2-weighted avg 3 4.866871 -12.9671 20.40124 -3.31141 24.01679 -4.97332

) presented in section 3 of the 
manuscript obtained based on the fit parameter data. 
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