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Abstract

A major contribution to intensity changes of tropical cyclones (TCs) is believed to be
associated with interaction with dry environmental air. However, the conditions under
which pronounced TC-environment interaction takes place are not well understood.
As a step towards improving our understanding of this problem we analyze the flow
topology of a TC in vertical wind shear in an idealized, three-dimensional, convection-
permitting numerical experiment. A set of distinct streamlines, the so-called separatri-
ces, can be identified under the assumptions of steady and layer-wise horizontal flow.
The separatrices are shown to divide the flow around the TC into distinct regions.

The separatrix structure in our numerical experiment is more complex than the well-
known flow topology of a non-divergent point vortex in uniform background flow. In
particular, one separatrix spirals inwards and ends in a limit cycle, a meso-scale divid-
ing streamline encompassing the eyewall above the inflow and below the outflow layer.
Air with the highest values of moist entropy resides within this limit cycle supporting
the notion that the eyewall is well protected from intrusion of dry environmental air de-
spite the adverse impact of the vertical wind shear. This “moist envelope” is distorted
considerably by the vertical wind shear, and the shape of the moist envelope is closely
related to the shape of the limit cycle.

A simple kinematic model based on a weakly divergent point vortex in background
flow is presented. The model is shown to capture the essence of many salient features
of the flow topology in the idealized experiment. A regime diagram representing real-
istic values of TC intensity and vertical wind shear can be constructed for this simple
model. The results indicate distinct scenarios of environmental interaction depend-
ing on the ratio of storm intensity and shear magnitude. Further implications of the
new results derived from the flow topology analysis for TCs in the real atmosphere are
discussed.
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1 Introduction
1.1 Tropical cyclone intensity and environmental air interaction

It has long been recognized that the interaction of tropical cyclones (TCs) with envi-
ronmental air can have a detrimental effect on storm intensity. The interaction can
be expected to be particularly pronounced when vertical shear of the environmental
horizontal wind is present. Vertical wind shear ensures that at some height levels the
environmental flow is distinct from the motion of the storm and considerable storm-
relative environmental flow arises at such levels (e.g. Willoughby et al., 1984; Marks
et al., 1992; Bender, 1997). This storm-relative flow then advects environmental air
towards the TC. If low moist entropy air associated with the environment can intrude
into the eyewall updrafts, then the conversion of heat into kinetic energy within the
TC’s power engine is frustrated and the storm can be expected to weaken (Tang and
Emanuel, 2010a). Moistening and warming of the environmental air before reaching
the eyewall updrafts may diminish this detrimental impact on TC intensity.

Simpson and Riehl (1958) were the first to propose that storm-relative flow “may act
as a constraint upon the hurricane heat engine”. Based on the inspection of the storm-
relative radial flow at mid-levels (their Fig. 4), they noted “a prominent movement of
environmental air through the storm” and suggested that “the vortex was ventilated by
invading colder masses of air”. This ventilation of the TC vortex by storm-relative flow
is widely invoked to explain the intensity evolution of observed storms (e.g. Willoughby
et al., 1984; Marks et al., 1992; Shelton and Molinari, 2009). Emanuel et al. (2004)
developed an empirical parameterization that attempts to account for the ventilation of
low entropy through the TC core at mid levels to include the effects of environmental
vertical wind shear in an axisymmetric model’. A somewhat related pathway of envi-
ronmental interaction in vertical shear was proposed by Frank and Ritchie (2001). In
their model, shear-induced eddy fluxes of potential temperature may erode the upper-

'This empirical parameterization is now used every hurricane season in the CHIPS forecast
model of Kerry Emanuel.
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level warm core, leading to an increase of the minimum surface pressure by hydrostatic
arguments, and thus to a decrease of TC intensity.

When considering TC-environment interaction it needs to be borne in mind that a
mature TC constitutes a strong atmospheric vortex. This is particularly true when trying
to draw conclusions from the asymmetric storm-relative flow, i.e. the storm-relative flow
from which the axisymmetric TC circulation has been subtracted. The strong swirling
winds significantly deflect the asymmetric storm-relative flow?. Air parcel trajectories
in a mature TC, of course, differ greatly from the streamlines of the asymmetric storm-
relative flow. This distinction does not always seem to be clear in a number of previous
studies. The asymmetric storm-relative flow is sometimes referred to as “cross-vortex
flow” (Willoughby et al., 1984; Black et al., 2002) or there is the tacit assumption that
air flows through the inner core (Simpson and Riehl, 1958; Bender, 1997; Zhang and
Kieu, 2006). Only for relatively weak storms and strong relative flow, however, does
it seem plausible that environmental air will actually penetrate the eyewall of a TC
(e.g. Hurricane Claudette (2003), Shelton and Molinari, 2009). The focus of this paper
is to explore the limitations of vortex-environment interaction based on the foregoing
purely kinematic considerations.

The foregoing ideas hint that a more efficient way to ingest dry environmental air
into the eyewall updrafts is through the storm’s inflow layer. Riemer et al. (2010, RMN
hereafter) have shown how the interaction of vertical shear with a mature TC can form
persistent, vortex-scale downdrafts which act to flush the inflow layer with low moist
entropy (or equivalent potential temperature, 6,) air and effectively reduce eyewall
0, values by 3K to 9K, depending on the magnitude of vertical shear. Without ex-
plicit consideration of vertical shear effects, earlier studies have shown that downdrafts

2Furthermore, the strong radial shear of the swirling winds tends to damp any asymmetry
that tries to invade the TC. This is the so-called vortex axisymmetrization process (Melander
et al., 1987; Carr and Williams, 1989) that is a well known essential ingredient in the robustness
and persistence of coherent vortex structures in quasi two-dimensional flows. This process,
however, will not be considered explicitly in this study.
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associated with individual rain bands may bring low 8, air into the inflow layer (Barnes
et al., 1983; Powell, 1990). Powell has estimated that the replenishment of this air
by surface fluxes may not be complete before reaching the eyewall and concluded
that this process could affect the intensity evolution of the storm. In a more recent
modeling study, Kimball (2006) has found that “dry environmental air above approxi-
mately 850 hPa rotates cyclonically and inward around the storm center” and may be
subsequently involved in downdrafts close to the eyewall. Two schematic diagrams
summarizing how the TC power engine may be frustrated by mid-level ventilation and
pronounced downdrafts are given in Figs. 1 and 2 of RMN.

The processes discussed above, the ventilation of eyewall convection, the erosion
of the upper-level warm core, and the depression of inflow layer 8, by downdrafts, are
widely believed to operate in real storms. The relative importance of these processes
for intensity modification is not well known and the environmental conditions under
which they may operate are not well understood. This is partly reflected by the fact that
the interaction with vertical shear and/or the presence of dry air in the vicinity of a storm
poses an enhanced forecast challenge. Dry air can be observed to impinge on TCs
(e.g. Zipser et al., 2009, tropical storm Debby), yet it has not been entirely clear how
storm intensity is affected. ldealized experiments demonstrate that dry air may wrap all
around a developing TC in quiescent environment without affecting storm intensity at
all (S. A. Braun, personal communication, 2010). Similar questions arise for TCs that
interact with the Saharan air layer (SAL)3.

Aspects of TC-environment interaction have received considerable attention on the
convective scale and the scale of individual rain bands (e.g. The Hurricane Rainband
and Intensity Change Experiment, Houze et al., 2006). We believe, however, that an
overarching framework for this problem is still lacking. The goal of the present study is
to contribute to such a framework by taking a broader-scale viewpoint and considering
the larger-scale air mass distribution around a TC.

3The effect of SAL, however, is likely more complex than providing a source of very dry air
(e.g. Dunion and Velden, 2004).
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1.2 Revisiting a horizontal and steady flow model

For steady, non-divergent flow the interaction of a vortex with the background flow gives
rise to a dividing streamline that separates the area of rotation-dominated flow from the
larger scale environment. Based on this simple fluid dynamical concept, Willoughby
et al. (1984, hereafter WMF84) proposed that for a TC in storm-relative environmental
flow “the streamline pattern is divided into a vortex core where the streamlines form a
closed gyre and the vortex envelope where they curve around the core in a wavelike
pattern” (Fig. 1). They noted further that “in the closed gyre, the air moves with the
vortex; in the envelope, environmental air passes through the vortex and around the
core”. Willoughby et al. noted clearly the existence and importance of flow boundaries
in the vicinity of a vertically sheared TC. They indicated also that the air within the
closed gyre has generally higher 8, values than outside of the gyre.

WMF84’s seminal hypothesis of separated flow regions with distinct thermodynamic
properties and its ramifications for the interaction of TCs with environmental air have
received little attention in the literature since. WMF84’s results are derived from a low
wave-number analysis of observational data from a number of flight legs within 150 km
of the storm center. Most notably, the stagnation point was not contained within the
domain considered by WMF84. We believe that it is worthwhile to revisit WMF84’s
seminal hypothesis and analyze the flow topology of a TC in vertical wind shear with a
much more complete data set from an idealized numerical experiment.

Consistent with WMF84’s analysis we will assume that the environmental flow is
layer-wise horizontal and steady. The first assumption is supported by scaling argu-
ments for large-scale tropical circulations (Charney, 1963; Holton, 2004, Ch. 11) and
is a good approximation outside of convective regions. The time scale of significant
intensity modification during vertical shear interaction in our numerical experiment is
6 h—24 h, consistent with TCs in the real atmosphere (e.g. Zehr, 2003). Changes in the
velocity field are usually small on this time scale and thus it is reasonable to assume
the flow to be steady.
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In the vicinity of the eyewall, however, both assumptions break down. In a mature TC,
vortex Rossby waves (VRWSs) and their coupling to convection and the boundary layer
are arguably the most important transient flow features in this region (Montgomery and
Kallenbach, 1997; Chen and Yau, 2001; Wang, 2002). For an intensifying TC, vortical
hot towers can be expected to be dominant features (Nguyen et al., 2008). This rich
dynamical behavior is not considered here. An extensive trajectory analysis of the
time-dependent, three-dimensional flow to quantify the mid-level ventilation of eyewall
convection in a numerical simulation of Hurricane Bonnie (1998) has been performed
by Cram et al. (2007).

A natural extension of the current study is to examine the Lagrangian coherent struc-
tures (LCS) that govern the interaction of fluid from distinct regions in the unsteady,
three-dimensional flow (e.g. Haller, 2001). First analyses of LCS in TCs have recently
been performed by Sapsis and Haller (2009) and Rutherford et al. (2010). We antic-
ipate that the analysis of LCS in a vertically sheared TC will yield further insight into
the interaction of the TC with environmental air. The current study nonetheless should
provide a useful framework for interpreting the results from an analysis of the LCS.

An outline for the paper is as follows. In Sect. 2 we present the flow topology and
its relation to distinct air masses around the vertically sheared TC in our idealized nu-
merical experiment. A simple analogue model based on a point vortex with singular
mass sink is developed in Sect. 3. This model is shown to be able to explain the basic
features of the flow topology in the idealized numerical experiment. Section 4 consid-
ers application of the analogue model to the problem of TC-environment interaction.
Conclusions are presented in Sect. 5.

2 Flow topology in an idealized numerical experiment of TC — shear interaction

We analyze the flow topology of a mature TC in an idealized numerical experiment.
The experiment analyzed herein is the 15mps case of RMN. The Regional Atmospheric
Modeling System (RAMS, Pielke et al., 1992; Cotton et al., 2003) was used to perform
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this experiment. We have deliberately employed a very simple set of parametrizations,
most importantly a bulk aerodynamic formulation for the surface fluxes and warm-rain
microphysics. For a detailed description of the RAMS and the experimental setup the
reader is referred to RMN. Our experiment considers a TC that has been spun up
in quiescent environment on an f-plane for 48 h. After this time the TC has reached
an intensity4 of 68ms™" and is suddenly exposed to a zonal wind profile with vertical
shear. The zonal wind profile has a vertical, cosine structure with zero winds at the
surface and 15ms™" easterlies at 12 km and above. After the environmental shear flow
is imposed, the TC starts moving to the west, with a small southward component, with
an average translation speed of 5 ms™.

Distinct changes in the TC structure occur a few hours after shear is imposed. The
structural changes and their important connection to the thermodynamic impact on the
TC inflow layer have been examined in detail in RMN. In response to the vertical shear
forcing the TC vortex settles quickly into a quasi-equilibrium tilt direction left of the shear
vector’. The vorticity anomaly associated with the tilt of the outer vortex at low levels
contributes to the formation of a pronounced convective asymmetry outside of the eye-
wall, reminiscent of the stationary band complex (SBC) defined by WMF84. The SBC
extends outwards up to a radius of approx. 180 km and wraps from the downshear-right
at low levels to the downshear to downshear-left quadrants at upper levels. Strong and
persistent, vortex-scale downdrafts form underneath the helical SBC updrafts. These
downdrafts flush the inflow layer with low 8, air in the downshear-left semicircle. RMN
argue that, to first order, it is this flushing of the inflow layer with low 6, that governs
the intensity evolution of the vertically sheared TC. While the TC in the reference run
without vertical wind shear continues to intensify rapidly, the intensity of the TC in the
15mps case remains approximately constant in the first 8 h—10 h after the shear is im-

*In RMN and in this study, intensity is defined as the maximum azimuthal mean tangential
wind at 1 km height.

®In RMN, the tilt is defined as the vector difference between the location of the vorticity
centroids at 10 km and 1 km height.
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posed. With ongoing flushing of low 8, air into the inflow layer, TC intensity decreases

by 15 ms~" in the subsequent 12 h.

2.1 Analyzed flow topology

The correct frame of reference is of immanent importance for the analysis of the flow
topology under the assumption of steady flow (see, e.g., Fig. 3 of Dunkerton et al.
(2009) and the accompanying discussion on pages 5624—-5625). In our case, this is the
frame of reference moving with the mature storm. We thus use data in a storm-relative
frame of reference. A square domain of 2450 km side length centered on the TCC is
considered, using data from the innermost grid (5 km resolution) where available and
from the outer domains (15 km and 45 km resolution, respectively) elsewhere. Data is
averaged over a 6 h period from 3 h—8 h after the shear was imposed. During this time,
the structure and the intensity of the TC are approximately steady.

The flow topology is analyzed by calculating the streamlines that pass through the
stagnation point. These streamlines constitute the hyperbolic manifolds of the flow,
also referred to as separatrices (Ottino, 1989). If the flow were non-divergent, a closed
streamline would emanate from the stagnation point, the so-called dividing streamline.
The algorithm of Ide et al. (2002) is applied to linearize the velocity field in the vicinity
of the stagnation point and to determine the location of the stagnation point. The
stable (unstable) manifolds are found by forward (backward) integration of the steady,
layer-wise horizontal velocity field, using a second-order Runge-Kutta scheme with a
spatial increment of 2.5 km. The manifolds are seeded along the eigendirections of the
linearized velocity field at a distance of 1 grid point (5 km) from the stagnation point.

®The center is defined as the centroid of vorticity averaged over the lowest 2km in a square
with a side length of 120 km around the surface pressure minimum.
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2.1.1

We first provide an overview of the flow topology before examining its relation to the air
mass distribution in the vicinity of the TC. The flow topology at low-levels above the in-
flow layer (z = 2km), at mid-levels (z = 5km), at upper-levels (z =8 km), and just below
the outflow layer (z = 10 km) will be considered in the following. The radial profiles of
the azimuthally averaged tangential winds at these levels are shown in Fig. 2. As can
be expected, the maximum tangential winds, as well as the tangential winds at outer
radii, decrease with height. The shape of the radial profile is similar at all 4 levels.

The environmental storm-relative flow, calculated as the average storm-relative flow
between radii of 200 km and 1000 km, is 4.5 ms~' from 250° at 2km, 1.5 ms™' from
160° at 5km, 6.5ms™" from 100° at 8km, and 8 ms™' from 95° at 10km. The storm-
relative flow changes sign between low- and upper-levels and is minimized at mid-level
which is characteristic of a vertical shear profile with a vertical wave number 1 structure.
The strength of the tangential flow and the magnitude of the storm-relative flow at 2 km
height in our numerical experiment is comparable to one of the cases considered by
WMF84 (Hurricane David (1979), their Fig. 2), except for the direction of the storm-
relative flow. As mentioned in WMF84, the flow topology can be reoriented to adjust
for this difference.

The flow topology in our experiment and its vertical structure are shown in Fig. 3. A
comparison of the flow topology in our numerical experiment at 2km height (Fig. 3a)
with WMF84’s results (Fig. 1) reveals some notable differences. The stagnation point
is found at a radius of approx. 700 km in our case, considerably farther outside than
hypothesized by WMF84. One separatrix spirals inwards because the flow is weakly
convergent at this level. This separatrix ends in a so-called limit cycle, a closed stream-
line encompassing the strong updrafts in the inner core. In this case, the limit cycle is
analogous to the closed streamline that encompasses the inner core and contains the
‘vortex air in WMF84’s hypothesized flow topology. In contrast, the outer portion of
the separatrices are located at a considerably larger radius. These difference can be
expected to be less pronounced for less intense TCs (see Eq. (13) below).
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At 5km (Fig. 3b) and 8 km (Fig. 3c) height the vortex is weakly convergent as can be
inferred from the inward spiraling separatrix. At 10 km height (Fig. 3d), the flow is very
weakly divergent indicating the transition to the well developed outflow layer above
(not shown). As can be expected for the weaker storm-relative flow at 5km height,
the stagnation point is located at a larger radius (approx. 1000 km) than at 2 km height.
Consistent with storm-relative flow from the south, the stagnation point is located to the
west. The inner core is encompassed by a large limit cycle of approx. 150 km—200 km
radius. At 8 km and 10 km height, the stagnation points are located to the south and
within 200 km—300 km from the center. It is curious that the flow at 8 km height exhibits
3 stagnation points. Again, the location of the stagnation points is consistent with the
direction and the stronger magnitude of the storm-relative flow, and the weaker swirling
winds at these levels as compared to 2km and 5km height. At 8 km height the limit
cycle just encloses the eyewall updrafts. At 10km height, the separatrices form a
virtually closed streamline that contains the eyewall.

The analyzed flow topology is virtually identical when time averages from 2h-7 h and
4 h-9 h, respectively, are used. The general characteristics of the flow topology shown
in Fig. 3 are also found for the 6 h periods from 10 h—15h and 16 h—21 h. The temporal
differences in the details of the flow topology are discussed in Sect. 2.1.3.

2.1.2 The meso-scale environment of the eyewall

A zoomed-in version of Fig. 3, overlaid with 8, (Bolton, 1980) at each respective height
level, is shown in Fig. 4. A striking feature is that the distribution of 8 is closely related
to the flow topology above the inflow layer up to 10 km height (Figs. 4a—d). Air with the
highest values of 8, are contained within the limit cycle (2 km—-8 km height) or within
the effectively closed streamline at 10 km height.

At 2km height a clear wave number 1 asymmetry in the 8, distribution is found
(Fig. 4a). Very low values of 8, are found within a radius of 100 km south of the cen-
ter. To the north of the center, high values of 8, are found within the limit cycle and
the innermost spiral, extending to a radius of 150km. The relation between the 6,
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distribution and the flow topology strongly indicates that the storm-relative flow dis-
torts the envelope of high 8, values in the inner core region above the inflow layer at
low levels. In contrast, at 5km height the 8, distribution in the inner core is approxi-
mately symmetric, consistent with the shape and location of the limit cycle at this level
(Fig. 4b). At 8km, the highest 8, values outside of the eyewall are found southwest of
the center, approximately bounded by the separatrices.

At 10km, air with 8, values of 342K and lower appears to approach the TC from
upshear. The closed streamline at this level, however, still protects the highest 6,
values in the eyewall. The vertical motion field indicates that updrafts within the SBC
provide higher 8, air from below that is then advected to the downshear side with the
quasi-steady flow.

At upper-levels (8 km and 10km), the dividing streamline barely encompasses the
eyewall. This close approach of the separatrices to the eyewall indicates a poten-
tial “hot spot” for the interaction of the eyewall updrafts with environmental air. Note,
however, that the highest 8, values are well contained within the limit cycle. In partic-
ular, there is no indication that the eyewall “leaks”, i.e. that high 6, air is consistently
transported downshear from out of the eyewall. Furthermore, from the perspective of
the Carnot-cycle heat engine, the impact of ventilation on TC intensity is weighted by
the difference between the outflow temperature and the temperature at the ventilation
level. Ventilation at upper levels is thus not very effective in decreasing TC intensity
(Tang and Emanuel, 2010b). In the following we therefore focus on the interaction of
environmental air at low- to mid-levels.

2.1.3 Time consistency

The details of the flow topology exhibit some variability for the 6 h time averaged periods
from 10 h—15h and 16 h—21 h. For the sake of brevity we do not present the respective
figures but provide a brief description of the salient features.

For the 6 h period from 10 h—15h the separatrix spirals inwards very slowly at 2km
height and ends in a limit cycle that is larger than in Fig. 4a. This larger limit cycle
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encompasses all of the 8, air with values larger than 342 K. At 5km height there is
no stagnation point found within the domain under consideration. This is plausible
because the steering level of the TC is expected to be around 5 km height. The storm-
relative flow is small at this height and consequently the stagnation point located at a
very large radius (Eqg. 13). At 8 km height, two stagnation points are found, located in
the same region as found 6 h earlier. Both separatrices emanating from these points
spiral around the storm center once before reaching the limit cycle. At 10km height,
the flow is weakly convergent at this time. Three stagnation points are analyzed from
which 2 separatrices spiral around the center. One separatrix reaches the limit cy-
cle encompassing the eyewall directly while the other spirals around the center once
before merging into the limit cycle. The outer separatrix encompasses the eyewall
approx. 50 km further outside than from 3h—-8 h.

For the 6 h period from 16 h—21 h the separatrix structure at the individual levels is
again very similar as during the period from 3h-8h, except at 5km height. There,
the separatrix spirals slowly inwards and merges into a limit cycle with a radius of
approx. 60 km.

Although there is some variability in the details of the flow topology at different times,
the close relationship between the general separatrix structure and the distribution of
0, is verified at all time periods. Therefore, the assumption of steady flow appears to
be justified and the interpretation of the flow topology in terms of distinct streamlines is
physically meaningful.

2.2 Feeding of downdrafts by environmental air

As discussed in RMN, persistent, vortex-scale downdrafts form in the downshear to
downshear-left quadrant where precipitation from the helical SBC updrafts falls into the
unsaturated air below. Further insight into the formation of these downdrafts can be
obtained by examining the flow topology. Figure 5 indicates that the majority of the
downdrafts occur outside of the limit cycle in a region of very low &, air at 2km height
(see Fig. 4a).
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The separatrix structure and 8, distribution in Fig. 4a indicates that the downdraft
region is continuously fed with very low 8, air from the environment. This flow con-
figuration appears to have two important ramifications. The continuous supply of dry,
environmental air prevents the saturation of the air in the downdraft region due to the
evaporation of precipitation. It is therefore plausible that the downdraft pattern may
persist as a quasi-steady feature. Secondly, the flow pattern indicates that the environ-
mental air reaches the downdraft region with very little thermodynamic modification.
Evaporation of precipitation from the SBC may thus occur in very dry air, leading to the
formation of particularly vigorous downdrafts and an associated pronounced depres-
sion of the boundary layer 6.

2.3 Origin of environmental air fed into downdrafts

The separatrices derived from the steady flow identify distinct flow regions and their in-
teraction in the limit of long time scales. For the time scale relevant for TC-environment
interaction of O(1 day) only subregions of the flow domain will be involved in such in-
teraction. The extent of these subregions depend on the structure and magnitude of
the velocity field. To estimate the origin of the air that is fed into the region of persistent
downdrafts we calculate backward trajectories of the steady flow. The backward trajec-
tories are seeded at 2km height along a line segment to the south of the storm center
that approximates the central area of the downdraft region (Fig. 6). The color coding in
Fig. 6 denotes where the air parcels are located at 3h, 6 h, 9h, ... before reaching the
line segment.

Figure 6 illustrates that the source region of the environmental air that feeds the
downdraft area exhibits a pronounced asymmetric, azimuthal wave number 1 struc-
ture. For the first 12 h, the air originates almost exclusively from the west and north of
the model TC. Subsequently, air progressively reaches the downdraft region that has
spiraled around the center once. Ultimately, this air has its origin west of the TC also,
as can readily be inferred from the separatrix structure. For the first 24 h, the source
region of air interacting with the downdraft region from the south and east of the center
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is confined to a small radial area (approx. 150 km—200 km). This radial area is con-
siderably smaller than indicated by the outer separatrix, which is located at a radius
of approx. 300 km south and east of the center. The potential ramification of this pro-
nounced asymmetry of the source region of environmental air on TC intensity will be
discussed in Sect. 4.3.

3 A potential flow model for TC flow topology

Here we develop a simple analogue model that captures several principal features of
the flow topology presented in the foregoing discussion based on the idealized exper-
iment. Our analogue model is based on the well known properties of a point vortex
(e.g. Lamb, 1945) immersed in background flow, with a relatively weak mass sink. The
model is in the same spirit of Smith et al. (2000) who also used a point vortex model
to elucidate certain aspects of a TC in vertical shear. To our knowledge, the simple
model has not been considered previously to examine the interaction of TCs with their
environment.

3.1 A convergent point vortex immersed in a uniform background flow
We first consider a mass sink that is co-located with the point vortex.
3.1.1

Consider first a point vortex at the origin 0 with circulation I in a cylindrical polar coor-
dinate system with position vector x = (r,¢). The vertical vorticity is then given by

¢(x)=T6(x), (1)

where 6(x) is the two-dimensional Dirac delta function. The well-known associated
streamfunction in the horizontal plane is

Streamfunction and wind components

W, (r.9) = g @

and the tangential wind
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with correspondingly zero radial wind.

Now, instead, consider a point mass sink of strength D at the origin. This mass sink
has divergence

div(x) = D8(x). (4)

(3)

Because the flow associated with this mass sink is everywhere non-divergent save for
this singularity, the following streamfunction can be defined”:

Ya(r.@) = 2%05- (5)

Because of our desire to readily visualize the flow, we prefer the use of a streamfunction
over the velocity potential. The associated radial wind

AL
T ragp  2mr
The tangential velocity is identically zero. Hereafter, we will absorb the 27 into the
definitions of I and D, viz., " =T /27 and D" = D /27, and drop the " notation.
Since the problem of a point vortex in uniform background flow is invariant under
(static) rotation we are free to choose the direction of U. We choose the background
flow to be zonal and define ¢ = 0 to be south. Let positive U denote westerly flow.

Cyclonic and outward flow with respect to the origin is defined to be positive. The
streamfunction associated with the background flow is then

\Fbg(r, @) =Urcosg (7)

(6)

"The streamfunction is a multi-valued function for which the Riemann sheets connect at
0/2m.
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and the tangential and radial wind components, respectively, are given by

Vpg = Ucosg (8)
and
Upg = —Using. 9

3.1.2 Total streamfunction and flow visualization

Because potential flow satisfies the linear Laplace equation V2¥ =0 outside of flow
singularities we may superpose the individual solutions. The total streamfunction for a
divergent point vortex at the origin immersed in uniform background flow is then:

Y(r¢)=Y, +Ygy+W¥pg=TInr+ D +Urcose. (10)

It is clear from this equation that the term associated with the mass sink (W ;) intro-
duces a jump discon’[inuity8 of magnitude 27D when a streamline crosses the southern
semi-axis at 0/2m. The streamfunction is therefore multi-valued. Still, Eq. (10) is mean-
ingful to represent the flow field because it is differentiable and thus the wind field is
unique. The hyperbolic manifolds and the streamlines of the flow can be readily vi-
sualized when one contour line is chosen to pass through the stagnation point and a
contour interval of 2mD, or an integer fraction thereof, is used (Fig. 7).

3.2 “TC-like” vortex strength and mass sink

In this subsection we use observations and our idealized numerical experiment to give
a range of values for I' and D that best represent a TC in the point vortex framework.

8The structure of the equation for the velocity potential ® of the combined flow is essentially
the same and thus a likewise discontinuity occurs if @ were used instead of ¥ to represent the
mass source.
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3.2.1 Tangential flow

The tangential wind of the point vortex decreases as r~'. Itis well known that the radial

decrease of tangential winds in mature TCs, v¢¢, outside of the radius of maximum
winds (RMW) is generally less than r~'. A reasonable estimate of this radial structure
is

vrc=lor™,

(11)

with y ranging between 0.4 and 0.7 (Mallen et al., 2005, and references therein), and
Iy is a constant denoting the storm intensity. Much of the variability of y is believed to
be associated with the stage of the TC life cycleg. In general, the radial decay of v¢
is slowest for storms at minimal hurricane strength or weaker. The radial decrease of
tangential winds is somewhat steeper at upper-levels (Mallen et al., 2005). Due to the
different radial profiles it can be expected that the details of the flow topology of a point
vortex and a TC in background flow vary accordingly.

To investigate the general flow topology of the simple model in the context of TC —
environment interaction we believe that it is a reasonable choice to define the strength
of the point vortex by its tangential winds at 150 km. As is shown below (Sect. 3.3.1)
this radius lies in between the radius of the stagnation point and the closest approach
of the dividing streamline to the vortex center, except for strong vortices. Therefore, this
choice appears to be a good compromise between underestimating the winds at larger
radii and overestimating them at small radii. Accordingly, the associated circulation of
the point vortex will be denoted by I'45,.

The circulation of several vortices is defined to represent different TC intensities
by the following procedure. We specify the maximum wind speed according to the

There is some variability of y with radius also, consistent with the well-known fact that the
inner and outer wind fields can develop rather independently (Weatherford and Gray, 1988).
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National Hurricane Center (NHC) for a tropical depressionw, tropical storm, and cat-
egory 1, category 3, and category 5 hurricanes (Table 1). The corresponding point
vortices are referred to as TD, TS, Cat1, Cat3, and Cat5, respectively. The RMW is
setto 35km''. We use Eq. (11) with y = 0.55 to calculate the tangential wind speed at
150 km. This wind speed is then used in Eq. (3) to calculate the circulation I"45 for the
individual vortex. Compared to the generic TC profile with y = 0.55, the point vortex
overestimates the winds at 50 km by 64% and underestimates the winds at 500 km by
42%. A comparison of the point vortex profile with the radial profile of the tangential
winds in our numerical experiment is provided in Fig. 2.

To estimate whether environmental air may reach the eyewall, the overestimation of
the tangential wind speed at the radius representing the eyewall is clearly problematic.
For this estimate we consider the representation of the different TC categories by a
modified circulation, Iy, also. To calculate I'5q, the above procedure is repeated with
the winds of the point vortex matched to the TC profile at a radius of 50 km, instead of
150 km. For the 5, vortices, the approach of environmental air is likely overestimated
because of the steeper radial wind profile of the point vortex as compared to the TC
profile. Below, I" refers to I"5, unless otherwise noted.

The circulation of the point vortex may represent a TC of specified intensity up to
midlevels, around 5 km. At upper-levels the tangential winds are considerably weaker.
In conjunction with the faster radial decay of the wind speed (see above) the closest
approach of environmental air to the core region can be expected at upper-levels below
the outflow layer, consistent with the numerical results presented in Sect. 2.

%There is no minimum wind speed requirement for the NHC to declare a tropical depression.
Here we use a wind speed of 10 ms™ to characterize a relatively weak closed circulation.

"This value underestimates the RMW for tropical depressions and potentially for tropical
storms.
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3.2.2 Radial flow

The radial profile of the radial wind above the inflow layer is more variable and less doc-
umented observationally than the radial profile of the tangential winds. In this study,
we use data from our previously published idealized numerical experiments (i.e., the
no_shear, 15mps, and 20mps case of RMN) to estimate values for D. We consider
the temporal average from 4 h-9h. For all three experiments the radial flow at 150 km
is approx. 1ms~" which, according to Eq. (6), yields a value of D= -1.5x10°m?s™"
for the1point vortex model. At 50km, this value of D yields a radial inflow velocity of
3m/s™ .

It needs to be pointed out, however, that the radial profiles of the TC in the idealized
numerical experiments are not consistent with a point mass sink. For all three exper-
iments the radial inflow does not increase inside 150 km. In the no_shear and 15mps
case a radial outflow of 5ms™" is found at 50 km. There is considerable uncertainty
associated with our choice of D. Nevertheless, the results of our analysis will be shown
below to be only weakly sensitive to the choice of D over a range of reasonable values.

3.3 Flow topology

Without loss of generality, we consider a cyclonic vortex (I" > 0) in westerly background
flow (U > 0).

3.3.1 Non-divergent point vortex

By definition, the stagnation point (rg,.@s,) is found where both the tangential and
radial flow components vanish. The radial flow for the non-divergent vortex vanishes
everywhere. The radial component of the westerly background flow vanishes for ¢ =0
and ¢ =, i.e. due south and due north of the center (Eq. 9). For a c%/clonic vortex
in westerly background flow the stagnation point is located to the north'?, i.e. Gsp=T.

'2|n the Southern Hemisphere, the stagnation point is to the south.
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The condition for the cancellation of the tangential flow is

r
Vv(rsp’ (psp) + ng(rspr¢sp) = I’_ + UCOS(psp =0. (12)

sp
Using ¢4, = in Eq. (12) gives the radius of the stagnation point

r
fon = —. 13
As to be expected, for a weaker vortex and stronger background flow the stagnation
point is found closer to the center. For a “Cat1” vortex in 5 ms™ background flow the
stagnation point resides at 444 km.

The value of the streamfunction at the stagnation point is given by

r

\If(rsp,cpsp) =T (InU - 1) . (14)
The corresponding streamline that passes through the stagnation point is called the
dividing streamline. The closest approach of the dividing streamline to the point vortex
is located on the opposite side of the stagnation point, i.e. south of the vortex. The
radius of this closest approach for the non-divergent vortex, R, q, is found by equating
the streamfunction south of the vortex (¢ = 0) to the value of the dividing streamline:

r

URnd+r|and=r(|nU—1>. (15)

Equation (15) can be written as

a+lna=-1 (16)
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with @ = R,qU/T. A solution to Eq. (16) can be found numerically13: a ~0.278. Hence

we can write
r

Rnd=aU

or in terms of the radius of the stagnation point

(17)

Rog =0arsp. (18)

3.3.2 Point vortex with mass sink

We now obtain an expression for the stagnation point ( r3v cpgg’ ) in the case of the

divergent point vortex. Since the divergent flow does not project on the tangential flow,
Eq. (12) still gives the condition for the cancellation of the tangential wind component.
However, the condition for the cancellation of the radial wind components now is

b _ Usinggy =0
div
ray

Combining Eq. (12) with Eq. (19) yields:
@3 =arctan(-D/T).

(19)

(20)

Because the arc-tangent function returns values between +m/2, Eq. (20) is best
regarded as the deviation from the stagnation point in the non-divergent case
(arctan(-D/T') =0 for D =0). The equation for the azimuth of the stagnation point
in our case is then

PP =m+A, (21)

BWe have used Newton’s method with 0.2 as the initial guess and a convergence threshold
of 107*. A formal solution to Eq. (16)isa = W(e'1), with the Lambert W function W. The value
of W(e‘1), however, cannot be given analytically (wikipedia.org/wiki/Lambert_W _function).
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with A = arctan(-D/TI"). The azimuthal shift relative to the non-divergent case is gov-
erned by the ratio D /I, which is usually small for TC-like vortices. Under the condition
that D/I" < 1 we may linearize Eq. (20) to yield

A~-DJT. (22)

It is interesting to note that the direction of the azimuthal shift depends only on the

sign of D/T". For a convergent, cyclonic vortex (D <0, I > 0), the stagnation point is

shifted anticyclonically with respect to the non-divergent vortex. Usually, |D/I'| ~0.1—

0.2. Therefore, the azimuthal shift of the stagnation point is on the order of 5°~10°.
Inserting Eq. (21) into Eq. (12) yields

div _ r

= , 23

P UcosA (23)
which again can be linearized for small A:

pdiv _ r (24)

P UA=-A2+.)

To first order, the radius of the stagnatlon point does not change when a small mass
sink is introduced. To second order r p increases over its non-divergent counterpart.
The value for the streamfunction at the stagnation point

dIV div
Ve Pep ( UcosA

The above results show that the location of the stagnation point is not sensitive to the
introduction of a mass sink that is small compared to the vortex strength. Nevertheless,
the flow topology changes fundamentally. Due to the mass sink the formerly closed
streamline opens up. A direct pathway emerges through which environmental air can
spiral towards the center (Fig. 7b). We can estimate the width d of the opening as

—1) +D(m+A). (25)
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follows. In the steady case, the inflow through this opening balances the mass sink.
Due south of the center we can write

RO
/ v(rydr+2nD =0,
Ai

where R; and R, denote the radii of the inner and outer separatrix, respectively, and
v the tangential flow. We may assume that the radial interval is centered on R,4. The

value of the integral is then Ud +'In (g“LZﬁ). Expanding the logarithm in a Taylor
nd ™

series and truncating at third order, Eq. (26) reads

(26)

(U+L) d+2nD =0, (27)
Rnd
Using Eq. (17) we find
a 2unD
=- - 2
d 1+a U (28)

For the standard value D= -1.5x10° m?s™' and U =5 ms‘1, we find that d ~ 40 km.
This value compares well with the width of the opening illustrated in Fig. 7b. A close
agreement between the value derived from Eq. (28) and the actual width has been
verified for reasonable values of U and D (not shown). It is interesting to note that
within this good approximation (Eq. 28) the opening between the separatrices depends
on U and D only. It does not depend on the circulation I of the vortex.

In comparison to the (closed) dividing streamline the presence of the mass sink
causes the inward spiraling separatrix to move closer to the center. An estimate for
this inward displacement is d /2. The closest approach of the inner separatrix in the
divergent case, Ay, is then

Ry =Rna—d/2. (29)
Accordingly, an estimate for the closest approach of the outer separatrix
RSN =R,q+d/2. (30)
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3.4 Point vortex with “asymmetric”’ mass sink

We do not attempt to give the analytic solution for a point vortex with a mass sink
displaced from the center. We note that this flow configuration is not a steady-state
solution because the mass sink would tend to be advected by the swirling winds of the
point vortex. We use this flow configuration as an ad-hoc explanation for the occurrence
of the limit cycle found in the flow topology of the idealized model TC (Fig. 3a).

The asymmetric convergence at low-levels in our idealized numerical experiment is
associated with the SBC (not shown). At 2 km height, the SBC is located approximately
north of the center. The centroid of convergence upon averaging azimuthally over the
northern semicircle is at 120 km. In the point vortex model the mass sink is therefore
placed due north at 120 km radius.

For the special case of a mass sink located on the line segment between the ori-
gin and the stagnation point, the impact on the location of the stagnation point can
be analyzed analytically. Let us denote the radial location of the mass sink as Ay,
By symmetry, the projection of the divergent flow on the tangential wind component
vanishes at the stagnation point in this case and the condition for the cancellation of
the tangential wind, Eq. (12), remains unaltered. Let (rg;”, ¢’ ) denote the location of
the stagnation point. The condition for the cancellatlon of the radial flow components
(Eq. 19) then reads

D

asy
(rsp - Rasy)

~Usin(¢g)) =0 (31)

which can be re-written as

(32)
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where
rasy
sp
Dasy =D asy (33)
I sp _Rasy
From Eq. (22) we see that
asy
Asp I sp _Hasy Rasy
asy — asy =T Tasy (34)
Asp r sp I sp

The azimuthal shift of the stagnation point in the presence of an asymmetric mass sink
is denoted by A:;y. For a radial displacement of the mass sink that is small compared
to the radius of the stagnation point, the change in azimuth of the stagnation point is
small. As we have seen before, the radius of the stagnation point does not change to
first order. Accordingly, the general structure of the flow topology outside of the radius
of the mass sink is not sensitive to its precise location or strength.

A numerical solution for the streamfunction is obtained by shifting the divergent
streamfunction (Eq. 5) to the location of the mass sink and then adding to the non-
divergent solution. The same algorithm (lde et al., 2002) as used for the numerical
experiment in Sect. 2 is applied to find the precise location of the stagnation point.
From this solution, the value of the streamfunction at the stagnation point is then de-
termined.

Figure 7c verifies that the location of the stagnation point and the structure of the
separatrices is not sensitive to the displacement of the mass sink in the regime of TC-
like point vortices (cf. Fig. 7b). Reminiscent of the limit cycle in the idealized experiment
(cf. Fig. 3a), a closed streamline emerges radially just inwards of the asymmetric mass
sink. In the case of the simple point vortex model, however, the inner separatrix spirals
into the mass sink and does not end in the putative “limit cycle”.
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4 Application of the point vortex model to TC — environment interaction

The examination of the flow topology in the previous sections demonstrates that the
potential of the storm-relative environmental flow to bring environmental air close to
the TC center is considerably limited by the deflection of the swirling winds. We now
use the simple point vortex model to estimate for which combinations of TC intensity
and storm-relative flow pronounced environmental interaction may be expected.

To apply the point vortex model, we have to assume a generic TC structure and
associated 6, distribution above the boundary layer in quiescent environment (Fig. 8).
Particularly high values of 8, are contained within the eye and the surrounding eyewall.
A typical radial scale of the eyewall is 50 km. The region adjacent to the eyewall is often
dominated by pronounced rain band activity. A typical radial scale for this region might
be related to the stagnation radius of radially propagating VRWs and is O(150 km)
(Chen and Yau, 2001). Rain bands mix high-6, air from the boundary layer into the
mid- to upper troposphere, considerably increasing 8, values in the free troposphere
as compared to the synoptic scale environment. Beyond this region, there is likely a
transition region where 8, values are still higher than in the synoptic-scale environment.
In this region, surface fluxes are enhanced due to the TC winds, which could trigger
sporadic deep convection. Strong rain bands may extend into this region also, con-
tributing to further moistening. Beyond this region, outside a radius of O(250 km), we
assume that the thermodynamic properties of the atmosphere above the inflow layer
are no longer modified by the TC. Air originating in this region is hereafter referred to as
“environmental air”. We will consider the two regimes of environmental interaction dis-
cussed in the introduction: The direct interaction of environmental air with the eyewall
and the interaction with rain bands.

The assumed 6, distribution is based on the common notion that a TC in quiescent
environment is embedded in a region of moist air, the “moist envelope” (Kimball (2006);
Braun (2010), personal communication)”. Consistent with these studies, we have

“We could not clarify the origin of the term “moist envelope”. The notion of a moist, meso-
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chosen a typical radius for environmental air of @(250 km). Our idealized numerical
experiment generally supports the existence of a moist envelope, albeit of smaller radial
extent (Fig. 4b). A radius of 250 km might therefore overestimate the extent of moist air
around the TC. The tangential winds of the point vortex, on the other hand, decay more
rapidly with radius than for a typical TC wind profile (Sect. 3.2.1). Thus, environmental
air in the point vortex model may penetrate closer to the center than for a more realistic
radial wind profile. The sharper radial decrease of the tangential winds may therefore
compensate to some degree for the potential overestimation of the moist envelope.

4.1 An estimate of potential environmental interaction based on the location of
the dividing streamline

A simple estimate of potential environmental interaction can be derived from the loca-
tion of the dividing streamline. For now, we assume that for a vertically sheared TC the
environmental air is located outside of the dividing streamline, as in WMF84. If the clos-
est approach of the dividing streamline to the center is within the rain band (150 km) or
eyewall (50 km) radius, then pronounced interaction with rain bands and eyewall con-
vection, respectively, can be expected. The closest approach of the dividing streamline
is given by Eq. (17).

We first note that Eq. (17) provides theoretical support for the hypothesis in RMN
that the “character” of shear-TC interaction scales with the ratio of TC intensity and
shear magnitude. Here, the shear magnitude is represented by the storm-relative flow
U, as discussed in the introduction.

For a given U, the storm-relative flow that is necessary to move the dividing stream-
line to a specified radius AR,y increases linearly with . For the range of values of I'
representing TC intensities from TD to Cat5, we find distinct scenarios of potential en-
vironmental interaction (Fig. 9). Direct eyewall interaction seems likely for the TD and

scale eyewall environment may originate from WMF84’s result that the 'vortex air’ is confined
to the vicinity of the TC by the swirling winds.
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TS vortices for storm-relative flow starting at ~3 ms™', while storm-relative flow well
above 10ms™ ' is necessary to move the dividing streamline to a radius of 50 km for
the Cat3 and Cat5 vortices. Estimating that the low-level storm-relative flow is approx-
imately half of the wind difference between 850 hPa and 200 hPa, i.e. the deep-layer
shear, it can be concluded that direct interaction of environmental air with the eyewall
of TCs of tropical storm intensity and below is likely in weak to moderate deep-layer
shear of 6ms™" and above. For mature TCs of category 3 or stronger, a direct inter-
action of environmental air with the eyewall is unlikely even in strong deep-layer shear
of 20ms™". Note that we have used I'5o to derive this result. Due to the slower radial
decay of the tangential winds in real TCs, these estimates are a lower bound of the
required storm-relative flow. Using larger circulation values to represent the respective
TC category, e.g. I 450, the differences between the weak and the strong TC categories
are even more pronounced (not shown). For mature storms (category 3 and above),
moderate to strong deep-layer shear is likely to promote pronounced interaction of en-
vironmental air with rain bands. Such interaction can produce persistent, vortex-scale
downdrafts leading to a considerable weakening of the storm (Fig. 5 and RMN).

The results presented above suggest that it is not only the dynamic resiliency of a TC
that increases with intensity (Jones, 1995; Reasor et al., 2004). The ability of a TC to
isolate itself from adverse thermodynamic interaction with environmental air increases
with intensity also. Very distinct scenarios of possible environmental interaction in ver-
tical shear are indicated for values of U and I" that represent realistic TC conditions in
this simplified framework.

4.2 An improved estimate of potential environmental interaction: inward flow
rate of environmental air

It is important to note that environmental air can reside within the dividing streamline
also (e.g. Fig. 4a). Potential interaction with this environmental air is not accounted
for by the estimate presented in the previous subsection. In our simple point vortex
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framework, environmental air resides within the dividing streamline when the stag-
nation radius is beyond 250km. For the Cat1 vortex, lsp > 250km for U < 8.9ms™"
(Eq. 13). Furthermore, the effect of weak convergence above the inflow layer has not
been taken into account in Sect. 4.1.

We propose that the rate ¥, by which environmental air is transported into the
rain band or eyewall region provides an improved estimate for potential environmental
interaction in our simple model. The volumetric flow rate F through an area bounded
by a curve L and unit height
F = / v,al, (35)

4

where d/ is a line segment of L and v,, is the flow normal to d/. The inflow rate of envi-
ronmental air, 7, is determined from the streamlines that connect the environmental
radius and the rain band and eyewall radius, respectively. Streamlines are calculated
that emanate along the environmental radius A, =250 km with a constant azimuthal
spacing Ag = 3°. We select a subset S, of these streamlines that exhibit radial inflow
at R, and connect to the rain band (eyewall) radius without orbiting the center. The
radial flow at radius r associated with the ith streamline of this subset is denoted by
ug;i(r). Due to mass conservation and the steadiness of the flow, 7., at the rain band
(eyewall) radius equals the radial inflow rate at the environmental radius associated
with S,

Ferw = z Usi (Renv)RenyA®. (36)
/

We exclude orbiting streamlines from our calculation because air parcels along such
paths move inwards very slowly. It seems unreasonable to assume that the flow is
approximately steady on this longer time scale. Air parcels that spiral through the
rain band region towards the eyewall are likely to interact considerably with rain bands
before reaching the eyewall. It can be assumed that this interaction moistens the en-
vironmental air considerably before eyewall interaction takes place. It is, however, an
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open question if convection outside of the eyewall is indeed vigorous enough to protect
the inner core from such slow approach of environmental air.

The values of *,,,, calculated from the point vortex with centered mass sink, are de-
picted in Fig. 10 for a large part of the phase space relevant for TCs. For comparison,
the values of U and I for which the closest approach of the dividing streamlines is at the
rain band and eyewall radius, respectively, are indicated also. The dividing streamline
apparently gives a good estimate for the onset of potential environmental interaction.
In general, low values of ¥, are found for values of [ and U for which the dividing
streamline is outside of the rainband (Fig. 10a) and eyewall radius (Fig. 10b), respec-
tively. It is clear that 7, increases with increasing U for a given circulation . For
eyewall interaction, the location of the dividing streamline denotes the onset of the in-
flow of environmental air extremely well (Fig. 10b). For the rain band region (Fig. 10a),
potential environmental interaction is slightly underestimated for strong vortices. With
this small caveat in mind, the phase space diagram of the dividing streamline location
(Fig. 9) may be used as a first, simple guidance to estimate the propensity of TC —
environment interaction.

4.3 A well defined source region of environmental air

As noted in Sect. 2.3 in the discussion of Fig. 6, the source region of environmental air
interacting with a TC may exhibit a pronounced asymmetric, azimuthal wave number 1
structure. For a Cat3 vortex with U =5.1 ms ™" the envelope of streamlines that connect
the environment to the rain band radius are overlaid on the flow topology in Fig. 11. It
is evident that the main source region of the environmental air that is transported into
the rain band region is to the northwest of the storm. Westerly storm-relative flow at
low levels indicates that such a TC would be in easterly vertical wind shear.

Now consider a region of very dry air to the southeast of the storm (shaded region
in Fig. 11). Although some of this air is located within 200 km of the TC center, the
interaction of the dry air with the TC is greatly limited in the easterly wind shear scenario
depicted in Fig. 11: the dry air is located outside of the outer dividing streamline. If the

28087

Jadedq uoissnosiq | Jadeq uoissnosiq |  Jadeq uoissnosig | Jaded uoissnosig

ACPD
10, 28057-28107, 2010

Simple kinematic
models for tropical
cyclones

M. Riemer and
M. T. Montgomery

: “““ “““


http://www.atmos-chem-phys-discuss.net
http://www.atmos-chem-phys-discuss.net/10/28057/2010/acpd-10-28057-2010-print.pdf
http://www.atmos-chem-phys-discuss.net/10/28057/2010/acpd-10-28057-2010-discussion.html
http://creativecommons.org/licenses/by/3.0/

10

15

20

25

vertical wind shear were westerly, however, the low-level storm-relative flow would be
from the east. The pattern of the flow topology would be rotated by 180° and would
indicate a pronounced intrusion of the very unfavorable dry air masses into the TC
circulation.

This brief discussion demonstrates that in the presence of moisture gradients the
adverse impact of vertical wind shear on a TC may be sensitive to the direction of the
shear. If the flow topology favors the interaction with particularly dry air masses, a
more pronounced weakening of the TC can be expected as in comparison to a shear
direction that favors interaction with relatively moist environmental air.

The interaction of TCs with the meridional gradient of planetary vorticity leads to
the formation of broad-scale vorticity asymmetries, the so-called G-gyres. In quiescent
environment, the flow associated with the (-gyres exhibits weak to moderate north-
westerly vertical wind shear on a TC (e.g. Bender, 1997; Ritchie and Frank, 2007).
Ritchie and Frank have hypothesized that this so-called -shear adds linearly to the
environmental vertical shear over the storm center. Thus, these authors have pro-
posed that TCs should be less susceptible to easterly than to westerly environmental
shear. Future work should test both hypotheses for the potential importance of the
shear direction for TC intensity change, e.g. in an idealized modeling framework.

5 Conclusions

The flow topology of an idealized TC in vertical wind shear has been examined under
the assumption of steady and layer-wise horizontal flow. Our results show that for
an intense TC the stagnation point and the associated separatrices may be found at
significantly larger radii than hypothesized by WMF84. The layer-wise horizontal flow
is weakly convergent above the inflow layer and below the outflow layer (2 km—-8 km
height). The inner separatrix spirals inwards and ends in the limit cycle, a dividing
streamline that encompasses the eyewall in our idealized experiment at all levels. The
eyewall is therefore well protected from the environment in the steady and layer-wise
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horizontal framework and interaction of the eyewall convection with environmental air
is unlikely.

The TC’s moist envelope, high 8, air that surrounds the eyewall in the inner core, is
strongly distorted by the storm-relative flow. At 2 km height the moist envelope is highly
asymmetric with very low 6, air within 100 km of the center to the downshear-left. To
the downshear-right, high 8, air extend to 150 km radius at this height. The shape of
the moist envelope is closely related to the location and shape of the limit cycle with
the highest 8, air being contained within the limit cycle.

Strong and persistent downdrafts form outside of the low-level limit cycle where pre-
cipitation from the helical SBC updrafts falls into very dry environmental air. The steady
supply of dry environmental air in this region promotes the persistence and amplitude
of the downdraft pattern. In the first 12 h following the imposition of vertical shear, air
from the north and west of the center (downshear and downshear right) feeds into the
downdraft region. Subsequently, the downdraft region is fed also by air that wraps
around the center from the east and south. Interaction with air from the east and the
south, however, is limited to a small radius (O(200 km)). This radius is even smaller
than indicated by the location of the outer separatrix at @(300 km). The source region
of the downdraft air clearly depends on the direction of the low-level storm-relative en-
vironmental flow, and thus on the shear direction. In the presence of a pronounced
environmental moisture gradient, vertical wind shear may thus promote or impede the
interaction with dry environmental air, depending on the direction of the shear vector.

A simple kinematic model based on a weakly convergent point vortex in background
flow has been presented. This simple model can explain several salient features of
the flow topology in the numerical experiment. Assuming a generic distribution of air
masses around the TC, the potential for environmental interaction has been quantified
by the inflow rate of environmental air to the radius of rain band and eyewall interac-
tion, respectively. The location of the dividing streamline provides a very simple, yet
good approximation for the propensity of environmental interaction. The closest ap-
proach of the dividing streamline to the vortex center is proportional to the ratio of the
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vortex strength and the storm-relative flow. Under the assumption that the low-level
storm-relative flow is approximately half of the deep-layer shear, distinct scenarios of
possible environmental interaction are indicated for the range of point vortices and
background flows that represent typical conditions of TCs in vertical wind shear. Our
results suggest that it is not only the dynamic resiliency of a TC that increases with
intensity (Jones, 1995; Reasor et al., 2004). The ability of a TC to isolate itself from
adverse thermodynamic interaction with dry environmental air increases considerably
with intensity also.

Appendix A

Relative importance of D and U for environmental interaction

The representation of the weakly divergent flow above the TC inflow layer by a singular
mass sink is associated with considerable uncertainty (see Sect. 3.2.2). The relative
importance of the divergent and storm-relative environmental flow in forcing interaction
with environmental air is not self-evident. On the one hand, the introduction of a mass
sink inside the dividing streamline has a profound impact on the flow topology by open-
ing up a pathway for environmental air to spiral towards the vortex center. On the other
hand, the weakly divergent flow is usually much smaller than the storm-relative flow, ex-
cept very close the to mass sink. The following discussion shows that a modification of
the potential environmental interaction is dominated by variations in the storm-relative
flow rather than by variations of the divergent flow. The general features of our results
should thus hold true even in the light of the considerable uncertainty associated with
the representation of the weakly divergent flow.

An estimate of the relative importance can be obtained by comparing the rate of
change of the closest approach of the separatrix south of the vortex center, Ry, with
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U and D:
O0Rgiv a T

=—— —D A1
ou U2< +1+a ) (A1)
and
aRdiv a 7

_4 A2
oD Ul+a’ (A2)

respectively. Dividing Eq. (A1) by (A2) and replacing the differentials by small finite
changes A one obtains

149 poutp

AD = -——FRyy

(A3)
We may assume a typical variation of the storm-relative flow of AU =1 ms™'. To
change the radius of the inner separatrix by the same amount, AD needs to be
—22x10°m?s™" and -0.7x10°m?*s™" at 150 km and 50 km, respectively. Here we
have approximated Hgi‘\’,t by R4, Which underestimates the values of AD. The AD val-

ues correspond to a relative change of the standard value of D = -1.5x10°m?s™" of
150% and 50%, respectively. The relative importance of the divergent flow increases
with smaller Ry,, consistent with stronger radial divergent flow at smaller radii. The
large relative change of D as compared to a relatively small change of AU =1 ms™’,
however, shows that changes in the location of the inner separatrix are dominated by
variations in the storm-relative flow rather than by variations of the divergent flow.

Considering *,,, over a range of values of U and D for specified [ (not shown)
confirms that the variation of Ry, with U and D is indeed a good approximation for
the relative importance of the weakly divergent and the storm-relative flow. When
connecting streamlines orbit the center completely, however, *,,,, is constrained by
D alone. In this case, the inflow is confined in between the same streamline and,
due to mass conservation, this inflow has to be balanced by the mass sink D. For
slowly inward spiraling streamlines, however, our assumptions of steady and layer-wise
horizontal flow are likely to break down, as discussed in Sect. 4.2.
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Table 1. Definition of model vortices based on NHC TC intensity.

TD TS Catl Cat3 Cats
VNHC [ms™] 10 17 33 50 70
Ms [10°m?s™"] 41 7.0 136 205 288
Mo [10°m%s™'] 6.7 115 222 337 47.2
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Fig. 1. Willoughby et al.’s hypothesized flow topology of a mature TC in northeasterly storm-
relative environmental flow above the inflow layer (their Fig. 18). The closed gyre around the
center is supposed to contain the moist “vortex air” while drier environmental air is found outside

the dividing streamline.
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Fig. 2. Azimuthally averaged radial profiles of tangential winds for the no_shear case of RMN
at 2km (solid), 5km (dotted), 8 km (dashed), and 10 km (dash-dotted), averaged over a 6h
period after 48 h of spin up. These profiles represent the TC wind structure at the time at which
shear is imposed. For comparison, the profile for the Cat1 point vortex (red) is shown outside
of 50 km.
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Fig. 3. Stagnation points (black dots) and separatrices at 2km (a), 5km (b), 8km (c), and 10km (d) height. The
eyewall updrafts are indicated by the dark red shading (1 ms - ), light red shading denotes vertical motion of 0.25 ms™".
The storm-relative flow is 4.5ms™" from 250° in (a), 1.5ms™" from 160° in (b), 6.5ms™" from 100° in (c), and 8 ms™"
from 95° in (d). 0° denotes north. The storm-relative flow is calculated as the averaged flow between 200 km and
1000 km radius. The values are rounded to 0.5ms™" and 5°, respectively. All fields are from the 15mps run of RMN
and averaged from 3h-8 h. The horizontal scale is in km; note the larger scale at 5km height in (b). It is interesting to
note that at 5 km height one branch of the unstable manifold does not extent away from the stagnation point. At 8km

height, 3 stagnation points are diagnosed.
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Fig. 4. Zoomed-in version of Fig. 3, including 8, (color shaded) and vertical motion (thin contour
= 0.25ms™", thick contour = 1 ms‘1).
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Fig. 5. Downdrafts (colored) and flow topology at 2 km and updrafts at 8 km (contours, thin =
0.25ms™", thick = 1 ms'1). Note that the limit cycle appears as a “thick contour” also because
the manifold is plotted several times in a very similar location. The horizontal scale is in km.
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Fig. 6. Backward trajectories at 2km seeded along a line segment (thick black line south of
the center) approximating the central area of the downdraft region shown in Fig. 5. The colors
denote the time it takes to reach the downdraft region. The gray lines exemplify some individual
streamlines. The horizontal scale is in km.
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Fig. 7. (a) Streamlines of a stationary point vortex with a circulation of 33.7x10~°> m? s~ (Cat3, see Table 1) in 5ms™"

westerly background flow. The strength of the vortex and the storm-relative flow is similar as in the idealized numerical
experiment at 2km height (cf. Fig. 3a). The streamline passing through the stagnation point (black dot), the dividing
streamline or so-called separatrix, is highlighted. The horizontal scale is in km. The gray rings denote radii 50 km,
150 km, and 250 km, respectively. (b) Same as (a) but for a weakly convergent point vortex with D = —1.5x 10 m2s™".
The mass sink is marked by the crossed circle. (c) Same as (b), but for a mass sink that is displaced 120 km to the
north of the center. The emerging “limit cycle” is highlighted.
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Fig. 8. Schematic of the generic structure of a TC in quiescent environment and possible en-
vironmental conditions. Gray shading indicates 6, values, with darker shades denoting higher

0, air (see text for details).

midlatitude
Intrusion

28104

Jadeq uoissnosiq | Jadeq uoissnosiq | J4edeq uoissnosiq | Jaded uoissnosi(

ACPD
10, 2805728107, 2010

Simple kinematic
models for tropical
cyclones

M. Riemer and
M. T. Montgomery

1] i


http://www.atmos-chem-phys-discuss.net
http://www.atmos-chem-phys-discuss.net/10/28057/2010/acpd-10-28057-2010-print.pdf
http://www.atmos-chem-phys-discuss.net/10/28057/2010/acpd-10-28057-2010-discussion.html
http://creativecommons.org/licenses/by/3.0/

30 L L L i

- e Cat5 i

- e (Cat3 1

e Cat1 ]

251 oTS .

A . 1D ]

E L 4

g 200 ]

= L ]

Q L ]
o=

15~ s

© L “‘\ |

5 AQ0 ¥

20- -

X N ]

& L ]

_Q | -

circulation in 10% m2s-!

Fig. 9. The sloping lines denote the closest radius of the dividing streamline for a combina-
tion of circulation (abscissa) and storm-relative flow (ordinate). For eyewall interaction the TC
categories are defined by I 5, for rain band interaction I 5, is used (see Sect. 3.2.1). The TC
categories are highlighted by the shaded dots. The red shading indicates the regime of eyewall
interaction for weak and mature TCs (as defined in Table 1), respectively. Yellow shading indi-
cates the regime of rain band interaction for mature TCs. The eyewall radius (50 km), 100 km,
the rain band radius (150 km), and 200 km are depicted (from top to bottom).
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Fig. 10. Inflow rate of environmental air, 7., (in 10° m®s™"), at the radius of 150 km indicating
rain band interaction (a) and at 50 km indicating eyewall interaction (b) as a function of circula-
tion I' (abscissa) and storm-relative flow U (ordinate). Values are calculated for the point vortex
with centered mass sink (D = -1.5x 1075 m? 3'1). The solid line denotes the values of I' and U
for which the closest distance of the dividing streamline from the center is at the rain band (a)
and eyewall (b) radius, respectively (cf. Fig. 9).
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Fig. 11. Same as Fig. 7b, but for a Cat1 vortex in westerly storm-relative flow of U = 5.1 ms™".

The dashed curves denote the outermost streamlines for which environmental air reaches the
“rain band” region in this scenario. The source region of air that interacts with the TC is indi-
cated to the northwest. The area shaded in blue indicates a hypothetical region of very dry
environmental air.
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