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S1 Homogeneous ice nucleation and 𝜅-Köhler theory 25 

To estimate the homogeneous ice nucleation temperature for supercooled aqueous solution droplets, we employ a similar 

approach to the original K15 model. This method provides an estimate for the homogeneous temperature of pure water 

droplets i.e., those forming from wholly insoluble particles 𝜅 = 0. Here, we extend this analysis to include particles that 

are not wholly insoluble (𝜅 ≠ 0), where the activity of the surrounding solution depends implicitly on the ambient 

conditions through the wet particle diameter, 𝑑w = 𝑑w(𝑆v, T) and explicitly on the particle properties, 𝑑d and 𝜅, as described 30 

in Sect. 2.2 of the main text. Regardless, homogeneous ice nucleation is governed by the central expression 

 

j = J ∙𝑉w,                                                                                   (S1) 

 

where j is the freezing rate (ice nucleation events per second), which is given as a product of the freezing rate coefficient J 35 

(ice nucleation events per unit volume per unit time) and the liquid water volume, 𝑉w = 
4

3
π(r3- rd

3). Assuming that a droplet 

entirely freezes when an ice nucleation event occurs within its volume, j is constrained as the number of droplets freezing 

per unit time. Previous studies have demonstrated that for typical cloud droplets with diameters of ~μm and homogeneous 

ice nucleation temperatures of ~235 K, ln(J) scales inversely proportional to temperature (Murray et al., 2010). If we 

consider a number of identical droplets within a cooling contrail, while plume temperatures are above the common 40 

homogeneous ice nucleation temperature (T > Thom), although 𝑉w is maximised, j is limited by small J. As the contrail cools 

and transitions towards Thom, high plume cooling rates (< -10 K/s) lead to a sharp increase in J, maximising j. During the 

ice nucleation event, 𝑉w is quickly depleted, and j returns to 0. Incidentally, if the droplet size distribution is monomodal, 

it is typically narrow enough to conform to the same narrative. Based on this semi-quantitative analysis, it is appropriate 

to assume a pulse-like nature of j and characterise the freezing event by defining a characteristic freezing timescale, 45 

 

τfrz
-1 =

∂ln(j)

∂t
≈

∂ln(J)

∂T

dT

dt
,                                                                            (S2) 

 

where we have assumed that changes in ln(𝑉w) are much slower than changes in ln(J). Using Eq. (S2), we can transform 

Eq. (S1) to estimate the frozen droplet fraction 𝜆 (Murray et al., 2012).  50 

 

λ = 1 − e−J𝜏frzVw .                                             (S3) 

 

For the below analysis, we choose λ = 1 – δ (δ = 10-20 ~ 0) in line with previous studies (Kärcher et al., 2015; Lewellen, 

2020) and evaluate τfrz
-1  according to Eq. (S2). We use the freezing rate coefficient described by Koop et al. (2000), which 55 

depends inter alia on the activity of the solution, 𝐽 = 𝐽(𝑎w). For a given particle type defined by 𝑑d and 𝜅 and at a given 

temperature, T, first we evaluate 𝑑w and 𝑆v for saturation ratios 𝑆v < 𝑆v,c. Next, we evaluate 𝐽 = 𝐽(𝑆v, 𝑇) according to the 

relations outlined in Koop et al. (2000) using an internal droplet pressure (P) parameterization (Marcolli, 2020). This 

enables us to evaluate P = P (𝑆v, 𝑇) for saturation ratios 𝑆v < 𝑆v,c. We can then finally determine the critical saturation 
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ratio, 𝑆v,hom at which we satisfy our predefined threshold, λ ~ 1. This critical saturation ratio represents approximate 60 

conditions for homogeneous ice nucleation within the given particle mode.  

 

Figure S1: illustrative ice nucleation temperature as predicted using J parametrizations from Koop et al. (2000) using the 

methodology outlined in Kärcher et al. (2015). Particle properties have been taken from Table. 1 in the main text, assuming a 

sulphur-rich (𝜿 = 0.5) vPM mode with dg,vPM = 4 nm. Several contrail mixing lines have also been presented with G = 1.64.  65 

In Fig. S1, we show the critical saturation ratios required from particle activation and homogeneous ice nucleation, 𝑆v,c 

and 𝑆v,hom respectively, for the three particle modes outlined in Table. 1 of the main text for a sulphur-rich vPM mode. 

The paths traced by 𝑆v,hom = 𝑆v,hom(𝑇) are also commonly known as “Koop line” freezing thresholds as described by 

Koop et al. (2000) and in other literature (Baumgartner et al., 2022). For a given particle type, if the ambient conditions lie 

in the region above the relevant Koop line, the solution droplets are able to freeze homogeneously. The Koop line termini 70 

are indicated using coloured markers on Fig. S1, these identify the temperatures beyond which the condition on λ is no 

longer achieved; for temperatures below the termini, 𝑆v,hom asymptotically approaches 𝑆v,c.We have also shown three 

contrail mixing lines at three different ambient temperatures corresponding to ∆𝑇SAC of 0 K, 5 K and 10 K. Fig. S1 enables 

us to determine, for a given particle type, whether particle activation or homogeneous ice nucleation is likely to occur first 

during the contrail mixing process. We find that for the nvPM and vPM modes (brown and blue lines, respectively), every 75 

feasible contrail mixing line first surpasses the critical saturation ratio for droplet activation (bisects 𝑆v,c) before entering 

the region above the relevant Koop line. For that reason, we conclude that for the majority of vPM and nvPM particles, 

droplet activation takes place prior to homogeneous ice nucleation. The same conclusion is met for the hygroscopic ambient 

mode, however for small ∆𝑇SAC ~ 0.1 K, it is possible that a small fraction of the larger particles may freeze homogeneously 

before they are considered activated. In conclusion, we find that for the three types of particles investigated within this 80 

work, we are justified in assuming that particle activation occurs prior to homogeneous ice nucleation.  
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S2 Radial growth equation 

The growth or evaporation of droplets by diffusion of water vapour is described by the radial growth law which may be 

expressed in the general form (Seinfeld and Pandis, 2016) 85 

𝑑𝑟

𝑑𝑡
=

𝐺

𝑟
(𝑆e − 𝑆v) ,                             (S4) 

where 𝑆e is the ambient (environmental) saturation ratio, 𝑆v is the equilibrium water saturation ratio above the particle (see 

Sect. 2.2 of the main text) and 𝐺 is a growth coefficient. The growth coefficient may be expressed as the sum of two terms, 

the first of which is associated with heat conduction and the second is associated with water vapour diffusivity (Rogers and 

Yau, 1996) 90 

 

𝐺 =
1

𝐹k+𝐹d
;  𝐹k =

𝑙w𝜌w

4𝑘a
′ 𝑇

(
𝑙w𝑀w

𝑅𝑇
− 1) , 𝐹d =

𝜌w𝑅𝑇

4𝑒s
0𝐷w

′ 𝑀w
,                                    (S5) 

 

where 𝑙w is the latent heat of evaporation of water. Parameters 𝐷w
′  and 𝑘a

′  represent the modified diffusivity (𝐷w) and 

thermal conductivity (𝑘a), respectively, accounting for non-continuum effects as (Pruppacher and Klett, 2010) 95 

 

𝑘a
′ = 𝑘a [1 +

𝑘𝑎

𝛼T𝑟𝜌w𝑐𝑝
√

2𝜋𝑀a

𝑅𝑇
]⁄ ; 𝑘a = 10−3(4.39 + 0.071𝑇),                                           (S6) 

𝐷w
′ = 𝐷w [1 +

𝐷w

𝛼C𝑟
√

2𝜋𝑀a

𝑅𝑇
]⁄ ; 𝐷w = 2.11 × 10−5 (

𝑇

273.15
)

1.94
(

𝑃0

𝑃T
),                                                            (S7) 

where we have introduced the heat capacity 𝑐p and the thermal accommodation and condensation coefficients, 𝛼C and 𝛼T 

respectively (𝑃0 = 101325 Pa). And, for the purposes of this work, we assume fixed coefficients 𝛼T = 𝛼C = 1. If the effects 100 

of diffusivity are much greater than thermal conductivity (i.e., 𝐹d >> 𝐹k), we can simplify Eq. (S4) and rearrange it into 

the equivalent form 

 

𝑑𝑟

𝑑𝑡
=

A

b2𝑟w + 1
; A =

𝜐𝜈̅𝑛w
𝑠𝑎𝑡𝛼w

4
(𝑆e − 𝑆v), b2 =

𝜈̅

4𝐷w
,                                           (S8) 

 105 

where 𝜈̅ is the mean molecular thermal speed and 𝜐 is the molar volume of water. This definition is employed when solving 

the 𝐿w integral within the K15 approach (Ford, 1998, p.20076; Kärcher et al., 2006; Kärcher and Lohmann, 2003) as the 

functional dependence on rw makes Eq. (S8) more tractable than Eq. (S4).  

 

 110 
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S3 Limiting behaviour of 𝜅-Köhler theory 

We know that the maximum hygroscopicity parameter is on the order 𝜅 ~ 1. Using this value, Eq. (7) in the main text 115 

collapses to 

 

𝑆𝑣 =
𝑑w

3 −𝑑d
3

𝑑w
3 𝑒

(
4𝜎s𝑀w

𝑅𝑇𝜌w𝑑w
)
.                                             (S9) 

 

To identify the critical wet particle diameter, 𝑑w,c, we can differentiate Eq. (S9) with respect to 𝑑w and set the result equal 120 

to zero. 

 

𝑑𝑆v

𝑑𝑑w
=

3𝑒
𝑎

𝑑w

𝑑w
−

𝑒
𝑎
w(−𝑑d

3+𝑑w
3 )

𝑑w
5 −

3𝑒
𝑎
w(−𝑑𝑑

3+𝑑w
3 )

𝑑w
4 = 0;    𝑎 =

4𝜎𝑠𝑀w

𝑅𝑇𝜌w
,                                                         (S10) 

𝑑w,c =
21 3⁄ 𝑑d

3

(𝑑d
3a3+√−4𝑑d

9a3+𝑑d
6a6)

1
3

+
(𝑑d

3a3+√−4𝑑d
9a3+𝑑d

6a6)

1
3

21 3⁄ a
.                                                (S11) 

 125 

To recover the critical water saturation ratio, we can introduce the result from Eq. (S11) into Eq. (S9), which gives us an 

analytic expression for 𝑆v,c = 𝑆v,c(𝑎, 𝑑d , 𝜅 = 1). We find that this analytical function is monotonic, and the solution 

asymptotically approaches 𝑆v,c → 1 in the limit 𝑑p → ∞, in agreement with numerical solution used in this work. Therefore, 

we have demonstrated that within the 𝜅-Köhler framework, even highly hygroscopic materials (𝜅~1) cannot achieve 

critical water saturation ratios that are equivalent to or fall below unity. Only surfaces with zero curvature (plane surfaces) 130 

are capable of condensing water at ambient water saturation ratios of unity; for particles with finite diameters, the equality 

𝑆v,c > 1, is always satisfied. 

 

 

 135 

 

 

 

 

 140 
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S4 Extension to lognormal distributions 

In the analysis in Sect. 2 of the main text, we have presented arguments under the assumption that all particles within a 

contrail mixing plume are identical and therefore share the common properties (𝑑d , 𝜅), which define their activation 

behaviour. Although this approach is sufficient to gain an insight into the relevance of particle properties, most of the 

results presented hereafter in this work rely on – and can only be interpreted by - a more sophisticated description of particle 145 

properties. To that end, we define a particle type according to its particle size distribution (PSD) (Seinfeld and Pandis, 

2016) 

 

𝑑𝑁

𝑑 ln 𝑑d
=

𝑁t

√2𝜋 ln 𝜎g
𝑒

[−
(ln 𝑑d−ln 𝑑g)

2

2(ln 𝜎g)
2 ]

,                                                             (S12) 

 150 

where 𝑁t represents the total number of particles, 𝜎g represents the geometric standard deviation (GSD) of the distribution 

and 𝑑g represents the geometric mean diameter (GMD). Incidentally, the description used in Sect. 2 of the main text is 

equivalent to taking Eq. (S12) in the limit 𝜎g → 1, which represents an infinitely narrow distribution comprising particles 

with a uniform diameter 𝑑𝑑 = 𝑑g. Assuming that a given particle type comprises particles with uniform composition and 

mixing state, we assert that a particle type may be fully described if the properties of its PSD (𝑑g, 𝜎g, 𝑁t) and its total 155 

hygroscopicity parameter are known. A consequence of departing from the simplistic description of an infinitely narrow 

PSD, is that for a given ambient saturation ratio, it is no longer the case that either all or none of the particles are activated 

(Boolean-type), but rather that some proportion of the particles will be activated. From Sect. 2 of the main text, we know 

that the critical saturation ratio for activation may be determined if the particle diameter, total hygroscopicity parameter 

and ambient temperature are known, 𝑆v,c = 𝑆v,c(𝑇, 𝑑d , 𝜅). Similarly, this relationship may be inverted to estimate the 160 

critical particle diameter, 𝑑d,c, required for activation for a given ambient saturation ratio, 𝑑d,c = 𝑑d,c(𝑇, 𝑆v, 𝜅). Because 

the relationship is monotonic, we know that for a given ambient saturation ratio 𝑆𝑣 , all particles with 𝑑d > 𝑑d,c will be able 

to activate. Therefore, for a particle type defined by a total hygroscopicity parameter 𝜅 and PSD properties (𝑑g, 𝜎g, 𝑁t), the 

number of particles that can activate at a given ambient water saturation ratio, 𝑆v, is given by the truncated integral of Eq. 

(S12) as 165 

 

𝑁 = ∫
𝑁t

√2𝜋 ln 𝜎g
𝑒

[−
(ln 𝑑d−ln 𝑑g)

2

2(ln 𝜎g)
2 ]

∞

𝑑d,c(𝑇,𝑆v,𝜅)
𝑑 ln 𝑑d .                                                (S13) 

 

After changing variables and performing the integration, we arrive at a modified form of the lognormal cumulative 

distribution function which uses the error function (erf) 170 

 

𝑁 =
𝑁t

2
[1 − erf (

(ln 𝑑d,c(𝑇,𝑆v,𝜅)−ln 𝑑g)
2

2(ln 𝜎g)
2 )].                                               (S14) 
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S5 K15 model extension: particle modes  175 

To extend the description of the ambient particle mode used in K15, results from the global aerosol-climate model 

ECHAM-HAM (Zhang et al., 2012) were obtained. This model categorises particles into seven classes according to their 

size and solubility (Vignati et al., 2004): insoluble coarse mode particles and insoluble/soluble nucleation, accumulation 

and Aitken mode particles. Each class is described by a GMD and GSD and, as an approximation, soluble and insoluble 

modes are prescribed conservative hygroscopicity parameters of 0.5 and 0 respectively. For the purposes of this work, 180 

ECHAM-HAM data for year 2018 were interpolated at the mean altitude of waypoints that satisfied the SAC (Spire 

Aviation, 2024).  

 

 

Figure S2: (a) anticipated activated particle number concentration for the original and updated ambient particle modes. 185 

Activation of the small, soluble nucleation mode is highlighted, resulting in a pronounced increase in the number concentration 

of activated particles in the plume (b) comparison of the original and updated ambient particle modes used within the K15 and 

extended K15 models respectively. 

 

In Fig. S2b, we compare the ambient particle size distribution obtained from the 7-mode ECHAM-HAM model (blue) with 190 

the single ambient mode used in the K15 model (beige). The resulting differences in particle activation are shown in Fig. 

S2a where the total number of activated particles is shown as a function of ambient supersaturation. We find that for 

moderate supersaturations (sv < 10 %) both descriptions lead to similar numbers of activated particles. However, if the 

supersaturation is able to exceed ~ 30 %, the populous soluble nucleation mode is able to activate resulting in a sharp 

increase in the number of activated particles. Under soot-poor conditions, the absence of a significant condensational sink 195 

will typically lead to greater plume supersaturations. Hence, a complete description of the ambient particle mode (including 

soluble nucleation mode particles) is critical to understanding contrail formation under these conditions (Bier et al., 2022). 

 

 

 200 
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S6 K15 model extension: activated fractions 

In the K15 model, integration over the PDF to determine activated number concentrations is approximated. The form of 

the approximation used is given by 

 

𝑁 ≈
𝑁𝑡

1+(
𝑑d,c(𝑇,𝑆v,𝜅)

𝑑g
)

𝜁,                                                       (S15) 205 

𝜁 =
4

√2𝜋
ln 𝜎g,                                                               (S16) 

 

where 𝜁 is defined as a size distribution slope parameter.  

 

Figure S3: Comparison of the K15 approximation of PDF integration versus full (analytical) solution for the three particle modes 210 

as outlined in Table. 1 of the main text.  

 

Fig. S3 shows the agreement between Eq. (S15) and Eq. (S16). Using the particle types outlined in Table. 1 of the main 

text, we find that for nvPM and ambient particle modes, the K15 approximation is valid for estimates above a 

supersaturation of ~ 10%. Below this value, the K15 approximation systematically overpredicts activated number 215 

concentrations. For the transition and soot-poor regimes, discrepancy between the K15 approximation and the full solution 

is more prominent, and agreement is only achieved for supersaturations exceeding ~ 20%. For this reason, we choose to 

use the full solution in our extended K15 model simulations.  

 

 220 
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S7 K15 model extension: numerical treatment of κ-Köhler theory 

In the K15 model, the authors estimate 𝑆v,c(𝑇, 𝑑d , 𝜅) using an approximate analytical solution derived from Eq. (7) in the 225 

main text, which takes the form 

ln 𝑆v,c = √
4

27𝜅
(

𝐴

𝑑d
)

3
;  𝐴 =

4𝜎s𝑀w

𝑅𝑇𝜌w
,                                   (S17) 

 

Although analytically tractable, Eq. (S17) is only strictly valid for estimating critical water saturation ratios provided 𝜅 > 

0.2 (Petters and Kreidenweis, 2007). Outside this range,  𝑆v,c(𝑇, 𝑑d , 𝜅) must instead be determined by numerical methods. 230 

Figure S4: Comparison of numerical versus analytical treatment of 𝜿-Köhler theory at T = 230 K.  

 

In Fig. S4, we compare the analytical and numerical approaches to estimating 𝑆v,c. Estimates have been shown for two dry 

particle diameters, 𝑑d = 5 nm and 50 nm, to highlight the size dependence. In summary, we find that the condition 𝜅 > 0.2 

is valid (i.e., the numerical and analytical approximation agree to within ~ 1%) provided 𝑑d ≳ 10 nm. The approximation 235 

collapses for smaller dry particle diameters and overpredicts the numerical result by a factor ~1.3 and ~10 for 𝑑d = 5 nm 

and 𝑑d = 1 nm (not shown) respectively (at 𝜅 = 0.2). Therefore, for the purposes of this work, the analytical model is 

strictly applicable for particles that satisfy both 𝑑d > 10 nm and 𝜅 > 0.2. Whilst these conditions are met for the majority 

of the nvPM and ambient particles considered in K15, they are not met for smaller vPM particles. Therefore, we choose to 

apply the full numerical solution to evaluate 𝑆v,c in our extended K15 model simulations, at the cost of a marginal decrease 240 

in computational efficiency.  

 

 

 

 245 
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S8 K15 model extension: microphysical term 

To determine 𝑛w
(2)(𝑡), first we need to identify the temporal dependence of 𝐿w. This is achieved by approximating the 250 

functional dependence of ṅw(t0) as (Ford, 1998)  

𝑛̇w(𝑡0) = 𝑛̇w(𝑡)𝑒
− 

𝑡− 𝑡0
τact ,                                                                                                                               (S18) 

 

where τact  is the characteristic timescale of activation within the mixing plume. This prescribes that the largest contribution 

to 𝐿w(𝑡) occurs from droplet activation and growth within a narrow activation window (t – t0) ~ τact , in a burst-like 255 

activation event. For additional justification on the form of the ansatz, the reader is directed to the original texts (Ford, 

1998; Kärcher and Lohmann, 2003). Note that Eq. (S18) allows us to define the total number of activated particles in terms 

of the nucleation rate, 𝑛w(𝑡) = 𝑛̇w(𝑡)τact. Hence, using this relation along with Eq. (S18), we can transform Eq. (25) (in 

the main text) as  

 260 

Lw  =
4𝜋

𝑛w
sat𝜐

𝑛w(𝑡)

τact
∫ d𝑟0

𝑑𝑛w

𝑑𝑟0

∞

0 ∫ 𝑒
− 

𝑡− 𝑡0
τact

t

-∞
rw
2 (t, t0)ṙw(t, t0) dt0,                                                                        (S19) 

 

where we have used the ideal gas law to redefine the prefactor in terms of 𝑛w
sat and 𝜐, the water vapor number density at 

water saturation and volume of a water molecule in supercooled water, respectively. The definition of the radial growth 

law, ṙw, is described in more detail in SI S2. Critically, our definition of the radial growth law departs from the definition 265 

used in K15 and earlier work (Ford, 1998; Kärcher and Lohmann, 2003), as we have chosen to explicitly incorporate the 

Kelvin effect. This enables us to more accurately describe water uptake by the smaller vPM mode. For efficient 

computational models, it is preferable that the solutions to Eq. (S19) are analytic, which is only possible if both integrations 

can be solved analytically. Therefore, we will next outline several approaches to solving the integrations. 

 The outer integration takes place over the activated particle size distribution. Although this can be solved 270 

numerically, there are also several approximations that can be used to yield compact analytical solutions. In the K15 model, 

the authors replace this integral using the critical droplet radius, weighted by the available number concentration of each 

particle type, 𝑟̅w,c. This approach assumes that all contributions made at time t0 are from particles with the critical radius 

𝑟w,c. However, as we have shown in Sect. 2.2 of the main text, particles with radii 𝑟 > 𝑟w,c are also able to activate. In other 

words, it is possible that this approach underestimates the mean activated particle radius at a given time t0. We explore a 275 

replacement for the first integral by using the arithmetic mean particle radius over the truncated activated size distribution, 

which is then weighted by the available number concentration of each particle type. We denote this as 𝑟̃w,c. We will later 

show under which circumstances this approach provides better agreement with the numerical solution than the original 

K15 model approach.  

Within the K15 model, the authors perform the inner integration by separating the integral into two cases (Kärcher 280 

and Lohmann, 2003). To explain the physical meaning of these cases, we first define the relaxation parameter, 𝜅w, as the 

ratio of the droplet activation and growth timescales, 𝜏act and 𝜏gw respectively,   

 

𝜅w =
𝜏act

𝜏gw
;  𝜏gw =

1

(
𝜕 ln 𝑟w

𝜕𝑡
)

=
𝑟w(1+ 𝑏2𝑟w)

𝐴
,                                                                      (S20) 
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where the prefactor, A can either include or omit the Kelvin effect and is described in SI S2. This enables us to define the 285 

first case as the slow-growth regime, where particle activation dominates over droplet growth and 𝜅w < 1. The second case 

is the fast-growth regime, where droplet growth dominates over particle activation and 𝜅w > 1. These cases permit us to 

prescribe limiting behaviour in the droplet growth law, thereby eliminating the t-dependence in Eq. (S19). For a full 

description of this method, the reader is directed to Kärcher and Lohmann, 2003. When the Kelvin effect is not included 

in the growth law, analytical solutions for the inner integration can be determined in both the slow- and fast-growth regimes. 290 

On the other hand, incorporating the Kelvin effect within the radial growth law precludes an analytical approach, and the 

resulting expression can only be solved numerically. However, the slow-growth regime can still be solved analytically, and 

the solution is given by 

 

Lw  =
4𝜋𝑟̅w,c

3 𝑛w(𝑡) 

𝑛w
sat𝜏gw𝜐

(2𝜅w
2 + 2𝜅w + 1),                                                                  (S21) 295 

 

including our earlier approximating regarding the outer integration. If the Kelvin effect is omitted, it is also possible to 

solve Eq. (S19) analytically for all growth regimes as described in Kärcher et al. (2006). 
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Figure S5: variation of 𝒏𝐰
(𝟐)

 and 𝒏𝐰
(𝟏)

 with increasing plume supersaturation for TA = 215 K and G = 1.64 PaK-1 in the soot-rich 300 

regime (EInvPM = 1015 kg-1), using the particle properties for GMD, GSD and 𝜅 defined in Table of the main text. In panels (a) 

and (b), EIvPM = 0 kg-1 (as in the original K15 model) whereas in panels (c) and (d), EIvPM = 1017 kg-1. In panels (a) and (c) 𝒏𝐰
(𝟐)

 

has been computed for the slow-growth regime with inclusion (inc.) and exclusion (exc.) of the Kelvin effect. For each of these, 

the outer integral has been estimated using three approaches: solving numerically (thinner purple lines), using the B15 model 

(green lines) and using our extension (brown lines). In panels (b) and (d) 𝒏𝐰
(𝟐)

 has been computed for the fast-growth regime with 305 

inclusion (inc.) and exclusion (exc.) of the Kelvin effect. Also, results valid across all regimes have been plotted (thicker purple 

lines), excluding the Kelvin effect (Kärcher et al., 2006). In each case, the outer integral has been estimated using our extension. 

In panel (a/c) and (b/d), vertical lines have also been shown corresponding to 𝜿w = 𝟎. 𝟏 and 𝜿w = 𝟏0 respectively, defining the 

approximate limits of applicability according to Eq. (S20).  
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In Fig. S5, we have demonstrated how 𝑛w
(1)

 and 𝑛w
(2)

 vary with plume supersaturation under typical contrail-forming 310 

conditions (TA = 215 K, G = 1.64 PaK-1). These have been estimated in the soot-rich regime (EInvPM = 1015 kg-1) with and 

without vPM, using particle characteristics outlined in Table. 1 of the main text. In Fig. S5a, we show the variation of 𝑛w
(2)

 

deriving from the solutions for Lw  in the slow-growth regime. We find that within its range of validity (𝜅w < 0.1), 

incorporating the Kelvin effect can have a pronounced impact on estimates for soot-rich conditions. In all cases, inclusion 

of the Kelvin effect acts to increase the effective number of contrail ice crystals, ni. This is because inclusion of the Kelvin 315 

effect suppresses the radial growth of water droplets, see Eq. (S8). Moreover, the size-dependence of the Kelvin effect 

means that if the available particles are smaller, the effect will be more pronounced. This is illustrated in Fig. S5c, where 

the relative difference between the solid (exc. Kelvin effect) and dashed (inc. Kelvin effect) lines increases dramatically 

once vPM activation becomes dominant (for sv > 30%) and 𝑟̃w,c approaches dg,vPM. We can also use Fig. S5a to compare 

the various approaches to evaluating the outer integral. Taking the numerical approach as a benchmark, we find better 320 

agreement using our approach than the original K15 approach, provided the Kelvin effect is included. This is due to the 

exponential dependence in Eq. (7) of the main text, which is highly sensitive to the choice of mean activated particle radius 

(𝑟̅w,c or 𝑟̃w,c). However, when the Kelvin effect is omitted, both approaches provide comparable results and here we choose 

to use the original K15 approach. Additionally, we find that when the vPM mode is included, it is no longer feasible to 

estimate 𝑛w
(2)

 for the slow growth regime using the K15 approach with incorporation of the Kelvin effect. For this reason, 325 

there is no dashed green line shown in Fig. S5c.  

 In Fig. S5b and Fig. S5d, we show fast-growth regime solutions that include our outer integral extension 

with and without inclusion of the Kelvin effect. Inclusion of the Kelvin effect is relatively less impactful in the fast-growth 

regime solutions compared to the corresponding slow-growth solutions. This aligns with intuition, as when the 

microphysical term is dominated by droplet growth (as opposed to activation), the initial aerosol properties become less 330 

important (Kärcher et al., 2006). In Fig. S5b and Fig. S5d we also show the solution originally derived in Kärcher et al.  

(2006) that is valid across both regimes (albeit without inclusion of the Kelvin effect) and illustrate its consistency with the 

slow- and fast-growth solutions under their respective ranges of validity. Critically, when vPM particles are incorporated 

in the model – see Fig. S5c and Fig. S5d – the intersection of 𝑛w
(1)

 and 𝑛w
(2)

 occurs for 𝜅w > 10 and therefore should only 

be described using solutions for the fast-growth regime. For this reason, we have chosen to adopt the result outlined by 335 

Kärcher et al. (2006), which is applicable across all growth regimes. In doing so, we are forced to omit the Kelvin effect 

and our updated approach for estimating 

 

 

 340 
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S9 Model sensitivity to number of vPM modes 

In our model, we assume that all vPM particles have identical chemical composition, which is encompassed by the 

prescribed total hygroscopicity parameter, 𝜅. Due to the nature of vapour condensation in the nascent plume, it is possible 345 

that the vPM mode may be distributed into several particle types with different chemical composition (Cantin et al., 2024; 

Yu et al., 1999). To explore the impact of the aforementioned model assumption, we have divided the vPM mode into two 

distinct modes: vPM-1 and vPM-2, see Table. S1. This is consistent with experimental measurements of chemi-ions, which 

show that positive chemi-ions (vPM-2) are mostly comprised of protonated organic material (Kiendler et al., 2000b; 

Sorokin and Arnold, 2006) while negative chemi-ions (vPM-1) are mostly comprised of deprotonated acidic moieties 350 

(derivatives of nitric and sulphuric acid) (Kiendler et al., 2000a). As in our original approach, we can effectively modify 

the chemical composition of vPM-2 by altering the value of 𝜅 associated with it. Finally, we have assumed that the 

concentrations of vPM-1 and vPM-2 are equivalent (EIvPM-1 = EIvPM-2), in line with in-situ observations (Haverkamp et al., 

2004). 

Table. S1: particle properties for simulations comprising two vPM modes: vPM-1 and vPM-2.  355 

 

As anticipated, we find that when the composition of vPM-2 is purely sulphuric acid, results are equivalent to assuming a 

single vPM mode as shown in Fig. 7 of the main text (see Fig. S6). When dividing the vPM mode into a mode comprising 

sulphuric acid and another comprising organic material, AEIice estimates depend on the chemical composition of vPM-2. 

As the hygroscopicity of the vPM-2 mode is reduced, a reduced proportion of these particles activate to form water droplets 360 

(and freeze to form ice crystals). Ultimately, when the hygroscopicity of this mode has been reduced below 𝜅 = 0.01, AEIice 

derives exclusively from vPM-1. Therefore, the effective result is a reduction in AEIice. Notably, the effect of dividing the 

vPM mode in two distinct modes with different values of 𝜅 is similar to assuming a single mode with a lower mean value 

of 𝜅. Therefore, we assert that our sensitivity analysis in Fig. 9 of the main text is sufficient to cover the physical possibility 

of a more complicated, multicomponent vPM mode. Additionally (as demonstrated in Fig. S6), our model is sufficiently 365 

flexible to incorporate additional vPM complexity when the properties of this mode are experimentally grounded. 

 

 

 

Mode properties EI / kg-1 dg / nm 𝝈𝐠 / no units 𝜅 / no units 

Plume vPM-1 5 x 1016  2.5 1.3  0.5 (H2SO4) 

Plume vPM-2 5 x 1016  2.5 1.3 0 – 0.5 (organic material) 

nvPM 1012 – 1015 35 2.0 0.005 

ambient  600 cm-3 30 2.2 0.5 
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Figure S6: AEIice sensitivity to EInvPM and the chemical composition of vPM-2. Note, due to the large increase in the number of 370 

tracked size bins when incorporating the additional vPM mode, estimates at large values of EInvPM (> 1015 kg-1) could not be 

obtained.  

S10 Model sensitivity to nvPM particle size 

The properties of aircraft nvPM particles can be investigated by performing ground-based measurements behind turbofan 

engines (Saffaripour et al., 2020). Primary particle size distribution characteristics are typically determined offline, using 375 

samples collected for Transmission Electron Microscopy (TEM). Image analysis software is then used to extract 

information from individual samples, including aggregate scaling properties, the geometric mean primary particle diameter 

(𝑑g,nvPM
(p)

) and geometric standard deviation (𝜎g,nvPM
(p)

) (Sipkens et al., 2023). Using Table. 2 in Saffaripour et al. (2020), we 

have selected and/or extracted relevant primary particle size distribution characteristics for samples collected at 100% 

thrust from turbofan engines burning Jet A-1, which were obtained from TEM images. To that end, using data from (a) 380 

Liati et al. (2014): 𝑑g,nvPM
(p)

 = 17.4 nm, 𝜎g,nvPM
(p)

 = 1.54; (b) Marhaba et al. (2019): 𝑑g,nvPM
(p)

 = 13.5 nm, 𝜎g,nvPM
(p)

 = 1.50 and (c) 

Delhaye et al. (2017): 𝑑g,nvPM
(p)

 = 16.1 nm, 𝜎g,nvPM
(p)

 = 1.50, we estimate average primary particle size distribution 

characteristics 𝑑g,nvPM
(p)

 = 15.7 ± 1.6 nm and 𝜎g,nvPM
(p)

 = 1.50 ± 0.02. Given our choice of geometric mean aggregate particle 

diameter (𝑑g,nvPM
(a)

 = 35 nm), the ratio of mean primary-to-aggregate particle sizes is XR = 0.45, which is similar to the 

baseline value XR = 0.41 used in Yu et al. (2024). However, here we choose to discriminate between primary or aggregate 385 

particle size distribution characteristics using the superscript (p)/(a) as both the GMD and the GSD are modified. 

 

 

 

 390 
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Figure S7: apparent ice emission index at 230 K (hexagonal markers) and its dependence on TA and EInvPM for (a) sulphur-rich 

and (b) organic-rich volatile particles. The impact of assuming aggregate “(a)” or primary “(p)” particle size distribution 

characteristics, GMD and GSD of (35 nm, 2.0) and (15.7, 1.5) respectively, is shown. 395 

 

Fig. S7 shows AEIice sensitivity to TA, EInvPM and the choice of either nvPM primary particles or aggregates, using (a) 

sulphur-rich and (b) organic-rich vPM properties as described in Sect. 3.4 of the main text. For temperatures close to TSAC, 

AEIice is reduced if most droplets are formed via nvPM. This is because for a given plume supersaturation, more nvPM 

aggregate particles are able to activate than nvPM primary particles, due to the larger GMD and GSD. Therefore, when 400 

EInvPM = 1016 – which precludes substantial vPM activation in the case of both sulphur- and organic-rich vPM - AEIice is 

reduced by 30% when using nvPM primary particles compared to aggregates. For sulphur-rich conditions, as the minimum 

is approached from high EInvPM which implies competition between vPM and nvPM, AEIice is increased by up to 40% when 

using nvPM primary particles compared to aggregates. Again, this occurs because fewer nvPM primary particles are able 

to activate at a given supersaturation compared to aggregates, so the more numerous vPM mode is able to compete for 405 

available water vapour at a higher EInvPM.  

Overall, we find that upon changing our description from nvPM aggregates to primary particles: (i) if most water 

droplets form via nvPM, AEIice is reduced as a smaller proportion of the nvPM size distribution can activate and (ii) if a 

large proportion of droplets form via vPM (i.e., the minimum in Fig. S7), AEIice is increased as nvPM provides less 

competition for available supersaturation and (iii) for sulphur-rich vPM, (i) + (ii) lead to an effective translation of the 410 

aggregate profiles in Fig. S7 (a) towards increased EInvPM. Each of these results is qualitatively consistent with the findings 

in Yu et al. (2024). 
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S11 Pyrcel uncertainty estimate 415 

In pyrcel, changing the number of size bins for a given mode changes the discretization of particle diameters. Given the 

parameterization for activation is highly sensitive to particle diameter (see Eq. (9) in the main text), small adjustments to 

these values can therefore impact activated particle number concentrations and AEIice. During our analyses, we noticed 

that AEIice was more sensitive to the prescribed number of size bins for vPM than for nvPM. We suggest that this is likely 

a consequence of two factors. Firstly, dg,vPM is smaller than dg,nvPM (see Table. 1 in the main text) and activated number 420 

concentrations are increasingly sensitive to smaller particle diameters (see Fig. 2b in the main text). Secondly, the droplet 

and ice (see Fig. S8) particle size distributions for nvPM and vPM have different forms. For nvPM, the maximum in the 

ice particle size distribution is distinctly separated from the minimum diameter of activation. However, for vPM, the 

maximum in the ice particle size distribution is equivalent to the minimum diameter of activation. As a result, small changes 

in the quantization of size bins (that modify the minimum diameter of activation) have a large effect on the number 425 

concentration of vPM-derived ice crystals but not on the concentration of nvPM-derived ice crystals.  

For this reason, we decided to interrogate model sensitivity to the prescribed number of (n)vPM size bins. We chose to 

investigate the sensitivity under soot-poor conditions (EInvPM = 1012 kg-1) as this represents the point at which AEIice is 

maximally sensitive to vPM. Therefore, we can use the sensitivity at this point to derive maximum uncertainties. 

Accordingly, simulations were performed using a sulphur-rich plume vPM mode (according to Table. 1 in the main text), 430 

TA = 215 K and EInvPM = 1012 kg-1. When varying the number of vPM size bins, other size bin numbers were fixed at 50. 

Model sensitivity to the number of vPM size bins is shown in Fig. S9. 
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Figure S8: particle size distributions for (a) nvPM and (b) vPM illustrative of typical contrail mixing behaviour. The particle 435 

size distributions have been shown at four different temperatures during plume evolution and the phase (solid/liquid aerosol, 

liquid droplet, ice crystal) of each bin has been indicated using a different marker. 

 

Figure S9: AEIice sensitivity (normalised by EInvPM = 1012 kg-1) to the number of size bins prescribed for vPM. An envelope is 

drawn to constrain maximum errors associated with each vPM bin number.  440 
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Previously, we found that AEIice estimates were largely insensitive to the number of prescribed nvPM size bins. However, 

for vPM, we find that AEIice estimates converge with increasing numbers of size bins. By enveloping these estimates, we 

find that errors range from -10% to +9% for 150 size bins, which is the typical number used in our model simulations. 

Therefore, this represents the maximum uncertainty in our AEIice estimates. 

S12 Upper tropospheric ambient temperatures 445 

Meteorological and  Automatic Dependent Surveillance-Broadcast (ADS-B) data were obtained from Spire Aviation (Spire 

Aviation, 2024) and ECMWF respectively for the date 01/01/2019. The purpose of this analysis is to assess the upper 

tropospheric lapse rate at typical contrail-forming altitudes and comment on implications for temperature-based contrail 

avoidance. 

Figure S10: upper tropospheric lapse rate (ΔT/Δz) at the mean contrail-forming altitude obtained for flight waypoints satisfying 450 

the SAC using the Spire and ECMWF datasets for 01/01/2019.  

Figure S11: attenuation in AEIice achieved for soot-poor conditions (EInvPM = 1012 kg-1) with deviations of ± 10 flight levels from 

the mean contrail-forming altitude.  
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Fig. S10 shows how the upper tropospheric lapse rate (ΔT/Δz) calculated at the mean contrail-forming altitude (contrail 455 

waypoints that satisfy the SAC) varies as a function of longitude and latitude. We find that within the tropics (± 23.5°), the 

lapse rate is approximately – (8 ± 1) K/km; the temperature increases with a decrease in altitude. Here, ambient temperature 

changes of ~2 K are possible by reducing cruise altitudes by ± 10 flight levels (1000 ft). By contrast, in the extratropical 

regions, the lapse rate exhibits greater variation and can be positive.   

In Fig. 9 of the main text, we presented the dependence of AEIice on ambient temperature for various emissions 460 

scenarios. Using these data with the information in Fig. S10, we can estimate the reduction in AEIice (without sublimation 

losses) that could be achieved by altering flight altitudes by ± 10 flight levels. For the purpose of this discussion, we have 

focussed on the soot-poor regime, where the greatest attenuation of the apparent emission index of ice (AEIice, unadjusted / 

AEIice, with altitude adjustment) is possible (see Fig. 9 of the main text). We find that attenuations exceeding 100 are achievable in 

the tropics by reducing flight altitudes by 10 flight levels. Smaller attenuations are achievable in the extratropical regions 465 

as the ambient temperature at the mean contrail-forming altitude is cooler.  

Figure S12: attenuation in AEIice as in Fig. S11. The value of log10(AEIice) at the mean contrail-forming altitude has also been 

marked on each grid cell for reference. 
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Figure S13: absolute reduction in AEIice achieved for soot-poor conditions (EInvPM = 1012 kg-1) with deviations of ± 10 flight 

levels from the mean contrail-forming altitude. 470 

Although larger attenuations are achieved in the tropics compared to the extratropical regions, warmer ambient 

temperatures mean that absolute AEIice emissions at the mean contrail-forming altitude are typically lower, see Fig. S13. 

Absolute reductions in AEIice (AEIice, unadjusted - AEIice, with altitude adjustment) therefore provide a more suitable metric for targeting 

the most warming contrails, which are associated with larger AEIice (Teoh et al., 2022). To that end, we find that the largest 

absolute reductions in AEIice are found in the northern midlatitudes (~ 30° - 60°). This covers some of the densest regions 475 

of global air traffic, including Europe and North America (Teoh et al., 2023). Moreover, the above analysis was performed 

using meteorological data during winter in the Northern Hemisphere. During the summer months, upper tropospheric 

temperatures in the Northern Hemisphere are warmer so the potential for temperature-based mitigation in this region is 

improved. Overall, avoiding cooler regions of the atmosphere may provide an alternative strategy for contrail mitigation. 

 480 

 

 

 

 

 485 
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