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Abstract. We use convective-scale simulations of monsoonal clouds to reveal a self-similar probability density
function that underpins surface rainfall statistics. This density is independent of cloud-droplet number concen-
tration and is unchanged by aerosol perturbations. It therefore represents an invariant property of our model
with respect to cloud–aerosol interactions. For a given aerosol concentration, if the dependence of at least one
moment of the rainfall distribution on cloud-droplet number is a known input parameter, then the self-similar
density can be used to reconstruct the entire rainfall distribution to a useful degree of accuracy. In particular, we
present both single-moment and double-moment reconstructions that are able to predict the responses of the rain-
fall distributions to changes in aerosol concentration. In doing so, we show that the seemingly high-dimensional
space of possible aerosol-induced rainfall-distribution transformations can be parameterised by surprisingly few
(at most 3) independent “degrees of freedom”: the self-similar density and auxiliary information about two
moments of the rainfall distribution. Comparisons to convection-permitting forecasts of mid-latitude weather
and atmosphere-only global simulations show that the self-similar density is also independent of model physics
and background meteorology. A theoretical explanation for this invariance is given, based on numerical results
from a stochastic rainfall simulator. This suggests that, although aerosol indirect effects on any specific hydro-
meteorological system may be multifarious in terms of rainfall changes and physical mechanisms, there may,
nevertheless, be a universal constraint on the number of independent degrees of freedom needed to represent the
dependencies of rainfall on aerosols.
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1 Introduction

The indirect effects of aerosols on precipitation influence the
Earth’s hydrological, energy and geochemical cycles on a
range of timescales. Moreover, because of diversity in model
representations of aerosol–cloud interactions, they are a large
source of uncertainty in weather and climate predictions.

These uncertainties have their proximal origins in what is es-
sentially an engineering problem: different communities of
developers have adopted discrepant approaches for encoding
aerosol indirect effects into their models. However, these dis-
crepancies are in part rooted in a lack of scientific consensus
as to the mechanisms by which aerosols affect clouds and
precipitation. These discrepancies were starkly highlighted
by Khain et al. (2008), who reviewed a large number of ear-
lier studies and classified them according to whether increas-
ing the concentration of aerosols increased or decreased the
surface precipitation. They concluded that the precipitation
response depends on such a large range of factors, includ-
ing the macro-scale cloud regime, cloud microphysics and
the thermal and dynamic conditions of the ambient atmo-
sphere, and that a general, system-independent answer to the
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following question is not possible: do aerosols increase or
decrease precipitation? Furthermore, Stevens and Feingold
(2009) suggested that the answer to this question may of-
ten be “neither” because systems of clouds adjust to counter-
act the aerosol-induced changes in precipitation. This implies
that although an individual cloud may have a large response
to aerosols, changes in the amount of precipitation average
over an area may be much smaller. This was illustrated by
Seifert et al. (2012), who showed that aerosols had negligi-
ble effects on precipitation over a range of regional numerical
weather predictions.

In the absence of a general theory, much research has fo-
cused on elucidating the physical mechanisms that determine
the precipitation response (or lack thereof) on a case-by-
case basis. Khain et al. (2008) suggested that this could be
done by considering how, for each specific system, the vari-
ous sources and sinks of condensed water respond to aerosol
perturbations. If the precipitation rate adjusts over time to a
slowly varying state in which sources and sinks of conden-
sate approximately cancel out, then an aerosol change which
increases the sources more than it increases the sinks will
necessarily lead to an increase in the amount of precipita-
tion. Therefore, if we consider two systems both precipitat-
ing at rate P and subject one to an aerosol perturbation, the
perturbed system will evolve to a new state with a (possi-
bly) different precipitation rate, P + δP , where δP is due to
a change in the net source of condensate relative to the un-
perturbed system. If we denote the response of the rate of
production of condensate to an aerosol perturbation by δG
and the response of the loss rate by δL, then response of the
mean precipitation rate, P , can be written heuristically as

δP = δG− δL. (1)

The mean precipitation, P , therefore increases or decreases
according to whether δG−δL is positive or negative. In gen-
eral, δG is due to changes in condensation and atmospheric
dynamics (i.e. convergence), and δL is due to changes
in evaporation and dynamics. In general the responses of
these factors are strongly coupled and are highly system-
dependent, from which the diversity in aerosol indirect ef-
fects originates. As an example of this diversity, we may
follow Khain et al. (2008) in contrasting subtropical stra-
tocumulus with tropical deep convection over oceans. Stra-
tocumulus clouds, when capped by drier air in the free tro-
posphere, exist in an evaporation-dominated regime, where
an increase in aerosol concentration increases drying of the
boundary layer due to enhanced cloud-top mixing (Acker-
man et al., 2004; Xue and Feingold, 2006). By contrast, be-
cause maritime deep convective clouds exist in humid envi-
ronments, their response is dominated by increased genera-
tion of condensate as cloud droplets ascend. Khain’s source–
sink approach focuses on understanding mean precipitation
changes. In some situations, the sensitivities of other hydro-
meteorological quantities are of equal importance, for exam-
ple, the sensitivity of the rainfall frequency, occurrences of

extremely heavy rainfall or other characteristics of rainfall
variability. In the most general case, we are therefore inter-
ested in the response of the frequency distribution of surface
rainfall rates, f (p), as the concentration of aerosols changes.

Given sufficiently detailed observations or models of a
cloud or system of clouds, the source–sink framework of
Khain et al. (2008) provides a detailed understanding of why
a particular precipitation response was measured or simu-
lated. To the best of our knowledge, it cannot at present pro-
vide prior predictions of why a particular combination of
G and L changes was the necessary response to an aerosol
perturbation. In other words, except for cases of simplified
theoretical models (Albrecht, 1989; Twomey, 1966), we can
only explain why a particular response was observed, not
why it had to occur in preference to any other candidate
for the response. Tao et al. (2012) give several examples
which highlight this difficulty and show how it arises from
the multiplicity of different cloud–aerosol interaction mech-
anisms, or “pathways”, which can operate in the same system
and compete to determine the overall precipitation response.
For example, in deep convective clouds, because increasing
aerosols reduces the size of the cloud droplets but increases
the liquid water path, warm rain generation is suppressed,
but cold rain generation may be enhanced. Therefore, a the-
ory for the precipitation response of deep convection requires
explanations for why a particular balance was struck between
these competing effects in a given situation. This balance in-
volves adjustments in many microphysical processes, so the
theory should explain why these processes responded as they
did (and not in some other way). A detailed theory for an
aerosol indirect effect should therefore be able to predict the
following: for a given cloud system, which processes will
respond to an aerosol perturbation? How large will these re-
sponses be, relative to each other? How and why do these
process-level responses determine the overall adjustment in
sources and sinks of condensate? In purely formal terms,
such a theory would predict the δG and δL as functions of
an arbitrary aerosol perturbation, δNa. To the best of our
knowledge, there is currently no theory of cloud–aerosol in-
teractions capable of doing this. Hence we need to resort
to numerical simulations to determine the relationship be-
tween δG, δL and δNa empirically. Given the wide variety
of clouds, the multiplicity of cloud–aerosol interaction path-
ways available to these systems and the potential sensitivity
of the pathways to cloud regime and ambient environment, it
is not surprising that the reviews by Khain et al. (2008) and
Tao et al. (2012) found that many such empirical theories ex-
ist in the literature.

In this paper, rather than investigating the mechanisms by
which aerosols affect precipitation, we will address two sim-
pler questions the answers to which provide insights into the
structure that an eventual mechanistic theory should have.
These questions are as follows:
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– What are the fundamental ingredients that a mechanistic
theory needs to predict?

– Are there any constraints on how these ingredients can
be transformed due to an aerosol perturbation?

We will deliberately avoid the question of why rainfall
changes in given way, for a given cloud regime. Rather we
will take a set of simulated sensitivities of rainfall distribu-
tions to aerosol perturbations as given and ask how much
information is actually needed to describe (“parameterise”)
these sensitivities. As such, we are not concerned with pre-
dicting by how much rainfall increases or decreases in re-
sponse to aerosol changes (this fundamental question is out-
side the scope of the framework that we will propose) but
rather with identifying a minimal set of information that is re-
quired to make such predictions. We will primarily consider
these questions in relation to the area- and time-averaged
statistics of simulated rainfall over a large domain for a case
of typical case of summer monsoon rainfall over East Asia.

The first of the above questions is related to the concept of
“degrees of freedom”: how many independent variables are
needed to describe the effect of an aerosol perturbation? For
this to be non-trivial, we obviously need to seek as minimal
a set of fundamental parameters as possible. For example,
the physical mechanisms governing the dynamics of stratus
clouds are different from those governing deep convective
clouds; hence it may not seem surprising that they can re-
spond differently to aerosols. But which properties of these
systems are essential to their differing responses? What is
the minimal set of properties that a mechanistic theory of
cloud–aerosol interactions needs to predict in order to specify
the aerosol response of a cloud system? We will show that,
even if an “aerosol effect” is interpreted in the general sense
of “any aerosol-induced change in the rainfall rate distribu-
tion”, a relatively small number of parameters is sufficient.
The parameters that we identify are related to the depen-
dencies of the first and second moments of the rainfall rate
distribution on cloud-droplet number concentration (CDNC)
and aerosol number concentration (AC) – information that is
readily available from simulations and satellite retrievals.

The second question is related to the concept of invariants:
are there any properties which remain unchanged when a sys-
tem is perturbed into a higher or lower aerosol state? If we
restrict attention to large enough volumes, and short enough
timescales, then the total mass of water (including accumu-
lated surface precipitation) and the total energy are obvi-
ous atmospheric quantities that are approximately conserved
when the aerosol amount changes. These quantities are how-
ever of limited use for aerosol–cloud interactions because we
are interested in the partitioning of mass between the con-
densed and gaseous phases and the effect that this partition-
ing has on the precipitation rate. A slightly more useful in-
variant would be a statistical property of rainfall that did not
change. A candidate would be the total rainfall accumulated
over a large enough area and a long enough time. In situa-

tions where this variable is conserved, it does furnish a useful
constraint: that the frequency with which rainfall occurs must
be inversely proportional to the mean rainfall rate, as aerosol
varies (e.g. if the intensity of rainfall increases, the frequency
of occurrence must decrease to conserve the amount of rain-
fall). However, there are many situations, not least when
considering individual clouds or short-timescale responses,
when accumulated rainfall is not conserved. In this paper we
will show that the rainfall rate distributions simulated by our
cloud–aerosol interacting mesoscale model have a common,
underlying “shape” that is independent of CDNC and inde-
pendent of aerosol concentration. This underlying distribu-
tion can be extracted by rescaling simulated rainfall rate dis-
tributions into a dimensionless form. Self-similarity of this
kind is common in systems where dynamical processes oc-
curring on different scales are stretched (or sped-up) copies
of each other. Examples from atmospheric science include
aggregation of ice particles (Field et al., 2005) and bound-
ary layer turbulence. Moreover, Field and Shutts (2009) and
Lovejoy et al. (2008) showed that observed rainfall also has
a self-similar rate distribution.

The existence of an invariant rainfall distribution in our
simulations implies that the cloud–aerosol interactions act
by squashing or stretching this distribution. We will show
that these stretches amount to transforming how frequently
rainfall occurs and how much rainfall occurs for a given
number of cloud droplets. It is therefore because an invari-
ant distribution exists that a succinct specification of cloud–
aerosol interactions in terms of the CDNC dependencies of
only two moments of the rainfall rate distribution is possible.
In addition we will show that a single moment, e.g. rainfall
frequency, is sufficient if it is supplemented by an empiri-
cally determined frequency–amount relationship which can
be used to predict the other required moment. We will show
that these frequency–amount relationships can be parame-
terised as power laws with aerosol-dependent parameters.
This implies that systems with the same power-law expo-
nents and the same invariant distribution will have the same
sensitivities to aerosols.

2 Model configuration and simulation set-ups

The simulations analysed were performed with a convection-
permitting (0.03◦ horizontal resolution) configuration of the
Met Office Unified Model. A description of the model set-up
can be found in Furtado et al. (2018), together with a detailed
description of the non-aerosol components of the micro-
physics scheme (see also Grosvenor et al., 2017). The simu-
lated domain is situated over central and southern China (17–
35◦ N, 97–126◦ E). The simulated period is from 12:00 UTC
on 17 May to 12:00 UTC on 22 May 2016, during which time
a cyclonic vortex formed in the lee of the Tibetan Plateau
(105◦ E, 30◦ N) and propagated south-east across China over
a 48 h period (see Fig. 1; Furtado et al., 2018, 2020). The

https://doi.org/10.5194/acp-22-3391-2022 Atmos. Chem. Phys., 22, 3391–3407, 2022



3394 K. Furtado and P. Field: Aerosols and invariant rainfall distributions

Figure 1. (a) The time-averaged multi-model mean outgoing flux
of long-wave radiation (red-blue) and precipitation (green) at the
top of the atmosphere between 00:00 and 06:00 UTC on 20 May
2016. The averages are calculated from hourly instantaneous fields;
precipitation rates less than 1 mmh−1 are excluded from the time
averaging. (b, c) Hovmöller plots of meridionally averaged surface
rainfall rate, (b), and outgoing long-wave radiation (c). Grid-points
with precipitation rates less than 0.1 mmh−1 are excluded from the
Hovmöller plot mean shown in (b).

simulations use a double-moment version of the Clouds
and AeroSols Interaction Microphysics scheme (CASIM), in
which five species of hydrometeor (cloud, rain, ice, snow and
graupel) have prognostic masses and number concentrations.
The aerosol concentrations are initialised with horizontally
homogeneous but vertically varying values that are allowed
to evolve via advection, turbulent mixing and two-way cou-
pling between cloud microphysics and aerosols. The initial
vertical profiles are retained along the lateral boundaries to
maintain a source of aerosol that is constant in time. Lateral
boundary conditions for non-aerosol prognostic fields are de-
rived hourly from a global model forecast with the Met Office
Unified Model. The primary meteorological fields (including
winds, temperature and moisture) are re-initialised on a 36 h
cycle from Met Office operational global atmospheric anal-
yses. Only hours 12 to 36 of each forecast are used in this
study to avoid a spin-up period at the beginning of each cy-
cle. This re-initialisation does not apply to the aerosol fields,
which are free-running for the entire period. Hence, for each
forecast after the 12:00 UTC 17 May cycle, the initial aerosol
field is taken directly from the proceeding cycle.

The method for coupling clouds and aerosols is described
in Miltenberger et al. (2018): interstitial aerosol particles are
removed by activation of cloud droplets; following activa-
tion, a prognostic variable for dissolved aerosol mass is co-
advected with the hydrometeors so that it is transported con-
servatively through clouds. During evaporation of hydrom-
eteors, the soluble mass is redeposited into the air with a
number concentration equal to the number of evaporated par-
ticles. Therefore, redeposited aerosols usually have a mean
size exceeding that of the previously activated aerosols (be-
cause collision–coalescence gives rain drops that are fewer
in number than the cloud droplets from which they develop).
Hence, aerosols that were activated from the “accumulation”
mode can be converted to coarser particles during evapora-
tion. Ice-nucleating aerosol particles are not simulated by
prognostics, but CDNCs can modulate ice hydrometeor con-
centrations via a temperature-dependent parameterisation of
immersion freezing.

We will compare the results from three simulations with
different initial and boundary aerosol concentrations. These
will be called the high-, intermediate- and low-aerosol-
concentration experiments. Particularly in the figures, it will
be convenient to label these as aero+, aero◦ and aero-, re-
spectively. In the atmospheric boundary layer, the order-
of-magnitude mass and number concentrations in the high-
aerosol experiment are 10−8 kgkg−1 and 1010 kg−1, respec-
tively. The typical values of the spherical-equivalent mean
radius are 0.1 and 1 µm for accumulation- and coarse-
mode aerosols, respectively. The vertical profile for the
intermediate-concentration regime was identified by taking
average aerosol concentrations, over the target domain, from
a global model simulation with multi-species aerosols and
atmospheric composition scheme. The initial profiles for
the high-concentration experiment are obtained from the
intermediate-aerosol profiles by increasing mass and num-
ber of accumulation- and coarse-mode aerosols at each level
by a factor of 10 (thereby leaving the aerosol particle size
unchanged). A factor of 10 reduction was applied to gener-
ate the initial profiles for the low aerosol experiment. Vertical
profiles of initial aerosol in the experiments can be found in
the Supplement.

3 The effects of aerosol number concentration on
the simulated rainfall distributions

We focus firstly on the deep convective regime, which we
identify as columns with relatively large fractions of low-,
mid- and high-level cloud (defined as area fractions of low-,
mid- and high-level clouds greater than 0.1, 0.6 and 0.8, re-
spectively). These criteria pick out features, such as cloud
bands around the cyclonic vortex, and convective clouds over
high terrain, which have unbroken layers of condensate dis-
tributed throughout the depth of the troposphere. Such fea-
tures are the main producers of heavy rainfall in the simula-
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Figure 2. (a) The rainfall rate frequency distributions simulated
by the high- (solid line), intermediate- (dotted–dashed) and low-
aerosol-concentration (dashed line) experiments in the deep con-
vective cloud regime and column-averaged CDNCs greater than
103 kg−1. (b) The rainfall distributions are decomposed into five
CDNC intervals (m−2; colours), and the start and end points of the
intervals are shown in the panel’s legend. For each interval (colour),
the line styles used in (a) indicate the CDNC-conditioned distribu-
tions for each model experiment (i.e. aerosol concentration).

tion domain (further information on their characteristics can
be found in the Supplement).

For this regime, the effects of aerosols on precipitation can
be seen in Fig. 2a, which shows the rainfall rate frequency
distribution functions for the three aerosol-concentration ex-
periments. The frequency decreases with increasing aerosol
concentration for most rainfall rates. In particular, light and
heavy rain are more frequent when there is more aerosol.
The differences between the simulated distributions reflect
the totality of aerosol effects on precipitation in our model,
in the selected cloud regime. Statistically, these differences
are a result of either changes in the frequency of occurrence
of cloudy columns in the selected cloud-fraction regime or
changes in the rainfall rates produced in these columns.

The aerosol indirect effects that are included in our model
are mediated via changes in cloud-droplet number concen-
tration (CDNC). Hence, a natural first step for investigating
the relationship between aerosol and rainfall rate is to de-
compose the rainfall rate distributions into components from
model columns with different CDNCs. We will use the verti-
cally averaged CDNC in each column to represent the droplet

numbers. Mathematically, we may write

f (p)=
∑
n

fn(p)1n, (2)

where n ranges over a set of prescribed CDNC intervals with
widths 1n, and fn(p) is the frequency density of rainfall
rate per unit precipitation flux, per unit CDNC. We will call
the component distributions, fn, the “conditionally sampled
rainfall distributions” (or just CDNC-conditioned distribu-
tions, for brevity) to indicate that they are constructed by sub-
sampling the total rainfall rate distribution, based on CDNC.

The different coloured lines in Fig. 2b show the CDNC-
conditioned distributions which contribute to the rainfall dis-
tributions shown in Fig. 2a. The set of five logarithmically
spaced CDNC intervals shown in the figure’s legend has been
used for the decomposition. For each colour (CDNC inter-
val), the three lines (solid, dashed and dotted–dashed) cor-
respond to the three aerosol-concentration experiments. We
see that increasing aerosol concentration increases the fre-
quencies of rainfall rates occurring at relatively high CDNCs
(see, for example, the purple and red lines). This is consistent
with an increase in the prevalence of high CDNCs when the
aerosol number concentration increases. For smaller CDNCs
(see, for example, the orange and blue lines), heavy rainfall
is suppressed by increasing the aerosol concentration. The
suppression becomes stronger and extends to smaller rainfall
rates as the CDNC is lowered. The differences in the statisti-
cal properties of rainfall occurring at different CDNC and for
different aerosol concentrations can also be seen in the mo-
ments of the CDNC-conditioned distributions (Fig. 3). The
kth moment of the nth conditional distribution is defined by

Mk(n)=
∫
pkfn(p) dp, (3)

(where, numerically, the integral can be approximated for
any set of precipitation flux intervals). The zeroth moment,
M0(n), for each CDNC interval, is related to the frequency
of rainfall, M0, via

M0 =
∑
n

M0(n)1n. (4)

(Note that the occurrence of the CDNC interval width, 1n,
is due to the definition of the fns as frequency densities,
i.e. frequencies per unit CDNC, in Eq. 2.) In general, the
kth moment of the rainfall rate distribution is Mk(n)=∑
nMk(n)1n. In particular, M1 is the domain-averaged

rainfall amount, which is closely related to the rate of con-
vergence of moisture into the domain. It is convenient for the
following to note that 1Mk(n)=Mk(n)1n is the contribu-
tion to the total moment Mk that comes from the subsample
of rainfall rates that occur with a CDNC of n.

Because they contribute to the rainfall frequency and
rainfall amount, the CDNC-conditioned rainfall frequencies,
1M0(n), and rainfall amounts, 1M1(n) (and hence also
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Figure 3. The moment-related properties of the CDNC-conditioned
rainfall distributions for each model experiment, as functions of the
column-averaged CDNC: (a) the rainfall frequency (per unit CDNC
interval), i.e. the zeroth moment, M0(n), of the CDNC-conditioned
rainfall rate distribution, fn(p); (b) the CDNC-conditioned rainfall
amount, M1; (c) the CDNC-conditioned mean rainfall rate, λn =
M0/M1; and (d) the normalised rainfall frequency, νn =M2

0/M0.

their equivalent densities, M0(n) and M1(n)), are of particu-
lar interest. Figure 3a and b show how M0 and M1 vary with
CDNC for each simulation. For high CDNCs, increasing the
aerosol concentration increases the frequency and amount of
rainfall. When the CDNC is low, aerosol increases have the
opposite effect and suppress rainfall. Another defining char-
acteristic of rainfall is the mean rainfall rate (sometimes re-
ferred to as rainfall “intensity”), which measures the average
flux of rain at surface points where rain is falling, neglect-
ing points with no or negligible rainfall. For each value, n, of
the CDNC, we can define a CDNC-conditioned mean rainfall
rate, λn, by the ratio

λn =M1(n)/M0(n). (5)

This is the mean rainfall rate for the subsample of columns
where rainfall reaches the surface and the column-averaged
CDNC is n kg−1. The CDNC-conditioned mean rain rates
are plotted in Fig. 3c, which shows that rainfall intensity in-
creases with CDNC for large aerosol concentrations but de-
creases with CDNC in cleaner conditions.

4 Self-similarity of simulated rainfall statistics

A noticeable feature of CDNC-conditioned distributions
shown in Fig. 2 is the very large (6 orders of magnitude)
spread in rainfall frequency density as the CDNC varies. The
inter-simulation spread for a fixed CDNC is also large: up
to 4 orders of magnitude, for some rainfall rates. However,
there is some visual indication that the “shapes” of the con-
ditioned distributions are quite similar to each other. This
suggests that a suitable simultaneous scaling of precipitation
flux and frequency density might reveal that these distribu-
tions are rescaled instances of a single, underlying frequency
distribution. On dimensional grounds, we expect such a scal-
ing to map rainfall rate to a dimensionless precipitation flux
and map the frequency densities, fn, to dimensionless distri-
bution functions.

An obvious candidate for rescaling the precipitation flux
for each CDNC is the mean rainfall rate, λn, because it is the
only combination of M1(n) and M0(n) that has the dimen-
sions of a mass flux. Similarly, the quantity

ν(n)=
M2

0 (n)
M1(n)

(6)

(plotted in Fig. 3d) is the unique combination of the zeroth
and first moments that has the same dimensions as the fre-
quency densities. For each aerosol concentration and CDNC,
we will use these parameters to define a dimensionless rain-
fall rate, rn = p/λn, and a dimensionless frequency density,
8, as follows:

fn(p)=
M2

0 (n)
M1(n)

8

(
p

λn

)
. (7)

The coloured lines in Fig. 4 show the dimensionless dis-
tributions, derived for each CDNC, n, and each aerosol con-
centration, as functions of their corresponding dimensionless
rainfall rates, rn. It is clear that this scaling results in a sig-
nificant amount of data collapse: the disparate distributions
shown in Fig. 2b give rise to very similar distributions in
the rescaled variables. The degree of similarity between the
scaled distributions is sufficient for us to regard the ensemble
mean of the scaled distributions as defining a single (“uni-
versal”) dimensionless density function that is independent
of both aerosol concentration and CDNC. The histogram of
this universal distribution is shown by the black line in Fig. 4.
We have tried unsuccessfully to fit a functional form to the
universal histogram. This is not to say that no such form ex-
ists, but in the absence of one, a pragmatic approach is to use
the histogram itself to define the universal distribution. We
therefore view the distribution as the probability density of a
random variable defined by randomly sampling the empirical
histogram shown in Fig. 4. The data specifying the histogram
are available in the Supplement.
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Figure 4. The rescaled rainfall rate distributions for the five CDNC-
concentration intervals (colours) and aerosol concentrations (line
styles) as functions of the normalised rainfall rate, plotted according
to the conventions established in Fig. 2, and the average histogram
(black line). The vertical black bars in each bin of the histogram
show the inter-model spread, i.e. the range of values obtained by
defining an average histogram for each model experiment sepa-
rately (and hence the sensitivity of the dimensionless distribution
to aerosol concentration).

5 Reconstructing the rainfall distributions

If the proposed universal distribution is independent of
CDNC and aerosol concentration, then we expect to be able
to use the scale transformations in Eq. (7) to approximately
reconstruct the rainfall rate distributions. In this section we
assess the accuracy of these reconstructions. The simplest
case occurs if both M0(n) and M1(n) are known functions
of the CDNC, n. In this case, Eq. (7) can be used directly
to estimate fn for each n, and the total rainfall rate distribu-
tion, f , can be estimated as the sum of the fns using Eq. (2).
We will call this case a double-moment closure because two
moments of the CDNC-conditioned rainfall distribution are
required. If only one moment of the first two moments is a
known function of n, then additional information is required
that parameterises the other moment (or more generally the
aerosol-conditioned mean rain rate, λn, and normalisation,
νn) in terms of the known moment. Here we will consider
the case where the CDNC-conditioned frequency M0 is the
known moment and derive an empirical closure relation that
specifiesM1 in terms ofM0. This case will be called a single-
moment closure because only one moment of the CDNC-
conditioned distributions needs to be specified. The double-
moment closure is essentially just a further test of the validity
of the data collapse affected by the rescaling the rainfall rate
distributions. However, we show in Sect. 5.1 that it permits
an insight into aerosol indirect effects because it separates
the contributions of changes in the rainfall intensities, λn,
from changes in the frequencies of occurrence rainfall (as
represented by νn). The single-moment closure (Sect. 5.2) is
a more stringent test of the universality of the invariant distri-
bution; moreover, it allows us to identify the minimal infor-

mation that is needed to parameterise the effects of aerosols
on rainfall rate distributions.

5.1 Double-moment closure

If the first two moments of the CDNC-conditioned frequency
distributions, fn, are known, then the total rainfall distribu-
tion for each simulation can be reconstructed using Eqs. (2)
and (7). The black circles in Fig. 5a show this reconstruction
for the high-concentration simulation. The solid black line
shows the rainfall rate distribution obtained from the simula-
tion. The total frequency distribution is the sum of CDNC-
conditioned contributions, fn1n, from each of the speci-
fied CDNC intervals. These contributions are shown by the
coloured lines in Fig. 5a. The estimated CDNC-conditioned
densities are shown by the coloured circles. In general, the
double-moment reconstructions can reproduce the condi-
tioned distributions and the rainfall rate frequency distribu-
tion. The accuracies of the reconstructions for the other two
aerosol-concentration experiments are similar.

Overall, the reconstructions are accurate enough to pre-
dict the effects of aerosols on the rainfall distributions.
These effects can be seen in Fig. 5b and c, which show
the fractional changes in the rainfall rate distributions, com-
pared to the high-concentration simulation. The dashed black
lines and symbols show the fractional changes in the sim-
ulated and predicted total rainfall rate frequency distribu-
tion. The dashed coloured lines and symbols show the
fractional changes in each CDNC-conditioned distribution.
The double-moment reconstructions are able to capture the
changes in rainfall rate frequencies due to the aerosol per-
turbations. Moreover, the relative contributions to the overall
changes coming from each CDNC interval are also predicted
well. For example, the reductions in the frequencies of heavy
rainfall are predicted as aerosol concentration decreases, and
the relative importance of high CDNCs for driving these re-
ductions (red lines and symbols) is also captured.

The double-moment reconstructions allow the contribu-
tions of the CDNC-conditioned mean rainfall rate changes to
be separated from changes in the CDNC-conditioned rainfall
frequencies. These contributions can be inferred as follows.
Firstly, we denote the high-aerosol-concentration experiment
as

fref(p)=
∑
n

νref(n)8 (p/λref(n))1n. (8)

For one of the other aerosol experiments, we may estimate
the rainfall rate distribution after a reduction in aerosol con-
centration, based on the assumption that the conditional in-
tensities, λn, do not change from their reference values,
λref(n). This assumption corresponds to the simplification
that aerosol perturbations can alter the number of cloud
droplets but that this does not affect the intensity of rainfall
for a given CDNC. Making use of the universal distribution,
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Figure 5. The double-moment reconstructions of the rainfall rate
distributions in the deep convective cloud regime. (a) The simu-
lated (lines) and reconstructed (circles) rainfall distributions for the
high-aerosol-concentration experiment. The coloured lines show
the CDNC-conditioned contributions to the total rainfall distribu-
tion from the CDNC intervals in the panel’s legend. The black line
is the total rainfall frequency (the sum of the coloured lines). (b,
c) The simulated and reconstructed differences between the rainfall
distributions in the intermediate- and low-aerosol-concentration ex-
periments and the high-concentration experiment. The solid black
lines show the reconstructed differences obtained if the CDNC-
conditioned mean rainfall rates, λn, are assumed to be unchanged
by the aerosol perturbations. The short coloured bars indicate the
changes in the normalised frequencies, for each CDNC interval, rel-
ative to the high-aerosol experiment.

8, this estimate is given by

f̃exp(p)=
∑
n

νexp(n)
νref(n)

fref(p,n)1n. (9)

Note that only the normalised frequencies, ν(n), have
changed from their reference values, whilst the intensities,
λ(n), remain the same as in the high-aerosol experiment.
Eq. (9) says that if an aerosol perturbation does not affect the
intensity of rainfall for a fixed CDNC, then the aerosol effect
amounts to a rainfall-rate-independent re-weighting of the
relative contributions from each CDNC-conditioned distri-
bution. For a given value of n, the re-weighting factor, αn =
νexp(n)/νref(n), will enhance (αn > 1) or suppress (αn < 1)
rainfall frequency, for that number of CDNC, uniformly
across the rainfall rate spectra. The estimated fractional
changes, assuming no changes in the CDNC-conditioned
rainfall intensities, are shown by the solid black lines in
Fig. 5b and c. By comparing these to the dashed black lines,

it can be seen that they significantly overestimate the sup-
pression of rainfall frequency with decreasing aerosol con-
centration and do not capture the dependence of the frac-
tional changes on the rainfall rate, p. For each CDNC, n,
the short coloured horizontal lines show frequency suppres-
sion factors, αn. For CDNCs such that αn < 1, the effects of
aerosol on normalised rainfall frequency are such that rain-
fall is suppressed. Where the fractional change in a CDNC-
conditioned distribution (the dashed coloured lines) is greater
than the corresponding value of αn, the mean rainfall rate, λn,
for this CDNC has increased (i.e. the rainfall produced for
this CDNC is becoming more intense in response to decreas-
ing aerosol). The inability of the constant-intensity estimates
to predict the simulation results implies that the suppression
of rainfall frequency by decreasing aerosol is therefore partly
offset by the simultaneous intensification of rainfall intensi-
ties for some value of CDNC.

5.2 Single-moment closure

The double-moment closure described in Sect. 5.1 provides
a test of validity of the universal distribution. It also allows
us to separate aerosol-induced changes in rainfall intensity
(at a fixed CDNC) from changes in the relative frequencies
of rainfall occurring at different CDNCs. We will now inves-
tigate whether the effects of aerosols can be predicted using
information about fewer than two moments of the CDNC-
conditioned distributions. In particular, we will show that the
CDNC-conditioned rainfall frequency, M0, is sufficient, if it
is supplemented by an empirical closure relation for M1.

We have found thatM0 andM1 can be related to each other
by

M1 = xM
y

0 , (10)

where the parameters x and y vary between the experiments
(see Fig. S4a in the Supplement). Furthermore, we found that
the parameters x and y are not independent and are related
by log(x)= n0+ay, where n0 and a are constants that are in-
dependent of the aerosol concentration, implying that a sin-
gle, aerosol-dependent parameter (either x or y) is sufficient
to specify the relationship between M0 and M1 (Fig. S4b).
Equivalently, it is convenient to express both y and x para-
metrically as functions of the ratio, Na/Nref, of the initial
aerosol concentration in each experiment to the concentra-
tion, Na, in the intermediate-aerosol-concentration experi-
ment:

y = δ+ γ log(Na/Nref), x = ε+ η log(Na/Nref). (11)

The parameters δ, γ , ε and η are given in Table 1. Figure 6a
shows that there is good agreement between simulated first
moments, M1(n), and the prediction obtained from the em-
pirical fits.

The empirical relationship between moments can be used
to replace M1(n) in Eq. (7) by a function of M0. This
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Table 1. The parameters needed for fittingM2 and a function ofM1
and AC for each cloud regime.

LMH min LMH max ε η γ δ

0.1 0.6 0.8 1.0 1.0 1.0 −3.57 −1.46 −0.164 0.957
0.4 0.4 0.2 1.0 0.6 0.8 −2.51 −1.65 −0.157 1.1
0.9 0.0 0.0 1.0 0.2 0.2 −4.61 0.5 0.0457 0.934
0.0 0.0 0.0 1.0 1.0 1.0 −3.82 −1.41 −0.163 0.942

Figure 6. The single-moment reconstructions of the rainfall rate
distributions. (a) The simulated rainfall amounts (vertical axis),
compared to the values predicted by the single-moment closure,
using the aerosol-concentration-dependent power-law relationships
between the zeroth and first moments of the CDNC-conditioned dis-
tributions. The circles, squares and crosses correspond to the high-,
intermediate- and low-aerosol-concentration experiments, respec-
tively. The colours indicate the CDNCs. (b) The simulated (vertical
axis) upper partial first moments of the rainfall rate distributions,
compared to the values predicted by the single-moment closure. The
colours indicate the precipitation-rate thresholds above which rain-
fall is accumulated.

gives the rainfall frequencies distributions as functions ofM0
only. The utility of the single-moment closure is assessed
in Fig. 6b, which compares the simulated rainfall amounts,
M>p0

1 =
∫
p0
f (p) dp, above each of a range of rainfall rate

thresholds, p0, to the predictions obtained from the single-
moment closure. The good agreement obtained indicates that
the simulated aerosol indirect effects can be fully parame-
terised by the CDNC dependence of the rainfall frequency.

We will summarise the overall indirect effects of aerosols
on precipitation by the first four moments, M0, . . .,M3, of

the total rainfall rate frequency distributions in each of the
simulations. The black lines in Fig. 7 show these moments
as functions of the initial aerosol concentrations (where the
latter are expressed relative to the intermediate-aerosol ex-
periment). The variations of these moments express differ-
ent aspects of the hydrological sensitivity of the system to
perturbing the aerosols: the changes in the zeroth and first
moments correspond to the changes in the frequency of oc-
currence and amount of rainfall, respectively; the second and
third moments, M2 and M3, express changes in the width
of the rainfall distributions, particularly the relative frequen-
cies of occurrence of large rainfall rate. The symbols in
Fig. 7 show the values of these moments predicted by the
double-moment (blue) and single-moment (black) closure re-
lations. In most cases, the predictions are able to reproduce
the simulated values of the moments reasonably well. More-
over, the predictions capture the increasing trends in the mo-
ments as the aerosol concentration increases. The agreement
is slightly less good for some values of the single-moment re-
constructions and for the highest order moment tested. This
indicates that the predictions are accurate enough to repro-
duce the sensitivity for the simulated rainfall to aerosol per-
turbations. The double-moment closure is typically more ac-
curate than the single-moment closure, as expected, because
it contains more information about the CDNC dependence of
rainfall statistics.

6 Regime dependencies

So far we have considered a deep convective regime, where
there are relatively large cloud-area fractions at low, middle
and high levels. Specifically we selected only model columns
where the low-, mid- and high-cloud area fractions exceeded
10 %, 60 % and 80 %, respectively. This is a computation-
ally simple way of selecting deep convective columns, such
as those associated with the eastward-propagating vortex
(see Figs. S1 and S2 in the Supplement). There are, how-
ever, other regimes of clouds and precipitation occurring
within the domain during simulations which may respond to
aerosols differently from the deep convective regime.

Regimes for which we may expect aerosol–cloud inter-
actions to differ from those in deep convection are stratus
clouds and shallow convection. In general, we may expect
different responses to aerosols in regimes where mid- and
high-level clouds are present because this may be related
to the role of ice-phase processes. For example, Figs. 1, S1
and S2 show that there is a region of precipitating low-level
clouds in the wake of the cyclonic vortex. These clouds are
readily identified as emitting higher fluxes of long-wave ra-
diation than the deep convective cloud regime (Figs. 1c and
S2), suggesting that they exist in a regime dominated by
warm-cloud microphysical processes. In this section, we will
extend the proceeding analysis to a range of cloud-fraction
regimes, chosen to span the cloud types present in the sim-
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Figure 7. The simulated (lines) and predicted (circles) bulk-rainfall
characteristics as functions of the (normalised) aerosol concentra-
tions, Na, for the three model experiments: (a) mean rainfall fre-
quency; (b) the mean rainfall amount, scaled by 104 for presenta-
tional convenience; (c, d) the second and third moments of the rain-
fall frequency distributions. The blue and black circles are double-
moment and single-moment predictions, respectively.

ulations. We will assess the extent to which aerosols affect
these regimes differently and the extent to which they exhibit
the self-similarity in rainfall statistics identified above for the
deep convective regime.

We will denote the low-, mid- and high-level cloud frac-
tions byL,M andH ; these are defined from the model’s sub-
grid cloud-area fractions using the ISCCP cloud-height pres-
sure classification. We divided the model output into three
mutually exclusive categories: the deep convective cloud
regime, with high fractional cloudiness, described above for
which L > 0.1, M > 0.6 and H > 0.8; a regime dominated
by low clouds, where L > 0.9, M < 0.2 and H < 0.2; and
a transitional/“marginal” regime with intermediate values
of mid-level and high clouds (L > 0.4, 0.4<M < 0.6 and
0.2<H < 0.8). In the Supplement, we show that these cat-
egories divide the rainfall frequency distribution into a heav-
ily precipitating (and highly cloudy) regime, a moderately
precipitating regime with intermediate cloudiness and less
cloudy and more lightly precipitating regime (Fig. S3 in
the Supplement). We also consider the totality of all cloudy
columns, for which at least one L, M or H is non-zero.

Figure 8a shows rainfall rate distributions for each of the
selected regimes. We see that the deep convective regime

(black) accounts for the majority of the rainfall occurring
in the simulations. The other two regimes produce progres-
sively less precipitation as the amount of high- and mid-level
cloud decreases. For each regime, the CDNC-conditioned
rainfall rate distributions are calculated then rescaled to their
dimensionless forms using their corresponding mean rain-
fall rates and normalised frequencies. The rescaled distribu-
tions for each regime are plotted in Fig. 8b, from which it
can be seen that the universal distribution is highly consis-
tent across the regimes (except for the largest values of the
dimensionless rainfall flux, where the universal histograms
become regime-dependent, perhaps because these values are
relatively under-sampled for the moderate and lightly pre-
cipitating regimes). However the empirical relationships be-
tween the CDNC-conditioned zeroth and second moments
are regime dependent (Fig. S4 in the Supplement). Hence
the parameters in the single-moment closure vary across the
cloud regimes (Table 1). This is to be expected because the
relationship between rainfall frequency and rainfall amount
depends on the specific cloud microphysical and macrophys-
ical processes leading to rainfall, whereas we claim that uni-
versal distribution does not.

For each cloud regime, we can define the overall sensitiv-
ity of rainfall to aerosols by the differences in the moments
of the rainfall frequency distribution between the high- and
low-aerosol-concentration experiments; e.g. for the kth mo-
ment we have

γk :=
1 logMk

1 log(Na/Nref)
, (12)

where a 1 denotes the difference in its antecedent quantity
between the two experiments. For moments M0, . . .,M3,
these quantities describe the sensitivities for rainfall fre-
quency, rainfall amount and rainfall variability to aerosol
perturbations. The sensitivities, γ0, . . .,γ3, for each regime
are plotted in Fig. 9 for the simulations (lines) and single-
and double-moment closures (symbols). It can be seen that
the predictions are in quantitative agreement with the sim-
ulation results in the three regimes and for the totality of
precipitating, cloudy columns. We see that the deep con-
vective cloud regime has a positive aerosol indirect effect
for all four moments (γk > 0, k = 0, . . .,3). This is because
increasing the aerosol concentration increases the rainfall
frequency, amount (Fig. 7a and b) and the occurrence of
heavy rainfall (Figs. 7c and d and 2a) in this regime. By
contrast, the low-cloud-dominated and intermediate regimes
have negative sensitivity, particularly for rainfall frequency
and amount, because increasing aerosols reduces rainfall in
these regimes (Fig. 8a). Interestingly, when the domain is
considered as a whole, the overall sensitivity of the entire
system to aerosol perturbations is small. This is because of
the opposing signs of the aerosol effects in different parts of
the domain.
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Figure 8. The regime dependence of the rainfall rate distributions
for the deep convective (black lines), low-cloud-dominated (blue
lines) and intermediate (green lines) cloud regimes. The red lines
show the distributions for the whole domain (all cloud-fraction
combinations). (a) The simulated rainfall rate frequency distribu-
tions for the three regimes of fractional cloudiness and the total
(whole domain) distributions. (b) The histograms of the universal
distributions for each regime, with the inter-model ranges indicated
by the vertical bars in each non-dimensional rainfall rate interval.

7 Discussion

Cloud–aerosol interacting systems show a range of responses
to aerosol perturbations (Khain et al., 2008; Tao et al., 2012),
from precipitation suppression (in, for example, stratocumu-
lus, Xue and Feingold, 2006, Ackerman et al., 2004; shal-
low cumulus and some deep continental clouds, Khain et al.,
2008) to precipitation enhancement in deep convection over
oceans and, for some cases, deep convection over land. Ul-
timately, the change in the frequency distribution of rainfall
rates induced by a change aerosol is a function of how all
the hydro-meteorological processes occurring within the sys-
tem respond to the aerosols. This includes modifications of
the rates of condensation, C, and evaporation, E, and adjust-
ments in the dynamical state, D, of the system. The aerosol-
induced change, δf , in the rainfall rate distribution is given
by a generalisation of Khain’s source–sink framework that
also includes dynamical factors:

δf (p)= δ (C−E−D)
df
dp
. (13)

Figure 9. The sensitivities of bulk rainfall characteristics to aerosol
perturbations for each cloud-fraction regime (horizontal axis). (a)
The sensitivity of mean rainfall frequency, (b) the sensitivity of
mean rainfall amount and (c, d) the sensitivities of the second and
third moments of the rainfall rate distribution. The blue and black
circles show the sensitivities predicted by the double- and single-
moment closures, respectively.

Unfortunately, since δC, δE and δD are complicated combi-
nations of many variables (Khain et al., 2008), and therefore
δ(C−E−D) is not a simple function of p, Eq. (13) cannot
be used directly, and we typically resort to numerical exper-
iments to determine the factors influencing δf in each par-
ticular case. The aim of such analyses is often to investigate
how individual process rates have responded to an aerosol
perturbation and to understand the effects that these have on
precipitation. However, to the best of our knowledge, sev-
eral more basic questions are overlooked by this procedure.
Firstly, how many parameters are actually needed to spec-
ify δf ? (The variety of possible responses suggest that this
parameter space is a high-dimensional one.) Secondly, can
δf be an arbitrarily complex perturbation, or are there any
constraints on how cloud processes can adjust to redistribute
rainfall over a range of intensities? In particular, are there any
properties of rainfall rate distributions that we can expect to
be unchanged by aerosol perturbations?
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7.1 Is there a statistical property of rainfall that is
invariant under aerosol perturbations?

We showed in Sect. 4 that, for any CDNC, n, and aerosol
concentration, Na, the probability distribution defined by

8(r)=
1
νn
fn (λnr) , (14)

where νn =M2
0 (n)/M1(n) and λn =M1(n)/M0(n), is inde-

pendent of n and Na. In Sect. 6 we showed that this distri-
bution is also quasi-independent of the cloud regimes sim-
ulated. For example, it is approximately the same in low-
cloud-dominated regions and in regions of deep convection
(except for large and small r). We do not know if the dis-
tribution is independent of the modelling system used, but
this will be interesting to investigate in future work. Simi-
larly, our model does not include prognostic ice-nucleating
aerosols; it is possible that these might alter the universal
shape. The existence of this distribution implies that rain-
fall events occurring with different CDNCs are statistically
similar, in the mathematical sense that their frequency dis-
tributions can be transformed to each other by a change of
scales. Equivalently, suppose we have a pair of equally long
time series of precipitation values from two rainfall events,
one with CDNC, n1, another with CDNC, n2. We can view
both these time series as realisations of two different random
variables, pn1 and pn2 . The invariant distribution implies that
the random variables r1 = pn1/λ(n1) and r2 = pn2/λ(n2) are
identically distributed (with distribution 8) and independent
of the value of n.

7.2 How many degrees of freedom are needed to
describe aerosol indirect effects on precipitation?

The single-moment and double-moment reconstructions in
Sect. 5 show that precipitation state of a cloud–aerosol-
interacting system is specified by

1. the universal distribution, 8, for the system, which is
independent of the CDNC and aerosol concentrations
in the system, and

2. either

a. the zeroth moment, M0(n), and first moment,
M1(n) of the CDNC-conditioned rainfall rate dis-
tributions, f (p,n), as functions of the CDNC, n, or

b. a single moment (e.g. M0(n)) and an aerosol-
dependent, frequency–amount relationship, e.g.
M1(n)= INa [M0(n)], for the system, which diag-
noses the remaining moment (e.g. M1(n)) in terms
of the known moment.

From this information, the rainfall rate distributions of
the system can be reconstructed to the degrees of accuracy

demonstrated in Sect. 5. The choice of M0 and M1 is arbi-
trary: as shown by Field and Shutts (2009), any pair of mo-
ments could be used for the reconstructions.

For our simulations, the moment relation, INa , can be pa-
rameterised as a family of power-law relationships of the
form

M1(n)= x(y)M0(n)y(Na), (15)

between the CDNC-conditioned moments, where only one
of the parameters, x or y, needs to be specified directly in
terms of the aerosol concentration. The remaining parameter
(in this case, x) is a function of the other. We found that a fur-
ther pair of power laws, x ∼ ya and y ∼Nγ

a , were sufficient
to specify the parameters in the moment relations. Hence a
total of four constants (see Table 1) is needed to specify the
mapping from the universal distribution to the dimensional
rainfall distributions.

7.3 How universal is the invariant distribution?

Based on a single set of simulations, it is not possible to eval-
uate the “universality” of8 distribution. We have shown that
the distribution is approximately independent of CDNC and
cloud regime, but dependencies on the modelling system, pa-
rameterisation schemes and background meteorology have
not been explored. In this section we present evidence which
suggests that the distribution8 is a statistically robust feature
of global and regional simulations with the Met Office Uni-
fied Model. Firstly, we show that rainfall rate frequency dis-
tributions from 23 case studies of mid-latitude weather sys-
tems forecast with a regional model configuration over the
United Kingdom (UK) have the same 8 distribution as the
(subtropical) May 2016 case study. Secondly we show that
the frequency distributions of daily mean rainfall over three
17◦× 12◦ regions from a 20-year global climate simulation
also give the same 8 as the regional models. In addition we
show that in the global simulation the rainfall rates from the
model’s microphysics and convection schemes, both rescale
to the same dimensionless distribution.

The regional model used for the UK case studies has
the same physical parameterisations as the configuration de-
scribed in Sect. 2, except for the representation of aerosols.
In the UK forecasts, aerosols are modelled with a single mass
prognostic (representing the combined mass of aerosols)
which is produced from surface sources and advected. An
aerosol number concentration is diagnosed as described by
Wilkinson et al. (2012) and then passed to the microphysics
scheme, which calculates activation increments to the CD-
NCs. The same cloud microphysics scheme (CASIM) is used
for both the UK and China cases.

The global model configuration is a version of the Met Of-
fice Global Atmosphere (GA; Walters et al., 2019). This con-
figuration uses a single-moment microphysics scheme (Wil-
son and Ballard, 1999), coupled to the UK Chemistry and
Aerosols (UKCA) model, which provides diagnosed CDNCs
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to the microphysics schemes. Hence the cloud and aerosol
microphysics in the global model is structurally different
from that used in the regional models. Moreover, the global
configuration includes parameterised, sub-grid-scale convec-
tion, which is an additional source of diversity between mod-
els.

For the UK case studies, we partition the rainfall into
CDNC intervals, as described in Sect. 4, and cloud-fraction
regimes. We choose the cloud-fraction partition to reflect the
most common local precipitation regimes, which are (very
broadly) frontal systems (with large amounts of high clouds),
stratiform cloud decks or shallow convection (with low-
level cloudiness but little high cloud) and an “intermediate”
regime, encompassing other combinations. The results are
not sensitive to this classification. Figure 10a shows that the
rainfall rate distributions are less sensitive to CDNC than in
the China case. The sensitivity of rainfall to CDNC is muted
because the simplified aerosol physics in the UK configu-
ration produces less variable aerosol concentrations. How-
ever, the combined variability across all CDNC intervals and
cloud regimes is still many orders of magnitude. Figure 10b
shows that non-dimensionalisation collapses the frequency
distributions to single distribution. Moreover, this distribu-
tion is the same function,8, of non-dimensional rainfall, that
was found in the China case study (the latter is reproduced in
Fig. 10b as the red histogram).

The UK and China forecasts both use the CASIM mi-
crophysics scheme. To assess the effects of differences in
cloud microphysics, we calculate the non-dimensional distri-
butions of daily mean rainfall rates from a 20-year global,
atmosphere-only simulation using the Atmospheric Model
Intercomparison Project (AMIP) protocol. Rainfall rates dur-
ing June, July and August are selected for three geographical
regions: the north-eastern Pacific (20–37◦ N, 220–245◦ E),
the western tropical Pacific (2–19◦ N, 132–157◦ E) and the
Southern Ocean (52–70◦ S, 206–231◦ E). This samples sub-
tropical stratocumulus, tropical deep convection and mid-
latitude cyclones; thus each region tests for occurrence of
universality in a different background climate. Because a
daily CDNC diagnostic is not available in the output from
the simulation used, we partition the rainfall distributions in
each region into intervals of the cloud albedo calculated by
the radiation scheme. Although not equivalent to the CDNC
partitioning used for the regional simulations, this provides
another way of classifying the rainfall with a property of
clouds that is sensitive to aerosol–cloud interactions. Fig-
ure 11a and b shows the frequency distributions of rain-
fall from large-scale clouds (i.e. the microphysics scheme)
and convective clouds (the sub-grid convection scheme), in
each albedo interval (shading), for each region (colour). As
expected, relatively heavier precipitation is associated with
higher albedo in all regions, and the balance between large-
scale and convective precipitation varies between the regions.
The large diversity of rainfall distributions is removed by
non-dimensionalisation, which approximately collapses all

Figure 10. The CDNC dependencies of the rainfall rate distribu-
tions in the 23 UK forecasts for three mid-latitude cloud regimes
(deep frontal (black lines), low-cloud-dominated (blue lines) and in-
termediate (green lines)). (a) The simulated rainfall rate frequency
distributions, for each CDNC interval, for the three regimes of frac-
tional cloudiness. The degree of shading for each colour shows the
CDNCs. (b) The rescaled distributions (lines) and average universal
histograms for each regime. The red line shows the non-dimensional
distribution from the May 2016 subtropical case study.

the frequency distributions onto the same dimensionless dis-
tribution. In particular, distributions from different albedo
intervals and in different regions become very similar after
rescaling. For convective and large-scale rainfall, we define
a universal distribution by the means of the corresponding
dimensionless distributions. These are shown by the dashed
and dotted–dashed histograms in Fig. 11c. We see that, de-
spite structurally different treatments of precipitation pro-
cesses in large-scale microphysics and sub-grid-scale con-
vection, the non-dimensional histograms for the two schemes
are approximately the same. Moreover, these distributions
are also very similar to the universal distribution obtained
from the convection-permitting forecasts over China (the
solid black histogram). The degree of data collapse (across
regions, models and cloud properties) suggests that the dis-
tribution 8 may be considered a universal property of the
Met Office model.
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Figure 11. The cloud-albedo dependencies of the rainfall rate dis-
tributions in a 20-year AMIP simulation for three geographical
regions (the north-eastern Pacific (green lines), the tropical Pa-
cific (blue lines) and Southern Ocean (green lines)). The simu-
lated large-scale rainfall (a) and convection-scheme rainfall (b) fre-
quency distributions for each cloud-albedo interval, for the three re-
gions. The degree of shading for each colour shows the CDNCs. (c)
The rescaled distributions (lines) and average universal histograms
(black lines) for each regime. The solid black line shows the non-
dimensional distribution from the May 2016 subtropical case study.

7.4 An explanation for the simulated rainfall universality

The existence of a widely applicable non-dimensional rain-
fall distribution suggests that it is due to underlying phys-
ical characteristics of rainfall producing processes that are
independent of cloud properties, cloud type, meteorological
conditions and model parameterisations. These factors deter-
mine the dimensional rainfall frequency distribution at a par-
ticular location and time, but their effects can be described by
a two-parameter rescaling of the universal, underlying8 dis-
tribution. In this section we will support this claim by show-
ing that a simplified, “toy” model, based on modelling rain-
fall as a multi-scale stochastic process, can produce synthetic
rainfall statistics which also have a two-parameter family of
distributions. The simplified model is based on the stochastic
rainfall generator analysed by Rodriguez-Iturbe et al. (1984).
It simulates a discrete rainfall time series with integer length
T as a sum of independent, temporally overlapping rainfall
“events”. Each event, e, is described by a duration, de, and
intensity, λe. At each time step, k = 1, . . .,T , a new rainfall

event is initialised with a fixed probability qi . Hence the to-
tal rainfall, p̂(k) is the sum of λe for all events whose dura-
tions span across the time k. This generates rainfall time se-
ries that are sums of rectangular pulses with random lengths
and heights. Models of this type are known to exhibit a rich
statistical behaviour and have been used to generate synthetic
rainfall rates for hydrological applications (e.g. Burton et al.,
2008).

We make two further modelling assumptions: the event
durations are numbers of time steps chosen independently
from a power-law distribution (hence, Pr[de = t] ∼ tα , where
α < 0); the event intensities are uniformly distributed in an
interval [1, l1]. The parameters in the model are therefore the
mean event intensity (λe = (l1− 1)/2), the power-law expo-
nent for the events durations (α) and the initiation probabil-
ity (qi). These parameters can be varied to imitate external
factors (e.g. aerosol perturbations) that affect rainfall event
characteristics. For example, increasing the mean intensity
(or, equivalently, the maximum rainfall intensity parameter,
l1) corresponds to a factor or process that increases the prob-
ability of heavier precipitation events and reduces the prob-
ability of lighter rainfall events. This is similar to increasing
CDNC in our regional model simulations.

In Fig. 12 we show that the stochastic rainfall process can
generate rainfall distributions with a self-similarity property
that is reminiscent of Unified Model simulations. We do not
attempt a detailed parametric description of the model’s be-
haviour because it suffices to show that parameter regimes
with universal distributions exist. Figure 12a shows exam-
ples of rainfall time series for a selection of values of λe and
α (with qi = 0.05). As the mean intensity increases, the peak
values of the precipitation time series increase; as the dura-
tion exponent increases, the rainfall rates become more cor-
related in time. Figure 12b shows the frequency distributions
for several parameter combinations. Increases in heavy rain-
fall result from more intense rainfall events or from longer
duration events. The differences between the distributions are
qualitatively similar to the effects of aerosols on the Unified
Model simulations (e.g. Fig. 2). After re-normalisation, these
distributions become statistically near-identical (Fig. 12c),
suggesting the existence of an exact self-similarity of rainfall
statistics in this part of the parameter space. This similarity
can be presumed to be a geometric property of the time series
generated by the model.

The stochastic model encodes some basic properties of
precipitation physics, namely, that rainfall at a location is
a superposition of independent precipitation events with
random durations and intensities. External factors, such as
aerosols, alter the statistical distributions of the properties
of rainfall events (e.g. increasing aerosols may make rain-
fall events heavier, on average). Hence, by analogy with the
stochastic model, we propose that the universality of rainfall
statistics in our regional and global simulations is consistent
with the following ingredients:
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Figure 12. The parameter dependencies of the synthetic rainfall
rates generated by the stochastic rainfall generator for three values
of the duration-exponent parameter, α (colours), and three values
of the event-mean intensity, λe (shading). (a) Subsections of the
time series of synthetic rainfall for three of the parameter combina-
tions. (b) The frequency distributions of synthetic rainfall. (c) The
re-normalised distributions of the scaled synthetic rainfall.

1. Rainfall statistics are due to the accumulation of quasi-
independent rainfall “events” with random durations
and intensities.

2. External factors (e.g. aerosols) and cloud characteris-
tics (e.g. stratiform or convective) affect rainfall event
properties, but as these properties vary, the rainfall dis-
tributions remain within a family of self-similar distri-
butions.

We defer further investigation of these claims to future
works.

8 Conclusions

There is no general theory for how aerosols affect precipi-
tation. Instead, analyses of different cloud regimes have re-
vealed a range of behaviours. Hence, at a theoretical level,
a detailed understanding of how aerosols affect a particular
cloud regime, or type of cloud system, is probably the most
that can be achieved. Such theories usually rely on numerical
models to understand the physical mechanisms, or pathways,
by which aerosols modify precipitation rates, in a given situ-
ation (or class of situations).

In this paper, rather than seeking a physical reason as to
why aerosols affect precipitation in a particular way, we have
instead investigated the structure that any mechanistic the-
ory of an aerosol–cloud–precipitation interaction needs to
have in order to describe an arbitrary change in surface rain-
fall statistics. We have shown that, despite the diversity in
the possible precipitation responses, there is a fairly minimal
set of statistical quantities which can describe any response.
(At least, we hypothesise that this is the case, based on re-
sults from simulations with an aerosol–cloud microphysics
scheme.) This set of quantities can be two moments of the
rainfall rate distribution as functions of CDNC (a double-
moment closure) or a single-moment and an inter-moment
power-law relationship that predicts a second moment (a
single-moment closure). It is convenient to choose these mo-
ments to be the frequency of occurrence of rainfall (the ze-
roth moment) and the rainfall amount (the first moment).
Given these two quantities (or only rainfall frequency, in the
single-moment case), the entire rainfall rate distribution can
be reconstructed with an accuracy that is sufficient to re-
solve changes in the distribution due to aerosol-concentration
changes. This approach, using a small number of moments,
is possible because there is an invariant, i.e. universal, fre-
quency density function for a normalised (non-dimensional)
rainfall rate that is independent of CDNC and is unaffected
by aerosol perturbations. The existence of this distribution,
particularly its independence from background aerosol con-
centrations, significantly restricts the number of independent
degrees of freedom that an aerosol-induced modification of
rainfall can have. In particular, we have shown that if rain-
fall is partitioned into CDNC intervals, then an aerosol per-
turbation can affect the number of precipitating points and
the mean rainfall rate in each interval, but it cannot alter the
probability distribution of rainfall fluctuations relative to the
mean rainfall rate. This is because the fluctuations are appar-
ently governed by a universal distribution. Hence, two vari-
ables for each CDNC interval are sufficient to specify the
rainfall distribution and its response to aerosol perturbations.

This analysis cannot predict whether or not precipitation
increases or decreases in response to aerosol. For example,
for our simulations we have not tried to explain why precipi-
tation frequency increases with aerosol concentration for the
deep convective cloud regime. Rather, we have attempted to
understand the relationship between changes in rainfall fre-
quency and changes in other moments of the rainfall distribu-
tion. This relationship is fixed by the four aerosol-dependent
constants needed to specify the frequency–intensity relation-
ship of the regime and by the universal distribution, 8. Any
two systems in which these four constants were the same
would respond to aerosol perturbations in structurally the
same way; i.e. the dependencies of their rainfall distribu-
tions on rainfall frequency would be the same. Moreover,
a theory that predicted these four constants, and predicted
the response of rainfall frequency to aerosol, as a function
of CDNC, would also predict the rainfall distribution change
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because this could be determined via the universal distribu-
tion.

Understanding how universal the 8 distribution actually
is therefore constitutes a valuable question for future work.
For the simulations used here, the distribution is shown to
be approximately independent of cloud regime; e.g. it is the
same for low-cloud only and high-cloud-dominated regimes.
We have also shown that convection-permitting forecasts of
subtropical and mid-latitude weather systems and global cli-
mate simulations all share the same non-dimensional rain-
fall distribution. The global climate simulations also show
that the universal distribution is independent of whether rain-
fall is from the microphysics scheme or from the convection
parameterisation. A highly simplified model of rainfall as a
multi-scale, stochastic process provides the tentative theoret-
ical explanation that the universality is a result of geometric
properties of rainfall time series. Perturbing an external fac-
tor (such as aerosols) modulates the properties of individual
rainfall events, but the overall geometry of the rainfall time
series changes in a statistically self-similar way. Understand-
ing the extent to which this holds over a range of regimes,
climate backgrounds, processes and timescales can be inves-
tigated further using observations and simulations with other
models. We may expect that the invariant distribution is not
independent of modelling system and that it will break down
for extreme parameter settings (e.g. no aerosols, or fixed CD-
NCs), so a multi-model analysis and evaluation against ob-
servations would be a useful next step.
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