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In order to elaborate the details of the arbitrary-order Hilbert spectral analysis (arbitrary-order HSA),
vertical wind-speed observed on 6 December 2016 is randomly taken as an example. Firstly, the 30-min
vertical wind-speed fluctuation X(t) is broken down into 13 intrinsic mode functions
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residual
∑

( ) and one

( ) using empirical mode decomposition. In this way, X(t) can be written as X(t) =

( )+

( ), where

( ) is a monotonic function and each

( ) meets the two conditions of

intrinsic mode functions. In the case of Figure 1S, we got 13 intrinsic mode functions and one residual.
According to Huang et al. (1998), an intrinsic mode function is a function satisfying: (i) the difference
between the number of local extrema and the number of zero-crossings must be zero or one, and (ii) the
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running mean values of the envelope defined by the local maxima and the envelope defined by the local
minima are zero. That is, the intrinsic mode function in each cycle, defined by the zero crossings, involves
only one mode of oscillation, which means that each intrinsic mode function is a ‘monocomponent’ signal.
Based on this, the Hilbert transform (Cohen, 1995) can be applied to each intrinsic mode function to
extract the instantaneous information (i.e. instantaneous frequency and amplitude).

15
Figure S1. Results of empirical mode decomposition: original vertical wind-speed fluctuation (the
black full line and dotted lines are the mean and standard deviation), modes 1–14 and the residual. Take
1

09:00－09:30 LT, 6 December 2016 as an example.
Using Hilbert transform, the analytical signal of
( )=

5

( )exp(

( )), where

( ) and

(t) =

( )+

( ) are the instantaneous amplitude and phase. Then
( )=

the instantaneous frequency also can be defined as
( ) and amplitude

( ) can be developed as

. Based on the instantaneous frequency

( ), one can define the joint probability density function (p.d.f.) p( , ).

Further, the arbitrary-order Hilbert spectrum can be established as ℒ (ω) = ∫ p( , )

, where

≥

0 is the arbitrary moment. Figure 2S shows an example of the joint p.d.f. p(A, f) and Figure S3
= 0 to

illustrates the arbitary-order Hilbert spectra from
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= 4. The choice of

considers the

compromise between computing efficiency and accuracy in the measurements of high-order moments
(Frisch, 1995). The higher the order is, the longer the length of sample is required, while the longer data
cost much more computing resource when applying arbitrary-order HSA. Hence,

= 4 is adopted

in this study. In particular, given that the square of amplitude is equivalent to energy density, the secondorder Hilbert spectrum ℒ (ω) can be an analogical representation of classic Fourier energy spectrum.
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Figure S2. Representation of a joint p.d.f. p(A, f) as a log-log plot, the same case as in Fig. S1

2

Figure S3. Arbitary-order Hilbert spectra, where order q ≤ 4, the same case as in Fig. S1. The shaded
area delineates the inertial subrange.
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One noticeable feature in Figure S3 is the scale invariance in the inertial subrange, where the
( )

arbitrary-order Hilbert spectrum meets ℒ (ω)~

, where ω is the frequency and

( ) is the

scaling exponent function. In the process of arbitrary-order HSA, the inertial subrange is estimated
according to the distribution of ℒ (ω). Conventionally, the scaling exponent function
into the analyses of intermittency (Kolmogorov 1941, 1962), where
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function derived from the structure function

( ) = 〈(

( ) is applied

( ) is the scaling exponent

( )) 〉 = 〈( ( + ) − ( )) 〉~

( )

. If the

turbulence is fully developed and follows the Kolmogorov’s theory, the distribution of scaling exponent
function with the order

is linear and meets

2011; Huang 2009) leads to

( ) = /3. Dimensional analysis (Huang et al. 2008,

( ) = ( ) + 1. Figure S4 gives the Hilbert-based scaling exponent
( ) − 1 = /3. Since

function ξ(q) − 1 compared with the theoretical

15

( ) − 1 = /3 represents

fully-developed turbulence, the deviation from q/3 manifests the degree of intermittency in the
turbulence. In order to quantify the discrepancy of concave curves in Figure S4, the Intermittent Factor
(IF) was proposed as the deviation from the theoretical value at the maximal order, that is, IF =
(

)−1−

/3. Figure S5 shows the corresponding distribution of IF values.

3

Figure S4. Representation of the Hilbert-based scaling exponent function ξ(q) − 1 on 6 December
2016. Black line stands for ξ(q) − 1 = q/3
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Figure S5. Distribution of IF =

(

)−1−

/3 on 6 December 2016.

Figure S1–S5 illustrate the process of the arbitrary-order HSA. Figure S6 gives a flowchart of the
method. The reason why the arbitrary-order HSA is applied to this work is that this method is more
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suitable for the analyses of nonlinear and non-stationary turbulent signals, compared with traditional
techniques, such as Fourier analysis and Wavelet transform. It is known that, the data, whether from
physical measurements or numerical modeling, most likely will have some problems: (a) the total data
span is too short; (b) the data are non-stationary; and (c) the data represent nonlinear processes. While
the Fourier analysis has some crucial restrictions: the system should be linear; and the data should be
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strictly periodic or stationary; otherwise, the resulting spectrum will make little physical sense. However,
for lack of alternatives, Fourier spectral analysis is still applied to many kinds of data which may result
in misleading results. On the other hand, the wavelet approach is essentially an adjustable window
Fourier spectral analysis, with the basic wavelet function that satisfies certain very general conditions.
As the traditional technique for the analysis of intermittency, the structure function is essentially

20

associated with the Fourier decomposition, which means that the scaling exponent function

( ) has

some limitations in the application of nonlinear and non-stationary turbulence signals.
As discussed by Huang et al. (1998, 1999), the arbitrary-order HSA technique is intuitive, direct,
4

and adaptive, with a posteriori-defined basis, from the decomposition method, based on and derived from
the data, it is more appropriate for the analysis of nonlinear and non-stationary turbulence signals. Since
its introduction, the HSA method has been successfully applied into different fields, including
climatology (Molla et al. 2006; Hu et al. 2014), meteorology (Karipot et al. 2009; Vincent et al. 2011)

5

and oceanography (Chen et al. 2014), to name just a few. One of the authors (Wei et al. 2017) used
arbitrary-order HSA technique to separate fine-scale and large-scale motions in the stable boundary layer
(SBL) and obtained a better approximation to the Monin-Obukhov similarity theory than using bandpass
filtering method. Bases on these considerations and previous work, we believe that the arbitrary-order
HSA technique is a suitable method for the study of turbulence intermittency in the SBL.
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Figure S6. Schematic of arbitrary-order Hilbert spectrum analysis
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Figure S7. Comparison of rose diagram between the CS and the TS for two cases at three levels.
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Figure S8. Comparison between PM2.5 concentration and different indexes for turbulent intermittency:
(a) – (b) PM2.5 concentration; (c) – (d) IF; (e) – (f) kurtosis at a scale of 10 min; and (g) – (h) FI by
Mahrt (1998). The left panel is for Case-1 and the right panel is for Case-2.
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Figure S9. Kurtosis of vertical velocity increments at different scales (10 – 600 s). For each whisker
diagram, the central rectangle spans the first quartile to the third quartile; the segment inside the
rectangle shows the median and “whiskers” above and below the box show the locations of the

5

minimum and maximum. The grey solid line denotes the Gaussian value. All of the data are from
00:00–06:00 LT (local time) on 27 Dec (Case-1), 26 Jan (Case-2A), and 29 Jan (Case-2B).
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Figure S10. 10-min averaged horizontal wind speed V at 40 m for (a) Case-1 and (b) Case-2. The
orange solid line represents the extra data on 22 Dec, 2016 and 22 Jan, 2017. The dashed black
line marks the suggested threshold value (5 m s-1).
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Figure S11. The relationship between the friction velocity

5

∗,

turbulence strength

=

( +
+ )/2 = √
(Sun et al., 2012), standard deviation of the wind speed
, and
horizontal wind speed V at 40 m during the nighttime. The blue plot represents samples from the
pollution cases and the orange plot is based on the extra data on the night of 22 Dec, 2016 and 22
Jan, 2017. The errorbar denotes the bin-averaged results. The top panel is for Case-1 and bottom
panel is for Case-2.
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