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Abstract. A new analytical parameterization of homoge- 1 Introduction
neous ice nucleation is developed based on extended classi-
cal nucleation theory including new equations for the critical Homogeneous freezing of haze particles and cloud droplets
radii of the ice germs, free energies and nucleation rates as splays an important role in crystal formation in cirrus, oro-
multaneous functions of temperature and water saturation ragraphic, deep convective clouds and other clouds under low
tio. By representing these quantities as separable products eémperatures. Development of parameterizations of homoge-
the analytical functions of temperature and supersaturationpeous ice nucleation suitable for cloud and climate models
analytical solutions are found for the integral-differential su- has been underway for the past several decades. These pa-
persaturation equation and concentration of nucleated crysrameterizations have been mostly semi-empirical, based on
tals. Parcel model simulations are used to illustrate the genheuristic relations for various properties of ice nucleation:
eral behavior of various nucleation properties under variousmucleation rates, critical humidities, nucleated crystal con-
conditions, for justifications of the further key analytical sim- centrations, etc. These parameterizations have been devel-
plifications, and for verification of the resulting parameteri- oped using parcel model simulations and either experimental
zation. data or some relations of classical nucleation theory or alter-
The final parameterization is based upon the values of theative nucleation theories.
supersaturation that determines the current or maximum con- These parameterizations can be separated into two general
centrations of the nucleated ice crystals. The crystal concentypes. The first type provides equations for the instantaneous
tration is analytically expressed as a function of time and carcharacteristics of the nucleation process at any given inter-
be used for parameterization of homogeneous ice nucleatiomediate time of nucleation. The second type considers the
both in the models with small time steps and for substep paentire nucleation process as a sub-step process (taking less
rameterization in the models with large time steps. The crysthan one time step in a model) and derives equations for the
tal concentration is expressed analytically via the error func-final characteristics of the nucleation process after the nucle-
tions or elementary functions and depends only on the funation has ceased: crystal concentrations, radii, masses.
damental atmospheric parameters and parameters of classicalParameterizations of the first typ@ne of the most impor-
nucleation theory. The diffusion and kinetic limits of the new tant characteristics of freezing is the nucleation ratgn,
parameterization agree with previous semi-empirical paramthe number of ice embryos formed per unit volume per unit
eterizations. time. Heymsfield and Miloshevich (1993) used results from
the statistical molecular model of Eadie (1971) and fitted
Jhomo fOr pure water with a power law expression.

4
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with Jhomo incm—3s~1, T; is temperature in degrees Cel- but accounted for solute effects parameterized with polyno-
sius, andAg pm = 6063952, A1 yv = 52.6611, Ao yv = mial fits of Aay = aw —a\i,v, whereay, is the water activity
1.7439, Az pum = 0.0265, Aqnm = 1.536x 1074, Experi- in the liquid solution andy, is the activity of water in solu-
mental data show that the freezing rates of haze particletion in equilibrium with ice. Koop et al. (2000) assumed that
are smaller than given by this equation, since they are dein equilibriumay, is equal to the environmental water satu-
pressed by the presence of solute. Sassen and Dodd (198&tion ratioSy, anda\i,\, was parameterized as an exponential
1989) suggested describing this depression of the nucleatiofunction of the chemical potentials of water in pure ice and
rate by introducing an effective freezing temperature pure liquid water, respectively.
Many of these empirically based dependencies can be de-
T*=T+AspATm, Or ATt =T —T =AspATm, (2a) scribed with classical nucleation theory (CNT) for homo-
geneous and heterogeneous ice nucleation (Frenkel, 1946;
where T is temperature in degrees Kelviln\Tm and ATy Dufour and Defay, 1963; Defay et al., 1966; Pruppacher
are the depressions of the melting and freezing temperaturegnd Klett, 1997, hereafter PK97; Seinfeld, and Pandis, 1998;
respectively. Then the nucleation freezing rdt@om of the  Kashchiev, 2000). CNT was extended further in a number of
haze particles could be calculated with Eq. (1) but viith  works as reviewed in Laaksonen et al. (1995), Mishima and
instead of7". The valueisp = 1.7 was chosen in Sassen and Stanley (1998), Ice Physics (1999), Slezov and Schmelzer
Dodd (1988) as an average over the experimental data by1999). Subsequent extensions of CNT were performed by
Rasmussen (1982) on the relationship between depressiomhvorostyanov and Sassen (1998a, 2002, hereafter KS98a,
of the nucleation and melting temperatures for a number 0fkS02), by Khvorostyanov and Curry (2000, 2004a, b, 2005,
salts. It was clarified later that the coefficient 1.7 is not uni- 2009a, hereafter KC00, KC04a,b, KC05, KC09a) and Curry
versal, and can vary over the range 1.4-2.4 and may reacind Khvorostyanov (2012, hereafter CK12). Analytical ex-
3-5 for some organic substances, depending on the chempressions for the critical radit, of ice germs, critical ener-
cal composition and concentration of a solute (Martin, 2000;gies A F¢,, and nucleation rateg,,c derived in these works
Chen et al., 2000; Lin et al., 2002; DeMott, 2002; Koop and describe the dependence of these quantities not only on the
Zobrist, 2009). temperaturg as in CNT, but also the dependencies on wa-
DeMott et al. (1994) suggested a parameterizatioh T, ter saturation raticy, finite radius of freezing particles, ex-
for ammonium sulfate as a function of molality. Molality  ternal pressure and some other factors. In particular, KS98a
was evaluated in terms of the equilibrium particle diameter,showed that the concentrations of nucleated crystals calcu-
which was calculated usingdtiler’s (1936) equation and the ' |ated with this extended CNT were very close to those in
freezing point depression was calculated with Eq. (2a). Dethe semi-empirical scheme by DeMott et al. (1994). The ex-
Mott et al. (1994) used Egs. (1), (2a) and their parameteripressions forg, A Fgr, Jnyc for solution particles in KS98a
zation of M to calculate the frozen fractiofir; of the haze  and KC00 depended on water saturation rafiobut depen-
particles at variou§” and water saturation ratidg. Having  dence on chemical composition vanished in the derivation.
calculatedFis at variousT and Sy and assuming an expo- Thus, these expressions predicted that nucleation characteris-
nential size spectrum of haze particles, DeMott et al. (1994}ics are a colligative property that do not depend on chemical
suggested a fit for the concentration of nucleated crystals agature of solute substance. This was confirmed by Koop et
an integral ofFis over the haze size spectrum. This schemeal. (2000) from an analysis of experimental data on freezing
reproduced the experimental data on ice nucleation of hazeemperatures of various substances. It was shown in KC04a,b
particles and was suitable for use in cloud models. that the relation between the freezing and melting point de-
An important characteristic of homogeneous ice nucle-pressions analyzed in Sassen and Dodd (1988, 1989) can be
ation is the critical humidity or the critical water saturation derived from the extended CNT.
ratio S/i°. Sassen and Dodd (1988, 1989) and Heymsfield Furthermore, the equivalence of the solution and pressure
and Miloshevich (1995) parameterize‘@,f’gr‘ as polynomial  effects discussed in Kanno and Angell (1977) and in Koop
fits by the temperature. Sassen and Benson (2000) geneet al. (2000) based on the experimental data was derived in
alized these equations to account for wind shear. Koop eKhvorostyanov and Curry (2004a) from the extended CNT
al. (1998) and Bertram et al. (2000), based on their measuren a simple quantitative form
ments of the freezing temperaturgsof aqueous solutions
droplets of sulfuric acid and ammonium sulfate, parameter-Ap=—QpInSy~—Qplnaw, Op(T, p)= :
ized T; as polynomial functions of the solution concentra- M (ow—pi)
tion. Using these data and thermodynamic model of Clegg etvhereAp is the external pressurg,is the universal gas con-
al. (1998), these authors developed parameterizations of thgtant, p; and p,, are the densities of ice and wataf,, is
critical humidities, water activity and freezing point depres- the molecular weight of water. This equation relasgs(or
sion as the polynomial functions of the water vapor pressureequivalent molality) andAp, and shows that a decrease in
Koop et al. (2000) suggested a parameterizatioref f Sw (increase in solution molality) is equivalent to an increase
similar to Heymsfield and Miloshevich (1993) for pure water, in Ap, with proportionality determined by the functiad,

RT pipw (2b)
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that depends on the densities and temperature. The propor-

tionality is Ap ~ —TInS,, with constant densities, although .

they in turn depend op, T. The value ofQy in Eq. (2b) cal-
culated in KCO4a is very larged, ~ 10%atm atT ~273K ~ Ne= / dio Rt hom(70) = Rt hom(t) Tuc- (4)
and increases with decreasifig so that a saturation ratio —o0

Sw=0.9 (In Sy~ —0.1) at T ~273K is equivalent to a
high external pressure of 10° atm. It was shown in KC04
that Eq. (2b) allows a simple quantitative description of the
solution-pressure equivalence in the depression of the melt

An additional heuristic hypothesis was introduced for the
timescale of the nucleation eventyc by Karcher and
Lohmann (2002a, b) relating it to the temperature change rate

ing and freezing points experimentally derived in Kanno anddT/dt'

Angell (1977) and is in a good agreement with the laboratory . 31N Jhom dr

measurements at high pressures. These comparisons shéwuc = € (‘ 9T ) o (5)
Si=Sicr

that many empirical functional dependencies of nucleation

and parameterizations can be derived from CNT. The unknown parameter, was parameterized in &cher
The densities of ice and watgf, and pw, and other ther- g4 | ohmann (2002a) as a function of temperature, and
modynamic parameters of water and ice at low temperatureg, 55 replaced with a constant valse= 50 in Karcher and

and high pressures can be calculated from the equations qf;nmann (2002b). Ren and MacKenzie (2005) arrived at a
state forwater and ice or can be obtained from standard ta‘simpler expression;—L ~ ¢, (T)(dT/dr), wherec, was ap-

. nuc ~ €t
bles recommendable from the new International ThermOdy'proximated by the temperature polynomial. A further hy-
namic Equation Qf Seawater 2010 (TEOS-lO? (e.9., Jefferyhsihesis was that the ice saturation rasiochanges only
and Austin, 1997,.Fe|stel and Wagner, 200_6' 10C, SCORgjightly around its critical values; ¢, during the nucleation
and IAPSO, 2010; McDougall et al., 2010; Holten et al., event, and it can be assumed that) ~ Si ¢/(T). An addi-

2011, 2012; Feistel, 2012; IAPWS, 2012). Reviews of the ré-jjona| assumption is that diffusional growth of the nucleated

cently refined equations of state for water and ice, the recent ystals is described by the equations for the diffusion growth
developments of the nucleation theory and their applicationgegime with kinetic corrections. And finally, they assume that

for ice nucleation and deliquescence-efflorescence phenorrhomogeneous ice nucleation stops wiseneaches a maxi-
ena are given in Hellmuth et al., 2012a, b). mum, dS;/dt = 0 at$; ¢r.

Parameterizations of homogeneous freezing of the second \yjith these assumptions,dcher and Lohmann (2002b)

typeas a sub-step process in the models include more interyny Ren and MacKenzie (2005) found analytical solutions
mediate steps .a.nd assumptions. Such parameterizations & R nom(70) and the concentrations of the nucleated crys-
also semi-empirical, and as examples we describe the parangyis n. and studied several limiting cases. In particular,
eterizations developed byéfcher and Lohmann (2002a, b) they found for the diffusion growth regimajc ~ w%?2, and

and Ren and MacKenzie (2005). The methods used in these, " -1/2

terizati milar to th thod develoned bu'e ™ Pis , Wherew is the vertical velocity angjs is the sat-
parameterizatons are simrar to the memod developed by, aieq vapor density over ice. For the kinetic crystal growth,
Twomey (1959) for drop activation. The basis of these Pa-pan and MacKenzie (2005) found thaig ~ w for the large
rameterizations is the equation for ice saturation r&tidhe

ink t in thi tion. the d i e blé)articles, andVe ~ w?, Ne ~ pigz for small particles.
sinkterm in this equation, the deposition rate in an ensem Barahona and Nenes (2008) developed a similar sub-
of the crystals, is defined as the time integral of the numbe

r . . . . .

; . L step parameterization of homogeneous ice nucleation, using
d_ens!ty of aerosol particlesiglto)/dto that freeze ywthm the Twomey’s (1959) upper limit approximation for ice supersat-
time interval betweemy andzy + drg, with monodisperse or

: ; . uration, and a representation for the nucleation rate similar to
polydlsperse model of'the haze partlcle§. To solve this nonc}hat from Khvorostyanov and Curry (2004b)
linear system of equations, the authors introduce several ad-
ditional hypotheses. Following Ford (1998a, b), a hypothe-  Jiom(Si)
sis on the exponential time behavior of the nucleation rate" m = b (T)(Si = Sicr)- (6)
Rt hom = dnc/dtp was introduced '
They used the temperature dependencéfOr) from Koop
Rt hom(fo0) = Rf,hom(t)exp<—t - ;0) 7 @) e al. (2000), made several auxiliary simplifications and ar-
rived at a parameterization that required an iterative numeri-
cal solution. All the parameterizations described above used
parcel models for tuning the parameters of the final parama-
terization equations.

In the studies reviewed above, it was assumed that stable
hexagonal ice lh nucleates in supercooled water or solution
droplets. The thermodynamic parameters associated with ice
Ih were therefore used when interpreting the data. Evidence

C_

dto

Tnuc

where thc IS a characteristic time scale of the nucleation
event, unknown for now, which has to be determined. Inte-
gration of Eq. (3) by yields
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was provided recently that metastable cubic ice Ic may form(CPMCP, Lin et al., 2002), we exclude from consideration
first in some cases at low temperatures, especially<c200 coagulation among the droplets and aggregation between the
K, with subsequent relaxation to the stable ice lh (e.g., Mur-droplets and crystals, sedimentation, entrainment, turbulent
ray et al., 2005, 2010; Murray and Bertram, 2006; Malkin et exchange, etc. to isolate the effects directly related to nucle-
al., 2012). However, uncertainty remains in the general con-ation processes. The system of equations comprising the par-
ceptual picture of this sequence of the processes, and a wideel model is described below.

spread in the current data on the thermodynamic parameters The heat balance is calculated using the equation for the
for Ic, so that the nucleation rates for Ic estimated with CNT temperaturd’ in a wet adiabatic process:

may vary by many orders of magnitude (e.g., Murray et al., I3 I3 I3

2010). We therefore assume in this work, as in most of the—— = —yaw + —— Ieon+ — Igep+ ——

others, that hexagonal ice Ih nucleates in droplets and usé CpPa CpPa CpPa

the correspondmg_ parameters for Ih.. Calculations for Ic orwherey, is the dry adiabatic lapse ratee, Ls and Ly, are

any other type of ice can be done using the same equationge |atent heats of condensation, deposition and melting (cal
derived in this work with corresponding changes of the ther-¢-1) cp is the specific heat capacity, is the air density,

modynamic parameters: the surface tension, melting heaty_ dep and Iy are the rates of condensation, deposition,
saturated vapor pressure, etc. and freezing (gcm3s1).

We have shown above that many (or most) parameteriza- Both water and ice supersaturation govern ice nucleation
tions of ice nucleation of the first type can be derived from inetics: water supersaturation determines the nucleation
CNT. A question arises as to whether the more complicategyrocess, and growth of ice particles is determined by ice su-
parameterizations of the second type (integral) can be als@ersaturation. We consider the equations for fractional wa-
derived from the CNT. This paper addresses homogeneougy and ice supersaturations, = (pv — pws)/pws, ands; =
freezing of deliquescent haze particles and water drops. The, _ ;.)/pis, where py is the environmental water vapor
new analytical parameterization developed here is based digensity, ps andpis are the densities of vapor saturated over
rectly on extended classical nucleation theory with mini- water and ice, respectively. In a rising air parcel, supersatu-
mum auxiliary hypotheses and simplifications. Parcel modekation is governed by two competing processes: supersatura-
simulations are used in Sect. 2 to illustrate the general betjon generation by cooling in an updraft and supersaturation
havior of various nucleation properties under various condi-gpsorption by the crystals in the vapor deposition process.
tions, for justification of key analytical simplifications, and  Thjs process can be described by the supersaturation equa-

for their verification. The new analytical solutions are de- tjons that account for homogeneous ice nucleation (KCO05,
rived in Sect. 3, and the diffusion and kinetic limits are deter- gect. 2a therein):

mined. It is shown that the new analytical dependencies agree

Iy, (7)

with the previous parameterizations and can be expressed in 1 ds_W = cpw — Eldep; (8a)
terms of the primary parameters of modified classical theory.(1 +sw) dt Pv
1 ds I I (8b)
o . : . = N eiw— =2
2 Kinetics of homogeneous ice nucleation simulated (1+s) dr Li oy dep

with a parcel model . . .
HereTl'12 andl"; are the psychrometric corrections associated

2.1 Parcel model with the latent heat release at condensation derived in KCO5,
The parcel model used here was described in Khvorostyanov L2 pis LeLs puws

_ isal2=1 ° ,Ti2=1 —, 8c
and Curry (2005, hereafter KC05). The parcel model is al'2 =1+ coRuT? pa 12=1+ oRVT? pa (8c)

zero-dimensional or Lagrangian model of an adiabatic ris-
ing air parcel that cools, causing nucleation and growth of/4q, is the deposition integral that describes the vapor flux
the drops and crystals. All variables depend only on time onto the crystals, and

The dynamics in this parcel model is parameterized by pre-

scription of a vertical velocityw constant in time. The pri- ., (1) = <£ﬂ - 1> i, (9)
mary thermodynamic equations are the prognostic equations cpT Ma RaT

for supersaturation and temperature. This system of equa-

tions includes terms that describe the phase transitions and Ls My g
is closed using the two kinetic equations for the drop andc1i(T) = < )ﬁ,
ice crystal size distribution functions that account for nucle- a
ation, condensation and deposition, and two equations for thevhereM,, andM, are the molecular weights of water and air,
droplets and crystals growth rates. Similar to the methodol-R; is the gas constant of air. The vapor fligep to the crys-
ogy adopted for the Cirrus Parcel Model Comparison Projectals is the integral of the mass growth rate over the crystal

10
(,pT Ma ( )
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size spectrum. We consider ice nucleation in haze particlesvhere the Dirac delta functiof(r¢ — r¢(tg)) describes nucle-
at water subsaturation, formation of water drops is not con-ation of a crystal with radius;(rg) ands;c denotes the right-
sidered in this work and the terifgo, is absent in Eqgs. (8a, hand side that will be specified in the finite difference ap-
b). However, bothy,, ands; are required for further consid- proximation as described below. Equation (17) can be viewed
eration since ice nucleation is governed fgyy and crystal as a generalization of the known relation for the drop acti-
growth is governed by;. We assume that crystal size can be vation on the CCN, where usually only the supersaturation
characterized by an effective radius then/gepis expressed  activity spectrum is accounted for (e.g., Twomey, 1959; Se-
via crystal growth rate (d/dt) dunov, 1974; Khvorostyanov and Curry, 2008, 2009b; Ghan
. et al., 2011; Tao et al., 2012). We could consider each of
these spectra in Eq. (17) separately, and this will be done in
Taep(t) = 47””/ e, 10) f (re, to)dre, 1D gect. 3.3, Egs. (52b, c), but a simpler and faster way is to use
0 an equivalent equation for concentration conservation

where f¢(r¢, fo) is the size distribution function of the crys- _ _
tals nucleated at a timg, andrc(z, 7p) denotes the radius at ANt (10) = fe(re)dre = s(T', sw)dsw + ¢r (T, sw)dT

timer of a crystal nucleated at timg. We use (d/dt) in the = Rf,nom(70)dro,
form similar to Fuchs (1959) and Sedunov (1974) where Ri hom= dNc(r)/dt (cm—3s~1) is the polydisperse
dre o Caisi ~__ Dypis homogeneous freezing nucleation rate describing effects of

dre(t, 10)

(18a)

da e + Edep’ i = oils (12) both T andsy on freezing defined below.
The probability of freezing of a haze particle or a drop with
radiusra and volumev(rg) during the time interval from
4Dy 8RT \ /2 oris ( g 0
Sdep= —, Vu=|—— s (13)

kinetic correction to the radius growth ratgy is the thermal
speed of water vapor molecule®,is the universal gas con-
stant, andxq is the deposition coefficient. This equation for
drc/dt accounts for the kinetic correctidgep

Substitution of Eg. (12) into Eq. (11) yields

t
whereDy, is the water vapor diffusion coefficiertiyepis the Pt hom(ra, 1) = 1 —exp| — / J hom(t/)U(Va)dl/) (18b)

fo

whereJ; hom is the homogeneous nucleation rate (¢ra1)
considered in Sect. 3.2, Eq. (36). The crystal concentration
N¢ in a polydisperse aerosol with uniform size and surface
properties can be calculated by integrating the probability of
felre,Hdre.  (14) freezing Pr hom Of an individual haze or cloud droplet over

/ re(t, o) + &dep the size spectrunf (r) of aerosol or droplets normalized to

) ) . the aerosol or drop concentratidf:
The radiusr¢(z, 1p) at timer of a crystal nucleated at time

to is evaluated by integrating Eq. (12) with constant pis
during the relatively short time of integration, Ne hom(t) = / Pt hom(ra, 1) fa(ra)dra
re(t, 10) = {(reo-+Edep)*+2¢3ilyi (1) = yi (1)1} /> — £dep (15)

Fmax t

whererco = ri(fo) is the initial crystal radius at the activation — / 1—exp| — / Jr.hom(@)v(ra)ds” | | fa(ra)dra. (18c)
time 7o, andyj(¢) is the integral ice supersaturation defined

Igep(t) = si(1)

)
47 Dy pis / r&(t, 1o)
I'y

’max

T'min 0
as
‘ The polydisperse nucleation rakgnom can be calculated as
yi(t) = / si(tHadr'. (16) (PK97, KC04a,b)
0 dN Fmax
. | | ety = et _
Ice nucleation via haze freezing depends simultaneously on f.hom(0) dr drafa(rav(ra)
T andsy, and we can consider the integrand in Eq. (14) Fmin
for Igep using a kinetic equation for the crystal size spec- !
trum and introducing two activity spectra, by supersaturation  xJs hom(fo) exp| — f Jthom(t v (ra)dt’ |, (18d)
¢s(T, sw) and by temperatur@r (T, sw) 0
dfe(re) 9 % _ dS_W wherev(ry) is the volume of a freezing particle with radius
+ Je ) = [ os(T, sw) ; . .
ot dr dr ra, Ji.nhom IS the homogeneous nucleation rate that is calcu-
dr . lated from the extension of the classical nucleation theory
+¢T(T’SW)E 8(re —re(to)) = Ve, a7 (CNT) as developed by the authors and employed here (see

www.atmos-chem-phys.net/12/9275/2012/ Atmos. Chem. Phys., 12, 93882 2012
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Sect. 3.2). It is expressed via the activation and critical en-accounts for its depletion by the newly nucleated and grow-
ergies of an ice germ freezing that depend simultaneouslyng crystals.
on the temperature and water saturation ratio. Substituting We consider in this section homogeneous ice nucleation at

the conservation law for the nucleated crystiléc)drc =
Rt hom(to)ditg from Eq. (18a) into Eq. (14) fofgep and using
Eqg. (15) we obtain

t

/ reef(t, t0) R, hom(fo)dfo,
0

45 Dy pis

T, (19)

Iqep= si

where we introduced the effective raditsg(z, 10), which is
the first multiplier in the integrand in Eq. (14)

r2(t, 10)
re(t, t0) + Edep
_ A{lreo+ &dep? + 2¢3i (i (1) — yi(10))]Y/? — Edep)?
B [(reo+ Edep)® + 2c3i(yi (1) — yi(10))]1Y/2

reef(t, o) = (20)

Substituting Eg. (19) into Eqg. (8b) and using Eq. (16) for
yi(t), we obtain an equation for integral ice supersaturation

/
ﬁ% =CliW—%Idep, (21)
where

t
Igep= yi/%?—;pis/”c,ef(t,tO)Rf,hom(to)dto- (22)

0

Substitution ofRf hom from Eq. (18d) into Eq. (22) yields

t "max

/ re.ef(t, 10) / Falra)v(ra)

0 Tmin
t

X Jt,hom(t0) €xp| — / Ji,hom(® v (ra)ds” | dradg | (23)
0

/47[ Dy pis
Idep=yj F—z

cold temperatures and not very vigorous updrafts when the
haze solution particles freeze at water subsaturation, so that
drops do not form. The crystal nucleation term in Eq. (17)
can be calculated in the finite difference scheme as

Yfc = ANc i (At)/Arc/At, (25)

whereA N i is the number concentration of the crystals nu-
cleated via homogeneous freezing in a time gte@nd cal-
culated with Eq. (18c) using equations for the nucleation rate
Ji.nom (EQ. 36 here) and\r. denotes the first size step by
the crystal radii (0.1-0.2 um). The crystal size spectrum in-
cludes 30 radius intervals: 10 steps by 0.1-1 um and the next
20 steps increasing logarithmically to 100—-350 pum. This di-
vision allows coverage of both small and large size ranges
without loosing accuracy.

2.2 Simulation results

The design of the simulations generally follows the proto-
col of the Cirrus Parcel Model Comparison Project (CPMCP;
Lin et al., 2002). To simulate the ice crystal nucleation pro-
cess, the parcel model was run for 1 h with most initial data
specified following the CPMCP and varying some parame-
ters to estimate the sensitivity of the results. We describe the
results for three values of the vertical velocity,= 4, 20,

and 100cm3s?t, two values of the initial temperatur@y =
—40°C and—60°C, and two values of the aerosol concen-
tration, N = 200 cn1 3, and with increased/, = 500 cnt 3.

The initial humidities were chosen as RH\W 90% for

To = —40°C and RHW = 78 % for Tp = —60°C. The ini-

tial pressurepg was specified to be 340hPa. The parcel
model includes the option of isolating specific ice crystal
nucleation modes. Here we consider only the homogeneous
freezing of deliquescent haze particles, excluding the other
modes (heterogeneous freezing, deposition, contact, immer-
sion). Integration over the haze size spectrum was performed

Substitution of Eq. (23) into Eq. (21) and using the relation Using a lognormal size spectrum of soluble haze particles

ov = (1+y)) pis yields
t

(47 Dy) / reef(t, t0)  (24)
0

1 dy v
T —— = CLjW — -
(1+y) de A+y)

Tmax t
X / fa(”a)v(”a)Jf,hom(tO)EXp(_/-/f,hom(f,)v(”a)dt/) d”adl‘o:|

0

’min

with the mean radius of 0.02 um and dispersiga- 2.5. The

time steps were 0.01-0.2 s in the main program, but the time
step can be divided further, if necessary, in the nucleation

or condensation subroutines to meet stability conditions. The
accuracy of the calculations was controlled by comparing the

total number of crystals nucleated with those obtained by in-

tegration over the size spectrum of the grown crystals at the
end of a parcel run. If the error exceeded 5% (especially

at low temperatures), the time and radius steps were varied

This equation describes evolution of integral ice supersatuand several additional runs were performed until the error
ration. It is analogous to Twomey’s (1959) and Sedunov'sbecame less than 5 %.

(1974) supersaturation equations for the drop activation, but Figures 1 and 2 illustrate the effect of the vertical veloc-
includes a more complicated description of crystal nucle-ity (w =4 and 20cm<s?) on the kinetics of homogeneous
ation. The first term on the RHS describes supersaturatiorireezing at7p = —40°C and Nz = 200 cnt3. It is seen that
generation by cooling action of updrafts, and the second ternthe nucleation process has two branches with increasing and

Atmos. Chem. Phys., 12, 9279302 2012
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Fig. 1. Kinetics of homogeneous nucleationZj. = —40°C, RHWy = 90 %, po = 340 hPa,N3 = 200 cn1 3 and two vertical velocities,
w=4cms 1 andw =20 cm s°1. (a) Relative humidity over water RHW, defined as 180 th; (b) critical radiusrcr; (c) critical free energy
AFgr; (d) homogeneouslf,homrg’ nucleation rates for a particle with radius of 0.11 |{g);polydisperse nucleation rate®; hom = dN/dft,
defined by Eq. (18d)f) crystal concentration.

decreasing supersaturations. At the ascending branch, theith supersaturation depletion. Due to cooling in the par-
first term on the right-hand side of Eq. (21) or Eq. (24) with cel, RHW increases in the ascending branch and reaches at
supersaturation generation dominates; therefore the relative = 4cms ! a maximum of 97.7 % at~ 35 min, then be-
humidity and supersaturation increase from the initial val- gins to decrease (Fig. 1a).

ues to the maximum values reached at the tigpg. At the The critical or threshold water and ice supersaturations
descending branch, RHW{y, ands; decrease due to domi- sy cr andsj ¢r can be defined as the points where the nucle-
nation of the second term on the RHS of Eq. (21) or Eq. (24)ation rates become significant and the crystal concentrations

www.atmos-chem-phys.net/12/9275/2012/ Atmos. Chem. Phys., 12, 93882 2012
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Fig. 2. Comparison (continuation) of kinetics of homogeneous ice nucleatior-att cm s-1 (solid circles) andv = 20 cm 1 (triangles) at
—40°C and the other parameters as in Figd.Supersaturations over wateg;, and icesj, % and corresponding critical supersaturations.
(b) Crystal mean radius, pn(c) ice water content, g i; (d) crystal supersaturation relaxation time, n{ie) relative amount of condensed

ice, %;(f) vapor excess, g ir.

reach some threshold values, eNg,~ 10-31~1 (a more rig-

crease in the descending branch to the second critical values

orous quantitative description is given in Khvorostyanov andreached at about= 40 min (Fig. 2a). Note that the change in
Curry, 2009a). The water and ice supersaturation pass in theee supersaturations; = si max — Si.cr1 = 4 %, Or Asj /si max

ascending branch the first critical valuess@fcr1 = —4.2%
and sj cr1 =42 % at aboutr ~ 22 min, reach maxima of
—2.45% and 46 % respectively at=33.67 min, then de-

Atmos. Chem. Phys., 12, 9279302 2012

is less than 10 %. Thus it can be assumed that nucleation oc-
curs at almost constant ice supersaturation.
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Noticeable ice nucleation wity = 4cm s™! begins after A comparison of the results wittNg=200cnT3 and
the first critical pointsy ¢r1 atz ~ 22 min (Fig. 1d, e, f). At 500 cnr3 at To = —40°C, w = 4cms L is shown in Figs. 3
the time of maximum RHW andy, the crystal critical radius  and 4; all other parameters are as before. This comparison
and energy reach minima of36x 10~ cm and 138x 10~1? shows that a significant increasei causes very weak ef-
erg respectively (Fig. 1b, c), while the nucleation rate perfect on nucleation kinetics and all the resulting quantities.
particle (If,homrﬁ, with r, = 0.11 um) and the polydisperse Nucleation with highe®V; begins and ceases a little earlier,
nucleation rateRs hom reach maxima of 40x 106 s~2  and the resulting crystal concentration is 685Vs. 66 I
and 493x 10~4cm=3s~1 (Fig. 1d, €). The values of;and ~ With Na=200cnT3; that is, an increase 2.5 times M,
A Fer are substantially greater, while,homrﬁ andRsnomare  causes and increase of only 4%£:q. This remarkable in-
smaller at the later times, although the temperature continuesensitivity to the initial concentration of deliquescent freez-
to decrease. This illustrates an important key role of humiditying aerosol indicates a kind of “saturation” with respect to
in ice nucleation. N, at values ofvz much smaller than these values typical for

In contrast to drop activation, the ice nucleation processthe upper troposphere.
continues aftery, along the descending branch until the point ~ The fraction of nucleated haze particles (the raidNa),
when the second critical values, ¢ and si¢r are reached s tiny (66171)/(20000011) = 3.3 x 10~4, which is much
(this process has been mostly disregarded in previous paransmaller than the typical fraction of CCN activated into the
eterizations of ice nucleation.) The entire nucleation processlrops,~ 0.3-0.7. This very small fraction of freezing solu-
takes 15—-20 min withy = 4 cm s1, and the final crystal con-  tion particles is explained by the following factors: (a) very
centration is 6611 (Fig. 1f). The crystal mean radius grows strong negative feedback by the water supersaturation: even
to 43 um byt = 1 h, the ice water content (IWC) increases to a small decrease isy, causes a significant decrease in the
0.044gn7° and the supersaturation relaxation timgde-  nucleation rate/; hom,; and (b) much faster crystal growth
creases from more than 3 h at the beginning of nucleation t@t high ice supersaturation than drop growth at small water
17 min by the end of simulation. This indicates that deposi-supersaturation.
tion of the vapor is not instantaneous but a significant amount The effect of temperature is illustrated in Figs. 5 and
of vapor is deposited over a period of hours. 6, where a comparison is made for the case®°C and

For quantitative illustration, it is convenient to introduce —60°C, atw = 4cmsL, and all other parameters as before.
the two quantities, vapor excesaM,, and the relative The critical and maximum water supersaturations (negative)
amount, or percentage of condensed icger decrease and ice supersaturations increase with decreasing

temperature. Minimum critical radius and energy are compa-

AMy = pysi, Fieon = IWC/(IWC + AMy) x 10Q (26) rable at both temperatures, while the nucleation rates grow
These quantities characterize the mass of uncondensed ige-7 times at lowelT. The crystal concentration increases
and the fraction of condensed ice. In a bulk model with almost 4 times to 2421 at lower T (Fig. 5f), but crystal
instantaneous condensation and depositiofdy, =0, and  growth is slower; therefore the mean radius is about 4 times
Frecon= 100 %, but it is not so in this microphysical model smaller and the fraction of condensed ice is lower by the
with explicit calculation of supersaturation. Fig. 2f shows end of simulation at =1 h, and the supersaturation relax-
that the vapor excess is greater or comparable to IWC anétion times are closey 15-17 min, since increase in crys-
the fraction of condensed ice is less than 50 % during 30 mintal concentration is balanced by decrease in the mean radius
This means that optical thickness and emissivity of cirrus(Fig. 6). Thus, the amount of condensed ice is again smaller
clouds at the initial stages of their formation are significantly than would be in a bulk model.
smaller than predicted in a bulk model. Some properties of the nucleation rates allow simplifica-

The corresponding curves for the case witk= 20cm st tion of the nucleation equations. The nucleation rates are very
(solid circles in Figs. 1 and 2) show much faster nucleation,small at all stages of the procesgpom <10~°-1074 s71
about 5 min. The other features of the nucleation process arandRs pom < 1073~10"1 cm~3s~! even at their maxima; see
qualitatively similar, with some quantitative differences. The Figs. 1d, e, 3d, e, 5d, e. Therefore Egs. (18b—d) for homoge-
minimum critical radius and energy are somewhat smallerneous nucleation rate can be substantially simplified since
the nucleation rates increase by almost two orders of magni-
tude, and the final crystal concentration increases to 649 |
almost 10 times greater than with=4cms.. Because of  &XP _/Jﬂhom(f/)v(ra)dt/ zl_fjfvhom(’/)v(ra)dt/~ (27)
more numerous crystals and their competition for vapor, the 0 0
mean crystal radius is smaller than with=4cms!, but

t t

T e ; i - The probability Prhom(ra, ) (EQ. 18b) of homogeneous
the relaxation timey is also smaller with a minimum of 2.6 freezing of a haze particle or a drop with radiysand vol-

i ition i ith = 1 . . . . .
min. The deposition is faster with = 20cms =, butthe va- ;) during the time interval fronm to 7 can be simpli-
por excess and fraction of condensed ice are still smaller fog,oq oo

15-20 min that would be in a bulk model with instantaneous
deposition (Fig. 2e, f).

www.atmos-chem-phys.net/12/9275/2012/ Atmos. Chem. Phys., 12, 93882 2012
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Fig. 3. Comparison of homogeneous nucleation kineticsVat= 200 cm 3 and 500 cm3. The other parameters ar@y. = —40°C,
RHWg = 90 %, pg = 340hPa,w = 4cms 1. (a) Relative humidity over water RHW, defined as 100, th; (b) critical radiusrer; (C)
critical free energyA Fer; (d) homogeneouslf,homrg’ nucleation rates for a particle with radius of 0.11 |{g);polydisperse nucleation rates,

Rt hom = ONg,/dt, defined by Eq. (18d)f) crystal concentration.

t

Pt hom(ra, t) =1—exp _/Jf,hom(f/)v(”a)dt/

fo
t

%/hmﬁﬁwww-

fo

Atmos. Chem. Phys., 12, 9279302 2012

(28)

Equation (18c) for the crystal concentratidva hom in a poly-
disperse aerosol can be simplified as

max

Nc,hom(t) = / Pt hom(ra, t) fa(ra)dra,

Fmax 1
%//RWMMWMQW%-

Tmin 10

(29)
www.atmos-chem-phys.net/12/9275/2012/
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Fig. 4. Comparison (continuation) of homogeneous ice nucleation kinetiag at 200 cm3 (solid circles) and 500 ci (triangles), at
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si,cr» %; (b) crystal mean radius, unfc) ice water content, g i; (d) crystal supersaturation relaxation time, me) relative amount of
condensed ice, %f) vapor excess, g 7o,

The crystal nucleation rat® nom (EQ. 18d) in a polydisperse 3 Parameterization of homogeneous ice nucleation
aerosol can be simplified and is obtained by differentiating of ~ kinetics

Eq. (29) by::
Fmax In this section, a new parameterization of homogeneous ice
dN¢ hom nucleation kinetics is derived, based on extended classical
Rt hom(t) = —3— = / fa(rav(ra) Jihom(t)dra. (30)  ,cjeation theory and analytical solutions of the supersatura-
Tmin tion equation.
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Fig. 5. Comparison of homogeneous nucleation kineticE at —40°C and—60°C. The other parameters are: Ri{#40°C) = 90 % and
RHW(—60°C) = 78 %, pg = 340 hPaw = 4cm s L. (a) Relative humidity over water RHWb) critical radiusrcr; (c) critical free energy
AFgr; (d) homogeneousf,homrg nucleation rates for a particle with radius of 0.11 (g);polydisperse nucleation rate® hom = dNg/dt,
defined by Eq. (18d)f) crystal concentration.

3.1 General properties of nucleation and freezing rate ter.2 denote the 1st and 2nd times when the critical (thresh-
old) ice supersaturationgcr1 ands; cr2 are reached (marked
3.1.1 General features of homogeneous ice nucleation With ellipses), that is, the start and end of nucleatigfi
kinetics is the time when maximum ice and water supersaturations,
Si.max and sw max, are reached. Figure 7 shows that homo-
eneous ice nucleation has features that are both similar and

The general features of homogeneous ice nucleation kineticg. ) .
g 9 ifferent from drop nucleation. In both cases, supersaturation

are illustrated in more detail in Fig. 7. The symbagls; and

Atmos. Chem. Phys., 12, 9279302 2012 www.atmos-chem-phys.net/12/9275/2012/
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increases due to cooling by the updraft, but in contrast to dromjood approximation with abundant concentrations of freez-
activation, ice nucleation begins at water subsaturations of ang particles
few percent at timeg, 1, when a critical ice supersaturation ..
SI’(Ernﬁéév: (Ei?c;r?(f s.W(t) curves consist of two branches with Xf-hom(70) ~ Jt.hom(70) / drafa(ra)v(ra) = Naba/inom(10). (33)
increasing and decreasing supersaturations. However, in con- Imin

trast to the drop activation, nucleation does not ceasgat  where, is the mean aerosol volume averaged over the haze
when maximums; max and sw max are reached. Only about sjze spectrum

half of the final crystal concentration has been nucleated by

this time (the ellipse in Fig. 7b), and nucleation continues rmax
along the branch with decreasing supersaturation to the poini; = §”ﬁ f rg’fa(ra)dra. (34)
ter,2, Si.cr2 Whensi(z) again intersects the ling (7). It is a,min

seen that an increase in both ands; is linear almost to the

maximum, and botky,, ands; can be well approximated with  In general N, andu, vary with time; however, the fraction of

linear functions. haze particles nucleated into crystals is very small compared
The basic equations describing kinetics of homogeneougo the initial haze population. ThereforRepin Eq. (23) can

ice nucleation include the integro-differential equations for be further simplified assuminyja ~ const,v, & const.

water and ice supersaturations derived in Sect. 2, and the ,

equation for crystal radius growth rate with account for ki- A7 Dypis
netic effects. In addition, we need an equation for homoge-/dep= Yi F—zNava/rc,ef(fv 0) Jt,hom(70) dro. (35)
neous nucleation rate of haze particles with account for solu- 0

tion effects, an equation for the critical supersaturatipg, . .
and equations for the critical radius and energy of homoge3-2 Separation of the temperature and supersaturation
neous nucleation. dependencies

3.1.2 Freezing rate The nucleation ratelt hom(7', sw) can be calculated using
classical nucleation theory (CNT) (PK97)
The equation for the critical water supersaturakigr= Sy —
kT is\ 1/2 AFact+ AF,
1 was derived in Khvorostyanov and Curry (2009a, hereafter/t,hom = 2Ncont<%v 7) (%) e (—%) , (36)
1

KC09a) based on the extension of classical nucleation theory
where py, and p; are the densities of water and icgs is

o o the surface tension at the solution-ice interfagé ;¢ and
~(T | To)[1—(Hy g+ Hs.hom) | MWEm/RT 2 (T y To)MwLm/RT (31) A F,, are the activation and critical energies of an ice germ
whereG, = (RT/Merenf) is a dimensionless parameteﬁf freezing, Ncont is the number of molecules in contact with

is the specific melting heat averaged over temperatiri, a unit grea of ice surface,and” are the Bol'tzmann’s.and
the universal gas constant, is the molecular weight of Planck’s constants. In CNT, the energyact is a function
water,Hy  and Hs nom are functions of the melting heat, wa- of tempergtureAFCr isa f_unct|on of the critical germ radius
ter and ice densities, external pressure and surface tensidigr Which is also a function of” (PK97). More general an-
(KC09a). The last approximate equality in Eq. (31) is written &lYtical expressions forc(T', Sw, ra, Ap) and AFer(T, Sw,

neglecting effects of external pressure (small for this case)’d: A7) were derived in Khvorostyanov and Sassen (1998a),

and for very slow nucleation rates (see KC09a). The corre.Khvorostyanov and Curry (2000, 2004a, b). Here we use a

sponding ice saturation rati$ and supersaturationcan be ~ S0mewhat simpler expression from KS98a, KC00, KC04a,b
obtained using standard relations betwgg@nds;. with account for7" andSw,

Sw,er = Stoor — 1= [(T/ To) Xp(Hy fr + H hom 1Y/ ¥ — 1

The polydisperse freezing raf® hom = dNc(70)/dtg can 20is
be calculated using classical nucleation theory as describeter (T Sw) = of To «Gn
by Eq. (18d). It was illustrated in Figs. 1 and 2 that at typ- il (T) [In (TSW )]
ical cooling rates), the inner integral in the exponent of RT

4 2
Eq. (18d) is close to 1. Therefore, Eq. (30) can be used asa " = j, Lef’ AFer(T, Sw) = 37057t

good approximation foRt hom:

_ (167/3)03 @37a)
dN max - ; T_ G )
Rt hom(to) = dtfr = / drafa(ra)v(ra) Jt,hom(to)- (32) [p'LFn(T)In<TOSW )]
Fmin where G, ~0.4-0.6 with relatively weakl"-dependence

This expression can be further simplified if the depletion of (KC09a). Analytical solution of the supersaturation equation
v(rg) and fa(ry) are small during freezing, which is usually a requires some simplifications; in particular, it is desirable to

www.atmos-chem-phys.net/12/9275/2012/ Atmos. Chem. Phys., 12, 93882 2012
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Fig. 6. Comparison of homogeneous nucleation kineticsTat —40°C and —60°C (continuation). The other parameters are:
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find a representation of hom With separated”- and Sy, or
sw-dependencies. Here, we expresB, via water supersat- (167/3)03
urationsy, using Eq. (37a) and the relatidhy, = 1+ sy, then  AFg = =

(37b)
[negrn[Ba+sno ]}

This equation forA F¢; can be transformed so that the de-
pendencies of" andsy, are separated, following KC04b. It
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illustrated with a parcel model run with the parameters: initial temperadyse—40°C, sy (r = 0) = —0.1 (—10 %), lognormal size spectrum
of haze particles with mean geometric radius of 0.02 um and concentigier200 cn 3. The symbolsg; 1 andrey 2 (marked with ellipses)
denote the 1st and 2nd times when critical (threshold) ice supersaturatignands; ¢r» are reached, that is, the start and end of nucleation;
tmax is the time when maximum ice and water supersaturatippgx, sw,max are reachedsw,cr denote the curves of critical (threshold)

water and ice supersaturations.

was found from observations and model simulations that ho~ 3.5 %; therefore, retaining only the first term in Eq. (39) is
mogeneous freezing of haze droplets in cirrus clouds usualljustified. Substitution of Eq. (39) into Eq. (36) yields

occurs at small water subsaturations-& % to—10 %, i.e.,
sw=—2x10"2to —10x 1072, so that|syw| < 1 (see e.g.,

Jtnom(T - $w) = J{ pen(T) €Xplus(T)sw (1)), (41a)

Figs. 1-7 here; Sassen and Dodd, 1989; Lin et al., 2002).

Sincelsw| <« 1, we can expand the denominator in Eq. (37b)

into a power series ify. The logarithmic term can be trans-
formed as

Tt T T
In |:—0(1+Sw)G”:| ~In [—O(l—i- Gnsw)] ~In <—O)
T T
GnSW

T
To
7) <1+ In(To/T>>’

where we used a relation INfLG,syw) ~ G, sw for |sy| < 1

+Gpsw=In ( (38)

andG, ~ 0.4-0.6. Substituting this expansion into Eq. (37b), "

we obtain

AFe(T, sw) ~ AFero(T)[1—ksswl, (39)
where

2G,, 2RT
Ks = = s (408.)
IN(To/T) ~ MwLEIn(To/T)
167 /3)03
AFero= —— /9% (40b)

[oi LEN(T) In(To/ T)1?

That is, AF¢ o is the critical energy for pure water de-
fined by Eq. (37b) but afy =1 orsyw =0, i.e., it depends

Jthom(T- 5w) = J{ porn(T) [brom(T) 1) (41b)

so thatJt hom Ccan be written such that the-dependence is
presented in the exponential or power law forms, similar to
those derived in KC04b for heterogeneous nucleation. The
parametergs andbpom are

(T) . AFcr’O ZGn _ 2R AFCI‘,Q
s kT In(To/T) ~ kMyLE In(To/T)
2N, AF,
_ Av cr,0 ’ (42a)
My LE In(To/ T)
bhom(T) = exp(us), (42b)

where k is the Boltzmann constantya, is the Avogadro
number, and/\®_is defined by Eq. (36) withA Fer o(T)

f,hom
from Eq. (40Db), i.e., aky =0. Thus, Js hom(T, sw) is pre-
sented in a separable form as a product of the two factors:

70 (T, sw = 0) depends orf" but does not depend o,

f,hom . . .
and the dependence op is separated into the exponent in

Egs. (41a), (42a). An estimate shows that at cirrus conditions

only on temperature but does not depend on supersaturass ~ (2—4) x 10% >> 1. Sinces, <0 in the nucleation process,

tion. ForT ~ -50°C, G, ~ 0.5, andks ~ 5, then withs,, =
—3x 1072 (—3%), the termkssw ~ —0.15« 1. The sec-
ond order term in expansion lxgsy in Eq. (39) contributes

www.atmos-chem-phys.net/12/9275/2012/

the value ofussy is negative. Ifsy, ~ —(4 to 10)x 1072, at
typical nucleation conditions, the value fofssy| > 10, and

we have an inequality expésyw) < 1.

Atmos. Chem. Phys., 12, 93882 2012
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1E+6 — ° ° 3.3 Evaluation of nucleation rate and crystal

s 4 concentration

1E+4 — & IO pom(T, sw=0)
'7"; 12:2 ] —9— Jthom(T, sw) We seek a solution to the supersaturation equation, similar
".3& 1E+1 — —A—  exp(ug*sy) to that used in the parameterizations of drop activation (e.g.,
S 1=+ 3t pom O hom Twomey, 1959; Sedunov, 1974; Khvorostyanov and Curry,
g 01 2008, 2009b; Ghan et al., 2012; Tao et al., 2012), as a linear
& 1E-2 approximation but with the initial critical (threshold) values.
.§ 15:‘3‘ | The initial values are zero for drop activation but are equal
§ 1E-5 — to some nonzero critical valuag, ¢r, si cr With account for
2 1E-6 — the specifics of ice nucleation as illustrated in the previous

1E-7 — figures

1E-8

1E-9 L L G R L L L si(6) = y[(t) = sicr+asit, yi(t) =sicit + (@1i/21?,  (44)

0 10 20 30 40 50 60

Time (min)
sw(®) =y (O =sw,crtaiwt, yw()=sw crt+(a1w/2t% (45)

Fig. 8. Homogeneous nucleation ratesJ; hom(T,sw),

KT sw=0), their ratio Js nom(T. sw)/Jf por(T- 5w =0),
and expissw) that determines this ratio. Calcuiations for the same
conditions as in Fig. 7. It is seen thaf.’hom/](o)f’hom is very

close to expdsy), which is a good approximation to this ratio.

The integral supersaturationg, and y; are written assum-
ing for simplicity that the time is counted from the moment
fo = ter When sy or andsi ¢r are reached, then according to
Eq. (16) the initial timeg = 7 = 0. The parametes, and
aij can be specified in various ways, which yield the lower
and upper limits of the solution similar to drop activation.
Numerical simulation with the parcel model shows that AN @Pproximation that gives a lower bound of the solution
changes inj(?l)Om in Eq. (41a) are several orders of mag- ¢@" be obtained witlryy = c1ww. Theo difference between
nitude smaller than variations in eg@,@w). This is illus- ;gfslilrr:pl)tﬁciltsy Sv?lli]:ngizjd;rﬂ?; ;S[;rloiiﬁ stgosnga”erc, a?ud we
. . . w — ClwW,
trated in Fig. 8, which shows th (’h)om(T’ sw=0)~ (4~ andaii = c1jw, as prompted by the Egs. (8a), (8b), (24), and
5) x 10>cm~3s~* and only varies slightly during the nucle- 44y, (45). Figures 2 and 7 show that the increase =
ation event, while/t hom(', sw) varies (decreases from max- ...,z — 10) ~ 0.04 (4%) during ice nucleation from
imum) by 10 orders of magnitude during nucleation. This g ;  ‘is much smaller than the initial critical ¢ ~ 0.42
is caused by the effect of expfw), which reaches a max- - (4294 or Maximus; max ~ 0.46 (46 %). Since\s; < Si.cn
imum ~107° atz = 345 min, the time of aximum ofw.  we can neglect the increages; of s; in Eq. (44) during a
Figure 8 shows that the ratit hom(7’ sw)/Jt hom(T 5w = 0)  nucleation event, which was also neglected kiyrdher and
is very close to exfussw), confirming the validity of the an- | shmann (2002a, b), and Ren and MacKenzie (2005). We
alytical separability of” andsy in Egs. (413, b). Further, the 5150 assume thaf(r) ~ const~ sj ¢ In contrast, we cannot
primary variations i/t hom(7', sw) occur due to variations in - neglect the termasy = crww (fmax— fo) because water su-
sw, while changes due to the temperature are several ordefSersaturation varies substantially and determines variations
smaller. Therefore, the deposition integiaép in Eq. (35)  in j; ,,om (Fig. 7). Thus, assuming agaigi= rer = O,
can be presented in a form that substantially simplifies cal- ~

culations si(1) = y{(t) = sicr, Yi(t) = sior, (46a)
t
Tdep=y{ A Dus Naﬁa]f(,%)om/ reef(t, to) eXPlussw(io) dro, (43a)  Sw(O)=Yi()=sw.crcrwwt, Yu(t)=sw,crt+(caww /2%, (46b)
0 Substitution ofsy(z) into the separable nucleation rate in
or introducing the integralo; as Eq. (41a) yieldsJt hom(T, sw) as a function of time in the
form
4 Dypis . - (0)
IdeP:yi/F—zNaUan,hom‘IOi’ (43b) Jt homl T, Sw(t)]:Jf(,(r)])om(Tcr)eXp(”sSw,cr)eXp(usclwwf)» (47a)
where us is defined in (42a). We assume here, based on
; Fig. 8, that the major time dependence is determineshy
Joi = / re.ef(t, 10) €Xplussw (o) 1dto. (43c)  and the temperature dependence is determinedTgdbi-
0 viding Jt hom(?) bY Jt hom(to) at some initiako, we obtain the

time dependencg hom() of the form

Jt.hom(?) = Jt hom(t0) €XPluscaww (t — to)]. (47b)

Atmos. Chem. Phys., 12, 92759302 2012 www.atmos-chem-phys.net/12/9275/2012/



V. I. Khvorostyanov and J. A. Curry: Homogeneous ice nucleation for cloud and climate models 9291

Forty = t¢r, EQ. (47b) can be rewritten with Eq. (46b) as

M:usclww(t—tcr)zuS(T)[sW(t)—sW,Cr]. (47¢c) B = usciww = Trﬁ% (51)
Jt homlsw,cr(fer)]
Using the relation following from the Clausius-Clapeyron Integration over time assuming = fcr = 0 givesNc(1)
equation !
Nc(t) = f R .hom(?)dr

0
WhereR\,_ is the vapor gas constant aﬂfgl_: 27315, we ex- = Naﬁajffﬂ)om(TC,)ﬂ_lexp(ussw,cr)[exp(ﬁt) —1].
presssy in Eg. (47¢) via the ice saturation ratlh=s; + 1

swH1l=ciw(si+1), ciw = exp—Lm(To—T)/RyToT], (47d)

and obtain ~ NaﬁanE%)om(Tcr)ﬁ71{qu”sSw(t)] — explussw,cr)}. (52a)
Jt homlsw ()] This is the parameterization faN.(z) that we searched
In— = us(T)ciw(T)[Si (1) — Sicrl- (47e)  for. The dependencies @¥. on s, and T are separated in

Jt.nomlsw,or(7er)] Eq. (52a), this allows to introduce the activity specteél’,

This expression has the same form as Eq. (6) hypothesizetv) ander (T, sw) by sw andT defined in Egs. (17), (18a).
by Barahona and Nenes (2008), and their coeffickerfit- ~ Differentiation of Eq. (52a) byw andT yields

ted with empirical data is expressed now from the extended (T su) (52b)
classical nucleation theory @s (T) = us(T)ciw(T). Equa- £ 2"

. . N,
tion (47b) can be also rewritten as =S~ aﬁanf?])om(Tcr)(clww)‘lexp(u5sw,cr) exp(Bt),

- 8SW
J,hom(t) = Jt, hom(?o) €XPL(f — 10) / Thudl, (48)
where we introduced the characteristic “nucleation timgj (gv(T Sw) = ) (52¢)
— 0 —
. AFao 26, 1° 7 7 Nabali po(Ter) 5 1B explussw.co)[exp(pr) — 11).
Tnue = (Clwwius) ~ = |:01WU)—’I—i| (49) . . .
kT In(To/T) The activity spectrunps(T, syw) characterizes the rate of ice
_lkLﬁfIn(To/T) _1MWLﬁ{In(To/T) nucleation with increasing humidity and constant tempera-
=(cww) T — = (W) T — o ———— i i iyati ;
2RyAFero 2NayAFero ture, (similar to considered for drop activation), the spec

) ) trum o7 (T, sw), Vice versa, characterizes the rate of ice nu-
wherek is the Boltzmann constant adhy is the Avogadro  cjeation with decreasing temperature and constant humidity.
number. The temporal dependence/gfom(?) as in Eq. (48)  gych processes may occur under natural conditions of cirrus
was hypothesized by Ford (1998a, bjrkher and Lohmann  ¢ouds formation with advection of humid air and weak vari-
(2002a, b) and Ren and MacKenzie (2005) and the till¢ ations of7, or with advection of cold air and weak changes
was found by fitting to some auxiliary relations Egs. (3), (5) of humidity. Using Egs. (52D, c), the relative role of varia-
above. Here, the time dependence/phom(r) and the ime  tjons of the temperature and humidity can be estimated, or
Thuc are derived in terms of the extended classical nucleationese processes can be studied in isolation in a cloud cham-
theory with the dependence 6. Equation (49) shows that g,

Toic ~ caww, that is, according to Eq. (5), is proportional  The relation betweens and r in Eq. (52a) deter-
to (d7'/dr), in agreement with Eq. (5), the other factors in mines the regime of growth ol with time. For exam-
Eq. (49) determin@InJho/dT and the empirical coefficient le, at T = —40°C with us~ 250, c1y ~ 1075 cm~L, and
¢, in EQ. (5). Thus, the approach based on extended CNT,, ~ 10cms?, an estimate give$ ~2.5x 1072 s and
confirms the functional forms hypothesized in the previous; ~_ g-1.40 s. Thus, for small times,< 8~ ~40 s,
parameterizations by Ford (1998a, bjrkher and Lohmann  yie|ding a linear growth oiVe(¢) with time

(20024, b), Ren and MacKenzie (2005), Barahona and Nenes

(2008), an_d allows to express _them via the fundamental therNC(;) =1 NaDanE?om(Tcr) exp(ussw,cr)- (53)
modynamic parameters reducing the number of hypothesized
relations and quantities. For large times; > 8~ =40 s, we obtain from Eq. (52a)

The linear approximation Eq. (46b) fas,(z) allows an exponential time dependence
description of the time evolution of the nucleation rate o
Rinom(t) and crystal concentratio(r). Substitution of  Ne()=Naba; pom(Ter) TucXPussw,cr+p1) ~ explussw(®)]. (54)

Eq. (47a) into Eq. (33) yields In this regime, InNc(1)] ~ 7, and explains the linear depen-

) dence of InN¢(#)] with time in Figs. 1-7.
R to) ~ NavaJ, Ter) €X exp(Bt), T :

fuhom(f0) ~ Nava/t hors(Ter) €XPlutsswcr) €XPB1) It is interesting to note that Eq. (54) for homogeneous nu-
~ Naﬁajf(?])om(Tcr) explussw(t)] (50) cleation can be presented in the form similar to the empirical

www.atmos-chem-phys.net/12/9275/2012/ Atmos. Chem. Phys., 12, 93882 2012
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parameterization suggested in Meyers et al. (1992) for het- where
erogeneous freezing. We can wriXg(z) in Eq. (54) as

© rea(t.10) = [(ro+ &4 + Bi(r — 10)]/2, (60a)
Ne(sw)=exp(n Am+ussw), Am=Navalt pom(Te) Taue.  (55)
Using Eq. (47d), we replacg, with s; and obtain @
Teef(t: 10) = —25dep (60b)
Nc(si) = explam + bmsi), (56a)
r&t.10) = €3 (ro+ Eaep? + Bit —10)1 Y2, (600)

- 0
am = In Aw + us(ciw — 1) = IN[NabaJ; prom(Ter) Tnuc]

e — 1), by = tsCin. (56b) Substitution of Eq. (59) with Egs. (60a)—(60c) into Eq. (43a)

for Igepyields

Equation (56a) can be also presented as a power law by ice 4ot Do o
supersaturation Tgeplt) = y| ———vFts

NaﬁanS%)omeXFXusYW,cr) JO| (t)v (61)
Nc(si) = br(cn)™, bn =explam), cH=explbm). (56c) whereJoi(¢) introduced in Eq. (43c) is presented as a sum of

The aerosol concentratia¥; is included inAy in EqQ. (55) the three terms

but can be placed also in front of the exponent. These param- 3 3 !
eters are expressed via the primary atmospheric and aerosgy;(r) = Z Jé{‘) = Z / rékgf(;, 1) exp(Bto) dto. (62)
quantities and substantially vary with temperature and cool- k=1 k=17 ’

ing rate viaw in us. Thus, the empirical parameterizations of
the type of Meyers et al. (1992) can be derived from extendedSubstitution of Egs. (60a)—(60c) into Eq. (62) and evaluation
CNT. of the integrals/oi(r) given in Appendix A yields

If we consider the nucleation process at longer times and

near the point of the maximum supersaturations in Figs. 1-770i(1) = exp(Bn) ¥, (63)
the vapor depletion becomes substantial and finally exceed\ﬁ/herew is defined by the equations

supersaturation production. Then a more accurate considera-

tion should include evaluation of the deposition intedea) W= Wy + Wy + Wg, (64)
and supersaturation equation, which is done in the following

subsections.

3.4 Evaluation of the deposition integrall gep Wy = BPp32 [F <g k) -T <g At ﬁt)} . (65)

Evaluation of Igep is analogous to that developed in

Khvorostyanov and Curry (2008, 2009b) for drop nucleation; 1, g

however integration for ice nucleation is more complicated ¥2 = 28depf ™ ~(¢™"" —1). (66)
due to the exponential activity spectrum. Substitutiom; &f)

from Eq. (46a) into Eq. (20) forc ef(z, 10) yields

1 1
_ Ag2 N\—1/2 - _ -
{[(rco+§dep)2+Bi(f—IO)]l/z—fdep}z "IJ3—€ Edep(ﬂBl) |:F (2,)\.> I (2,)\.+/gt>i| (67)

re.ef(t,10) = . (57)
o [(rco+ &dep® + Bi(r — 10)]1/2
where 4 = B(ro+ &dep)? _ (uscaww)(ro+ Edep)? (68)
B 2ci3si cr '
B = 2cigsi cr- (58)
HereT («, x) is the incomplete Euler’s gamma function, its
To evaluate the integral ifyepin Eq. (43a), we present ef(?, properties and asymptotics are defined in Appendix A. Using
to) in Eq. (57) in the integrand of Eq. (43a) as a sum of threeEq. (63) forJoi(¢), and the relatiomssy ¢ + Bt = sw(?), the
terms deposition termigepin Eq. (61) can be written as
2
re(t, 1) 47 Dy pj _
reef(f,10) = —————— = Vé’lgf + ré?éf + Vé?e)f, (59) Tgep(?) = yi/ Vs (Nava-]f(,?])om) explussw(t)]W. (69)

r(t,t0) + &dep

Note that the water supersaturatigy(z) at a timer is present
in the exponent.

Atmos. Chem. Phys., 12, 9279302 2012 www.atmos-chem-phys.net/12/9275/2012/
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The function¥ defined by Eqgs. (64)—(67) can be trans- 3.5 Solution of equations for supersaturation and

formed and reduced to the functions more convenient for cal- crystal concentration
culations. Using the recurrent relation fB(3/2, x) (Grad-
shteyn and Ryzhik, 1994, see Appendix A) Substituting Eq. (69) fofgepinto the integral supersaturation

equation Eq. (21), multiplying it by (% y/) and using the
relationpy = pis(1+ /), yields

and the relation between gamma function and error function  ,

erf(x), % =criw(1+ y{)_r—?ldepzcliw(l+Y{) (77)
(1/2,4) = Ja[l— erf(VM)], (70b) ' pis

we can transform the gamma functiondn as

C(ae+1,1) =al (@,A)+ 1%, (70a)

— (47 Dy) Y| (NabaJy yiom) EXFlitssw (1)1 9.

3 1 /1 N At t =tmax With maximum supersaturations max and
P(34) =37 (5:7) #42*=5T11-er/DHA2A(71) s, ma, the condition e/t = dylick = 0 is satisfied, thus,

? : .2 2 L ? . the LHS of Eq. (77) is zero, which yields
Substituting this relation into Egs. (65), (67) we can rewrite

¥, and W3 with use of only erff) = ®(x) and without  expussw max(fmax]
amma function, which is more convenient for applications _ _ _ 1
9 PP = c1iw(L+ 5, mad S} meax(47 Dv) " (Nabal pom) 1@ 2. (78)

_ pl/2,-3/2 / _
Vi=e"Bp {(ﬁ/2)[c1>( AEPD cp(«/X)] (72) Now we can rewrite Eq. (33) foRs,nom(#) with account for

e AY2 — (5 +ﬂt)1/2€—ﬁt]} Ji.nom from Eq. (41a) as
Ri hom(t0) ~ Nabat,nom(10) = NavaJy yeom€XHlttssw(10)]
A2 -1/2
W3 =" BB)AVTIOG A+ D — @ (VL (78) = NuwasO explusswcr+ Brol. (79)
Then the functionl is expressed with use of only(x) =

The crystal concentration at the timés obtained by inte-

erf(x): grating overg

W (=€ /T[0(/A+BD— 0 (VII(1/2) BB
+$dzepBi71/2] + Bil/zﬂ_s/z[)\-l/z - ()\- + ﬂt)l/ze_ﬂt] Ncm(tm) — / Rf,hom(to)dto
+26gepB " He P — 1). (74) o1

This expression can be further simplified by expressing thex Naﬂaj;ogom(T)ﬂ‘lexp[ussw,max(tmax)]
transcendent function exf{ via the elementary functiontanh (7 éXrI—ﬂ(tmax— ter )1}

following Ghan et al. (1993) _
~ NaUaJ](r?ﬁom(T)lg_l explussw,max(fmax)]- (80)

erf(x) ~ tanH (2/+/m)x]. (75)
) The last equation accounts for the fact thafag — fcr.1) >
Thenw becomes: g1 or B(tmax—tcr.1) > 1 according to Eq. (54). Substituting

()= g V2 7 [tanf{Z‘/(A + B0)/m) (76)  explussw.max(’max)] from Eq. (78) and using the approximate
Y201 2 12 equalitysi max =~ si ¢r due to small variations of during nu-
—tanh(2,/1/m )] [(A/2)B]" "B~ +&gepBi 7] cleation as discussed above, we obtain finally an analytical

12 p-3/27,1/2 12 —pt parameterization of the concentration of the crystals in ho-
+HBTB A O+ p1)"e ] mogeneous freezing nucleation:

+2gepB e P — 1).

Now, the deposition integralgep in Eq. (69) is expressed
only via the elementary functions. Another transition to the
elementary functions can be done using equations farerf( Kgen= (47 Dy) "tug(c1i/c1w).- (82)
given in Ren and MacKenzie (2005, 2007). In the next sec-

tions, the solutions of equations for supersaturation and crysEquation (81) givesV¢ at time rmax With maximum super-

tal concentration will be expressed wa. Although these saturation, i.e., at the end of the 1st stage with growsing
expressions may look complicated, the analytical represenSome previous parameterizations assumed Ahétnay) at
tation Eqgs. (74), (76) reduce unavoidable errors caused byhe timermax of maximum supersaturations is the final crys-
finite difference representations and numerical calculationgal concentration. However, as we have seen in Figs. 2, 4, 6,
and enables the derivation of simple asymptotic limitée 7, during the descending branchrabyx<t <ter2, sw(t) de-
andN. for the diffusion and kinetic regimes of crystal growth creases but still exceed ¢, therefore nucleation continues
as shown below. after tmax until z¢r 2, and Ne(fmax) IS approximately half the

Nc(tmax) = ngn(l‘i‘si,cr)siiclr‘p_l, (81)

www.atmos-chem-phys.net/12/9275/2012/ Atmos. Chem. Phys., 12, 93882 2012
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total Nc tot(tcr 2) after the cease of nucleationrats, . Eval- Substitution of this expression into Egs. (81), (82) yields
uation of the 2nd stage atrmax With decreasing supersatu- 32 a0

ration in principle can be done in a similar way asferma, ~ Nemdit = Kidit(1+ si.cr)s; o~ (c1iw)¥?, (88)
although it is somewhat more complicated. To simplify the

solution, we can use the solutions fioe 7max and slightly ol 1/2 ¢ 1/2

tune them using the results of the parcel model runs. TheirKi. gif = (27 Dy) /2 <'—2> ul/? (ﬂ) (89)
detailed analysis shows that the tod] ot(fcr.2) att>rcr 2, Pis cli

when nucleation has ceased, is proportiona¥¢@may); that 1 (pil“2>1/2[ 2R AFcr,o(T)T/2 (Clw>1/2

iS, N¢ tot Can be obtained as T (27 Dy)32 \ pis kM LE In(To/ T) cii :

Ne.tot = KeorNe(tmax) - (83) The properties of this solution are discussed below and com-

Numerical experiments with the parcel model show thatpared with the other fimits.

Kcor~1.810 2.2 (Fig. 7). A more precise fit shows that this 3 6 2 Kinetic growth, small and large particles limits
coefficient can be chosen as a function of the vertical velocity

w as The limit A > 1 is seen from Eq. (86) to be associated with

Keor(w) = 1.85+ (2— 1.85)(w/wsg) at w<2msL, (84) _thg_ kinetig regim_e with Iargeqep (smgllad) or with Iargg
initial particle radius-g of freezing particles. It can be studied

Keol(w) =2.0, at w>2ms 1, (85) using the asymptotic property of etfi(atx > 1 (Appendix

andwsc=2 m s 1. Even a simpler choice of the average is A Eq.A27)
Kcor ~ 2, which accounts for about half of the crystals nucle- 1 _ 1
ating at decreasing supersaturation@k<t <fcr, 2, still gives erf(\/X) =1- ﬁ)‘ Y2e (1 - Z) : (90)
satisfactory results.
o Expanding in Eq. (74) fornr the functions erfy/A) and
3.6 Limiting cases erf(v/A + Bmax With Eq. (90), neglecting again the terms
with exp(—Bimax) and the terms.~%/2 compared to. /2,

The important asymptotics can be obtained by analysis of,q ¢o|ecting the terms of the same ordircan be written
the characteristic parameters of the solution Egs. (81), (8255

with & from Eq. (74). The parameterin Eq. (68) can be

rewritten in the form Wyin = B~ Y20 "Y2[(1/2) B2 +§§ep3i_1/2]

- B(ro+ &dep)” _ (ro +§dep>2’ + BY2 3123802 _ 25400871 = (0 + Eaep)H[(1/2) B 2
B Bli/z 2ci3si crA Y +_s§ep6‘l_] ’ -(r-o - Ed.ep)ﬁ_l. _ ol

A= <§) = (usqw’w) : (86)  This case is divided into 2 subcases: (a) wigs is large

i ] . . (small deposition coefficienty) butrg is small (small parti-
Here A is a scaling length that characterizes the ratio of thegjes |imit), that iS £dep>> ro; and (b) whenr is large (large
crystal growth rate Eq. (12) to the supersaturation generat'orﬂ)articles limit); that is £4ep < ro, Which may correspond to

rate (the first term on the RHS of Eq. 77). Now we presentpoth giffusion or kinetic regimes. These limits are considered
asymptotics of the solution Eq. (81)atk 1 andx > 1. The  pglow.

values ofh andA and the physical meaning of the asymptotic
limits are analyzed below. (@) A> 1, &q4ep > ro, kinetic regime, small particles limit

3.6.1 Diffusion growth limit With these conditionsy can be neglected comparedktgp,

. ) and Eq. (91) forv is simplified
The values. « 1 in Eq. (86) imply smalkgep andro, and

are typical of the diffusion regime of crystal growth with the Wkin,s = (1/2)Biﬂ_2$d;}¢,= ciasi,critg 2 (crww) ~2(@aVin/4Dy). (92)
deposition coefficienttg ~ 1 or wg>0.1 with not very large
w and not very lowr". In this case, we can neglectin Eq. (74)
for ¥ all terms with&gep andro. Note that erf(/?) — 0 at

Substitution into the general Eq. (81) yieldg&m = N¢ at
maximumsym

A <« 1— 0 according to (A29). Using the estimates above, Nemkins = Ki,kin,s(1~l-Si,cr)si_czr(qu)z, (93)
we can assume th@tmax > 1, use the expansion (A27) for '

erf[(» + Btma /%) and neglect the terms with expBima). 1 us [pil2)\ cii

ThenW is simplified in this diffusion regime as wkins = = hs Ve \ e ) e (94)
Wit ~ (V7 /2)¢" B2 =3/2 (87)

Thus, in this limit Nem ~ w?, in agreement with Ren and
~ (1/2)Y2(caisi.cn) Y us A (crww) 2. MacKenzie (2005), but all coefficients are expressed now
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without empirical constants anN0m~pigl(T). Note also  models are described in Spice et al., 1999; DeMott et al.,
that the crystal concentration is inversely proportional to the1994; Jensen et al., 1994akcher and Lohmann, 2002a, b;
deposition coefficientNem wacjl; that is, the smallesq or Lin, 1997; Sassen and Dodd, 1988, and Khvorostyanov and
the more polluted clouds, the greater nucleated crystal conSassen, 1998a; Liu and Penner, 2005); the results of parcel
centration. Gierens et al. (2003) discussed possible reasorsmulations from Khvorostyanov and Curry (2005) are added
for ag as small as 10°; in these cases, the dependengegl  (KC2005). This figure shows that the new parameterization
can be significant. This is in agreement with the data fromKC2012 lies within the spread of the parcel models results,
the INCA field experiment (Ovarlez et al., 2002; @tr et  being closer to the lower limit, and to the parcel simula-
al., 2003; Haag et al., 2003; Gayet et al., 2004; Monier et al. tions by Jensen who used a model with spectral microphysics
2006) that found greater ice crystal concentrations in cirrusand explicit supersaturation (Jensen et al., 1994). KC2012 is
in the more polluted Northern Hemisphere than in the cleanein qualitative agreement with Sassen and Benson (2000) at
Southern Hemisphere. This could be caused not only by themall w and is especially close to the parameterization by
heterogeneous ice nucleation mode, but also by a small de<archer and Lohmann (2002a, b), although it was based on
position coefficient in homogeneous nucleation in polluteda substantially different approach. This supports the valid-

areas. ity of the new parameterization based on an extension of the
N . _ o classical nucleation theory and shows that semi-empirical ap-
(b) Initial rq is large andro>>&qep, large particles limit proaches lead to results that can be derived from the extended

] classical nucleation theory.
Neglectingsyepcompared tao, Eq. (91) can be furthertrans-  rigyre 10 shows a comparison of the full solution
formed Egs. (81)—(85) with the diffusion limit Egs. (87)—(89)&i=
1 o » L B 1 and the kinetic limit Egs. (92)—(94) atj = 0.04, 0.01 and
Yiin| = 5 Bif ™" +rop " =rop 55,2 +1 (95)  0.001. The diffusion approximation (solid circles) is valid at
70 pro 1 <« 1, and limited atw <170cms?; the kinetic limit is
=roB @) T+ 1~ gL valid atA > 1 and withag = 0.04 is limited atw>30cm s L.
) ) , This figure illustrates good accuracy of the two approxima-
The last equality takes into account thag> 1, so the first s for corresponding valuésand underscores the impor-
term in the parentheses is much smaller than the second andns role of the deposition coefficient. With smali, such
can be neglected. Substituting th#gin,| into the general S0- o4 i polluted clouds, the crystal concentrations are substan-
lution Eg. (81), we obtain tially higher than withag = 1 for clean clouds. So, polluted
crystalline clouds should have a substantially greater albedo
effect and this parameterization provides a quantitative tool
for its estimation.

Nem1 = (4w Dy) " (1 si.c0)sj oo (caiw). (96)

That is, the dependence anis linear, Nom ~ w. This linear
w-dependence is in agreement with predictions #rdber
and Lohmann (2002a, b) and in Ren and MacKenzie (2005). .

The termpis(T) is absent; thus the temperature dependencé Conclusions

is much weaker than in the previous cases, and is caused bX ) o

the T-dependence aby, c1i, ands; cr. new analytical parameterization of the homogeneous
’ freezing suitable for cloud and climate models is derived

3.7 Physical interpretation from the extended classical nucleation theory and analyti-

cal solutions to the supersaturation equation. This param-
Two examples of calculations using this new parameteriza-eterization includes the time dependence and can be used
tion are shown in Fig. 9 and Fig. 10. The crystal concentra-both for calculations of the crystal concentrations in cloud
tions N¢(w) calculated in the diffusion approximation with models with small time steps (e.g., Jensen et al., 1994;
the new Egs. (87)—(89) angy = 1 (denoted KC2012) for Khvorostyanov and Sassen, 1998b, 2002; Spice et al., 1999;
an air parcel ascending with a vertical velocityis shown  Lin et al. 2002; Sassen et al., 2002; Khvorostyanov et al.,
in Fig. 9. The applicability of the diffusion approximation 2001, 2003, 2006; Randall et al., 2003; Khairoutdinov and
is justified by the smalk ~ 1073 to 0.03 withag =1 for Randall, 2003; Fridlind et al., 2004; Krakovskaia and Pir-
all w. It is compared with the parameterizations by Sassemach, 2004; Khain et al., 2004; Morrison et al., 2005; Seifert
and Benson (2000; SB2000, io=1 m s 1), Liu and Pen-  and Beheng, 2006; Monier et al., 2006; Grabowski and Mor-
ner (2005; LP2005), Krcher and Lohmann (2002; KL2002). rison, 2008; Klein et al., 2009; Xue et al., 2010; Fan et al.,
Also shown here are the results of several parcel model sim2011; Curry and Khvorostyanov, 2012; Tao et al., 2012) and
ulations from Lin et al. (2002) according to the protocols of for substep parameterizations in the mesoscale models (e.g.
CPMCP for the three values af = 4, 20 and 100 cm'g. Zhang et al., 2011; Veltishchev et al., 2011) and in the large-
Simulations were performed by Cotton, DeMott, Jensen,scale climate models and GCMs with time steps that can
Karcher, Lin, Sassen, and Liu as indicated in Fig. 9 (thebe greater than the nucleation timg. (e.g., Lohmann and
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Fig. 9. Comparison of the new parameterization (87), (89) of the crystal concentrsigion as a function ofw (KC2012) with the pa-
rameterizations by Sassen and Benson (2000, SB2000, limitec=d00 cm §'1), Liu and Penner (2005, LP2005)akcher and Lohmann
(2002, KL02), and with parcel model simulations from Lin et al. (2002) (Cotton, DeMott, Jengechét, Lin, Sassen, Liu, as indicated in
the legend) and from Khvorostyanov and Curry, 2005 (KC2005) for the three values-ef, 20 and 100 cnst.

saturation reaches and passes a maximum and falls below the
threshold value, then a third regime occurs that can be called
limiting regime. The dependence on the nucleation rate and
haze concentration vanishes in this regime, although concen-
tration of nucleated crystals is much smaller than the concen-
tration of haze particles.

Expressions for the crystal concentratidyg in the third

1E+3

1E+2

1E+1

Full sol., og =1

Crystal concentration (cm-3)

—@— Diff. limit, oy = 1 limiting regime are very simple, and somewhat surprising.
0.1 —fB— Full sol., ag = 0.04 They do not include most of the basic factors present in
—+— Kin. lim, ag = 0.04 the original supersaturation equation: neither nucleation rate
1E-2 —A— Kin. lim, ag = 0.01 Jhom(T', sw) nor concentratioriV, of the haze particle, nor
—A— Kin. lim, g = 0.001 any characteristics of volume or size spectra or chemical
1E-3 . I . I . I . | composition. The reason why, does not depend aN can
0 100 200 300 400 be explained by the fact tha{. is usually on the order of a
Vertical velocity w (cm s-1) few or a few tens per liter (rarely, a few hundred), whilgis

typically on the order of a few hundred per cubic centimeter.
Fig. 10.Comparison of the full solution (81), (82) with definedin ~ Thatis, only very small fraction of haze particles freezes, and
(74) attwo values ofg = 1 and 0.04 (Full sol.) with diffusion limit  the dependence d¥. on N, vanishes at values @f; much
(87)—(89) and kinetic limit (92)—(94). The diffusion approximation smaller than those available in the upper troposphere studied
(solid_ cirgle;) ?s_valid_ax < 1,and Iimi_ted here av = 1_7Qcm st here. However, iV, is small, N is limited by Na.
the kinetic |Im|tlIS valld.af}f > 1 and withog = 0.04.‘r is limited here The major factors that govern homogeneous ice nucleation
atw>30cms; both limits are denoted with ellipses. in the third limiting regime are the vertical velocity;, the

temperature’, and the critical (threshold) saturation ratio

) ) si.cr- The equations foV. derived here show that to first
Karcher, 2002; Morrison and Gettelman, 2008; Gettelman etapproximation in the diffusion limitNe ~w%2, and N ~

al., 2008; Sud et al., 2009). —1/2

We identify th i ¢ . ¢ tal h py; ' ~(T), both dependencies are the same asarcKer and
€ 1aen |fy. ree diterent regimes ol crystal Nomoge- | ,nmann (2002a, b) and in Ren and MacKenzie (2005) in
neous nucleation in cold clouds, depending on the coolin

i f . L At I i 40 S) th %he diffusion growth limit. However, the actual dependence
Ime or an air parcel. At small imes, < T”“.C( i s), the of Nc onw andT is more complicated and somewhat differ-
crystal concentrations increase linearly with time and pro-

. -3/2 .
portional to the concentration of the freezing haze particlesent SINCEs; o also includes dependence anand 7', and

Na. At larger times; s> e but smaller than the timenax the c_ritical supersaturatioril,?r also depe_nds off and sub-

of maximum supersaturation in the parcal increases ex-  Stantially grows toward low’; the coefficient; it depends
ponentially with time. Crystal concentrations in these two " T also via factorsDy, ciw, c1i, us. In the k|net|czgrowth
regimes are proportional to the homogeneous nucleation rat@" large pa}rtlcle I'm't.s’z_v.c can t_)e prop.orthnal tov® or to .
and concentration of the aerosol particles. If uplift of an iso- w, depending on the initial particle radius, in agreement with

lated parcel continues so that fmay ands>zcrz, the super- the previous semi-empirical parameterizations.
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The nucleation rate derived here varies exponentially withThe next change of the variablg,= z + a, yields
time, and this dependence is characterized by some scal-

ing nucleation timerp,c as in Ford (1998a, b), &cher and

Lohmann (2002a, b), and Ren and MacKenzie (2005). Thefl(il) =e" / Y2 exp—prz/1dZ

time ¢ is expressed here directly via the parameters of p

CNT and fundamental physical constants.
The accuracy of the parameterization equationafowas
estimated by comparison with data &f3 from the Interna-

tional Cirrus Parcel Model Comparison Project (CPMCP) ) = aft
(Lin et al., 2002) and parcel simulation results. The aver-

9297
1+a
(A8)
andA does not depend an
_ (Sdep‘f‘ ”O)Zﬂ _ (Msclww)(édep‘i‘ ”0)2' (A9)

B 2ci3si cr

age error of this parameterization relative to the parcel rUNSpe introduce a new variable — BtZ. The limitsz’ = a and

described here is about +5-15%. This is a satisfactory ac-,

curacy, considering that the differencei among various
models in CPMCP was much greater.

Appendix A

Evaluation of the integrals

t
k k
Jst = [ 1t to) exp(Bto)dio
0

These integrals are defined in Eq. (62) wiin Eq. (51),B;
in Eq. (58) and-".(z, 10) defined in Egs. (60a, b, c)

e

B = usciww, Bi = 2cigsi cr, (A1)
rit, 10) = [(ro+ Edep? + Bi(t — 10)]Y2, (A2)
V(E,ze)f(t’ fo) = _2";‘_dep, (A3)
rE(t.10) = E3ed (r0 + Edep)® + Bi(t — 10)] 2. (Ad)
The first of these integrals is

t
s = / rE(t. to) exp(Bro)dro (A5)

0
t
=/wm@w%wm—mW%MMMm
0

Introducing a new variable = rp/1, it is transformed
1
I = BY?8/2 f (1—x+a)Y2exp(Bra)dx, (A6a)
0

(Edep+10)?
9= ——

o (A6b)

Introducing now a new variable,= 1—x, this integral trans-
forms into

1
I = B2 gD =/(z—l—a)l/zexpl(—ﬁtz)dz.(A?)
0

www.atmos-chem-phys.net/12/9275/2012/

7/ = (1+a) transform intox’ =aBt =i andx’ = Br(1+
a) = A+ Bt. Then we have

P (A10a)
I:X)L) ') APt
_ & 1/2 1/2
= B3 /x’/ exp(—x")dx’ + / x"2exp(—x")dx' |,
A 00

exp(r) 3 3
:<mﬁﬂ[r<?k)_r(5k+ﬁo}

Here I'(u, 1) is the incomplete Euler's gamma function
(Gradshteyn and Ryzhik, 1994)

T (u,A) = / x*Lexp(—x)dx. (A10b)
s

Substitution of Egs. (A10a) into (A7) yields

IS0 = ' Bl/2g3/20 [r (g k) -r (g A+ ﬁt)] . (A11)
Calculation of the second integrﬁéiz) is much easier:

t t

I = [ e 10 exp(proldio = ~2saep [ exptprorio
0 0

= —2%depf e — 1] = /' 2%gepp e — 1. (AL12)
The third integral is
t
-@=/@&mwwm%
0
\ P(B10)
2 ex to
= dro. A13
Sdepof [Bi(t — ) + (r0 + &dep)?1Y/? 0 (A13)

Similar to evaluation of the first integral, introducing a new
variablex = tp/¢t, and therny = 1— x, this integral is reduced
to

2,12 Bt
@ _Sded 7
Qi Bi1/2 1i

1
XP—AID) . (a4)

73 _
1 Gt+a)2"
0
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wherea is the same as in Eg. (A6b). Introducing now a new g, — Bl/zﬁ 3/2 [p <g’ A) -Tr <g’ A+ Igt)} (A22)

variablez’ = Btz, we obtain

Bt
exp(—z)

(3) 1/2 ;(3) 3) _
it =By, Jy = (z @102

SR gy (A15)

The integral/” here is similar to Eq. (A7). Substituting here
x = 7'+, and accounting for the change of the limits @)
to (A, A + Bt) yields

P
J2(i3)=eA / x Y20 dx
3

00 APt
= |:/x1/2exdx + / xl/zexdx:|
A

]

= [F(%,k)—F(%,A+ﬂt>], (A16)

wherel («, x) is again the incomplete gamma function. Sub-

stituting Eq. (A16) into Eq. (A15) and into Eqg. (Al4), we
obtain

J(;i3> - gﬂ’f;'gep(ﬂBi)_l/Zg?» [r (% A) -T (% A+ ﬂt)} . (A17)

It is more convenient in many cases to use the error function

@ (x) =erf(x) defined as

erf(x) = ®(x) = % f e dy’ (A17a)
0

= ¢ BY2332((/7 /210 (/A + Br) — D (V)]

e MAYZ — (n+ Br)Y2e PO}, (A23)

Wy = 2bgepB e P —1). (A24)

W3 = e G (BB [r (% x) -T (% )»—i—,Bt)} (A25)

= o (BB V2VTIO(/A+ ) — (VL. (A26)

These expressions are used in Sect. 3 for evaluation of the
deposition integraligep in the parameterization of homoge-
neous nucleation.

The asymptotic expansion df(+/2) at largex > 1 with
account for the first three terms is (Gradshteyn and Ryzhik,
1994, Eq. 8.254)

@ (vVr)=erf(va)=1— f A2 (1 21A+ 4;) (A27)

It follows from this equation and Eq. (A.17a) that

o0
lim ®(x) =1, / e = YT (A28)
X—>00 2
0

instead of incomplete gamma functions, for which coding The other limit at small argument « 1 with account
and finding asymptotics can be easier. This can be done ugor only the first term is (Gradshteyn and Ryzhik, 1994,
ing the relations (Gradshteyn and Ryzhik, 1994, Chapter 8Eq. 8.253)

Egs. 8.359 and 8.356)

T (1/2,%) = /7 [1—erf(v/2)], (A18)

F'@+1A) =al (1) + A% (A19)

Using these two relations, tH&3/2, A) can be transformed
as

3 1 /1
r (E’ x) =T <§, A) + Y2 (A20)
= “/7;[1 —erf(v/A)] + Y27
Collecting all three integralszéik) yields

Joi = Z I =P, W=W W+ 0, (A21)

Atmos. Chem. Phys., 12, 9279302 2012

lim @ (x) = %x exp(—x?). (A29)

The incomplete gamma function is related to the gamma
function as

[ (1, 00) =T (). (A30)
The last function has the property
I'(1/2) = /7. (A31)

These asymptotic properties &f(x) andI" (i) are used in
Sect. 3 for evaluation of the asymptotic behavior of the solu-
tions to the supersaturation equations and parameterizations
of homogeneous ice nucleation processes.
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