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Abstract. We present and discuss the use of Bayesian mod41 Introduction
eling and computational methods for atmospheric chemistry _ _
inverse analyses that incorporate evaluation of spatial strucl.1 Model and inference setting

ture in model-data residuals. Motivated by problems of ) o . . . )
refining bottom-up estimates of source/sink fluxes of traceBayesian statistical techniques are increasingly being used
jp atmospheric chemistry inverse modeling studies to re-

gas and aerosols based on satellite retrievals of atmospherl

chemical concentrations, we address the need for formalin€ Pottom-up trace gas and aerosol source/sink flux esti-

modeling of spatial residual error structure in global scaleMates. Pastinverse studies have generally focused on anal-
inversion models. We do this using analytically and com- YSIS of surface and airborne in situ measurements from ge-

putationally tractable conditional autoregressive (CAR) spa-0draphically distributed sites for species such a$atD,
tial models as components of a global inversion framework.CH4: (€-9-,Enting et al, 1995 Hein et al, 1997 Houweling
We develop Markov chain Monte Carlo methods to explore &t &> 1999 Bergamaschi et 312000 Bousquet et &l200Q
and fit these spatial structures in an overall statistical frame2006 Gurney et al. 2002 2003 Kasibhatla et aj.2002

work that simultaneously estimates source fluxes. Additional"€tron et al.2002 Peylin et al, 2002 Gerbig et al. 2003

aspects of the study extend the statistical framework to uti-Palmer et al.2003 Rodenbeck et 312003 Fletcher et al.

lize priors on source fluxes in a physically realistic manner,2004 Michalak et al, 2004 Patra et al.2005 Rayner et al.
and to formally address and deal with missing data in satel-2005 Baker et al, 200§ Mueller et al, 2008 Gourdji et al,
lite retrievals. We demonstrate the analysis in the contex2010- More recently, inverse studies based on synthetic and
of inferring carbon monoxide (CO) sources constrained byreal satellite retrievals of tropospheric trace gas concentra-

satellite retrievals of column CO from the Measurement of ion fields have identified the potential for these new mea-
Pollution in the Troposphere (MOPITT) instrument on the surements tq further improve our understanding of trace gas
TERRA satellite, paying special attention to evaluating per—ﬂlfxe_S at regional and sub-regional scales (gyner and
formance of the inverse approach using various statistical” Brién 2001 Jones et a]2003 Arellano et al, 2004 2006
diagnostic metrics. This is developed using synthetic datd1€ald et al. 2004 Houweling et al. 2004 Petron et al.
generated to resemble MOPITT data to define a proof-of-2004 Chevallier et al. 20053b, 2007 2009ab; Stavrakou
concept and model assessment, and then in analysis of reg['d Muelley 2006 Meirink et al, 2008 Feng et al. 2009
MOPITT data. These studies demonstrate the ability of thes&0Pacz et al.2008 2010. To fully exploit the information
simple spatial models to substantially improve over standardntent in these high-dimensional, spatially-dense satellite
non-spatial models in terms of statistical fit, ability to recover dat@ Sets, we must address questions about the nature of spa-

sources in synthetic examples, and predictive match with reaji2! dependencies among observations that are not predicted
data. by existing models, and how to appropriately integrate spa-

tial dependencies to ensure robust and unbiased inverse anal-
yses. We show here how we can address both modeling and
computational issues via Bayesian analysis of conditional au-
toregressive (CAR) spatial models to characterize spatial ob-
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The general aims of the paper are to introduce and illus-spatial resolution. As a resuly~10°-1¢° andn~10°—10°
trate CAR models in this context, discussing computationalfor applications involving a year’s worth of data.
implementations and giving examples in analyses of syn- Bayesian analysis generates the posterior density func-
thetic and real data. Our model and analysis have additionafion p(x | y) o p(y | x) p(x) using the likelihood function
practically relevant features, including the use of constrainedp(y|x) induced by the model (Edl) and a specified prior
priors on source fluxes, and the overall Bayesian analysis dep.d.f. p(x). In the context of atmospheric tracer inverse
fines inference on spatial dependencies and variance pararmodeling, p(x) represents prior knowledge of fluxes from
eters as well as fluxes. We regard this work as a proof-ofindependent, bottom-up estimates. In atmospheric chemistry
concept in illustrating the ability to fit, assess and compareinverse modeling applications it has typically been assumed
initial classes of spatial models in this context, and — usingthat p(x) and p(e) are multivariate normal distributions, de-
formal statistical methods —to highlight the nature and extenffined byx ~ N (x5, S;) ande ~ N(0,S,) wherex, andS; are
of improvements over non-spatial models using synthetic andhe prior mean vector and covariance matrix fgorand S
real data. While the class of CAR spatial models used here iss the observation error covariance matrix. Then, for known
simple and relatively limited in scope for modeling very di- x,, Sz andS,, inferences are defined by the resulting poste-
verse spatial patterns, it represents a first step towards momor (x|y) ~ N (xp, Sp) where
elaborate and adaptive models that may become more rel- )
evant with inverse analysis at higher resolutions and in therp=xa+ (K'Sc " *K +Sa™1) "K'Sc~H(y —Kx4) or
context of access to increasingly rich satellite data. _ “1_pre -1 -1

We begin with the canonical model Fp=Xat Gy —Kxa). S =KS& K+S"or

S=(1-CK)S, (2)

y=Kx+e (1) whereG = S:K'(KSaK'+S) 1. Herex, andS, are the pos-
terior mean and covariance, respectively. The Gaussian, lin-
ear assumptions underlie analytic tractability in defining the
closed form posterior here, as well as extensions to time se-
ries of data (e.g.Prado and WesR010, so continue to be

where y is am x 1 vector of atmospheric concentration
measurements for a particular speciesis an x 1 vector
of corresponding fluxes with individual elements repre-
senting source/sink categories (e.g. fossil-fuel Comb“St'O”important in enabling applications.

biomass burning, etc.) and/or geographical regions Kaiel With some exceptions noted in Sett2, previous applica-

am xn Jacobian matrix derived from an atmospheric chem-(,ns in atmospheric chemistry have generally assumed a di-
istry transport model (CTM) and describing the reIat|onsh|psagona| structure fo8, due to the lack of effective and com-

between d|§cretlzed atmo;pherlc concentratlons and ﬂuxeﬁutationally efficient approaches to identifying and integrat-
corresponding to source/sink categories. The randoril  jo4 relevant spatial structures. This eliminates the compu-
vectore accounts for errors associated with the measurementional burden associated with the calculation of the matrix
technique, the chemical transport model, as well as repre, orse ofS. in Eq. (). The equations clearly show, how-

sentativeness errors arising from differences in resolution beéver, that if spatial dependencies in the model errors exist

tween the measurements and model calculated concentrati%d can be captured by a relevant non-diagonal and struc-
fields. The vast majority of inverse modeling applications in ,req covariance matri., this will impact on the posterior
atmospheric chemistry are based on this formulation undeggjimates:, of fluxes as well as the associated measures of

the assumption of linearity of atmospheric transport for un-ycertainties i§,. The impact can be substantial as demon-
reactive species such as g@nd with additional linearizing gt ateq by some earlier studies (e @hevallier 2007 and
assumptions with regards to chemistry for reactive specieg examples below.

such as CO and CH We also note that while the atmo-

spheric concentration measurements are spatially and tempaq-2 App"ca’[ion context and previous approaches

rally resolved, the vectoy is constructed by stacking mea-

surements indexed by CTM grid cells and time. Global-scaleWhile the assumption of uncorrelated observational errors
atmospheric chemistry inverse modeling studies involvingmay be reasonable for inverse studies based on surface mea-
real or synthetic satellite retrievals have generally focused orsurements from a limited number of geographically scattered
analyzing monthly or weekly mean measurements that ardocations, it is increasingly untenable for geographically
spatially aggregated to the CTM grid resolution (typically dense satellite measurements. This is especially true when
200-500km in the horizontal). Satellite atmospheric con-mid-and upper tropospheric tracer concentrations (where
centration retrievals typically consist of vertically averaged transport is relatively fast) contribute disproportionately, rel-
information which can be accounted for in Ed) by appro-  ative to surface and lower tropospheric concentrations, to
priately modifyingK based on the specific instrument char- satellite weighted column-average retrievals.

acteristics. Past studies have generally focused on estimating A few global scale inverse modeling studies have con-
regionally-and monthly-aggregated fluxes, though there is insidered observation error correlations, and their impact on
creasing interest in estimating fluxes at higher temporal angosterior flux estimatesChevallier (2007 considered the
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problem of estimating C&fluxes from synthetic OCO mea- tegrates evaluation of the spatial field structure together with
surements with known error correlations, and demonstratednhference on source fluxes. Our analysis involves additional
that posterior source estimates and the corresponding uncemodeling advances for the inverse problem that include use
tainties are sensitive to the treatment of observation error coref non-normal priors for fluxes to properly reflect the fact
relations in the inverse analysis. This study also showed thathat the sources of interest in this study are positive, and the
the effect of neglecting observation error correlations in theintegration of missing data analysis to account for and infer
inverse analysis can be partially compensated for by techimissing retrievals. We further note that computer code (in
niques such as observation thinning and error variance inflaMatlab) for all our analyses reported is available for others
tion, but at the expense of not fully utilizing the information to explore and use.

content of the measurements. Models of spatial structure 8. involve additional un-

To avoid this loss of information, one can attempt to ex- known parameters that define the spatial dependencies; de-
plicitly account for observation error correlations in the in- note these by. Further, since satellite retrievals are sub-
verse analysis. For example, it has been proposed that spatigct to substantial missing data we explicitly recognize this;
correlations associated with the CTM-component of the ob-we denote byM the set of indices of missing retrievals,
servation error can be approximated by the spatial error coM C {1:m}, while H is the set of indices for observed re-
variance structure from pairs of short-term chemical forecastrievals. Thus the observed datayig and the missing data
simulations with different forecast starting timdsfies etal.  y,;. Then, for a given priop(x), the formal Bayesian in-
2003. This approach to characterizing the CTM forecast er-ference problem is to compute and summarize the posterior
ror is intuitively appealing, but suffers from the drawback p(x,0,yy|yn). We do this using custom development of
that running multiple forward chemical model simulations standard Bayesian statistical simulation methods based on
over seasonal and inter-annual time scales is computatiorlMCMC; some summary aspects are mentioned here and in
ally expensive. It is also often impractical to perform sim- the Appendix, with full technical details provided in the sup-
ulations with independent CTMs on a routine basis to moreplementary material on statistical computation.
fully characterize chemical model transport errors.

An alternative approach involves statistically modeling 2.2 Spatial error structure: conditional autoregressive
spatial observation error structures, and determining the as- (CAR) model formulation
sociated parameters of the statistical error model as part of
the inverse analysis. A key challenge in this context isAn approach based on Gaussian conditional autoregressive
computation. Traditional spatial modeling utilizing standard (CAR) spatial models is able, as we show, to define realistic
Gaussian processes based on a spatial distance-based correlad appropriate spatial structures for geographically dense
tion function (e.g.Rue and Held2009 have been explored satellite retrieval data on a lattice, while leading to a compu-
to a degree (e.gMichalak et al, 2004 Mueller et al, 2008 tationally tractable methodology for atmospheric tracer in-
Gourdji et al, 2010 in terms of characterizing spatial error verse modeling. The approach takes advantage of the fact
structure in the prior. In the context of modeling observationthat, under certain conditions, it is possible to statistically
error structures in a fully Bayesian framework, this approachmodel the precision matrig; ! as a very sparse matrix de-
is computationally severely limited due to the resulting needsfined by a very small number of parameters, and that these
to perform multiple matrix inversions on covariance matricesparameters can be efficiently inferred using MCMC algo-
of orderm. Our interest in exploring alternatives that do not rithms.
involve approximation short-cuts addresses the scale-up is- In the basic model of Eqlj, y represents the vectorized
sues head-on while evaluating the flexibility of the class of set of retrievals from the original global rectangular lattice,
conditional autoregressive spatial models. or grid. Suppose thap represents the vector of retrievals

for a single month, and thatAR (the notation change is to
explicitly reflect the assumption of a CAR spatial structure)

2 Statistical modeling developments refers to the corresponding errors. Specification of a CAR
model starts with an x m proximity matrix, W, that des-
2.1 Overview ignates weights to the neighbors for each grid cell. In this

application, we define the elements\Wfas
We discuss an approach that uses alternative spatial struc-

tures that (a) recognize and exploit the fact that the data exp(—4;;) if cell i and; are neighbors
is inherently grid-based, and (b) provide access to effectivey;; = { 0 if i =, 3)
statistical computation using Bayesian simulation methods, 0 otherwise

specifically Markov chain Monte Carlo (MCMC) analysis

(e.g.,Gelman et al.2004 Prado and Wes201Q chapter 1).  wheres;; >0 measures distance between the centroids of grid
We show how this allows direct and appropriate modeling ofcellsi, j; with (lat;,long;) representing centroid of céllthis
spatial dependencies in observation errors in analysis that inis given bysizj = (Iat,~—Iat.,~)2+(long,»—longj)2.
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The CAR model introduces spatial dependencies through GP CAR
the complete conditional distributions for all elements of
€CAR: the error in cell depends on its neighbors as in

eAR|{eSAR, j#i) ~ N[ Y (o wij/wiy) eEAR,rf/wi+],
J#
fori=1,2,....m, 4)

=200 km
0.36140
0.00714

L

p=0.
2_

TC—

1000 km

and wherew; = 3>"_jw;;. Itis clear from the forms of
these conditional distributions that the spatial dependence
parametep defines association via the implied linear regres-
sion of each cell on its neighbors. In tandem, the scale pa-
rametert,. controls levels of variation in these conditional
distributions. Global correlations between separated grid
cells are induced as a result; cetlepends on a more distant
cell k transitively through its neighbors that link to neigh-

bors of cellk, for example. Both parametersz. are to be _ . . - :
P P 18 e Fig. 1. Left: conditional regression coefficients from Gaussian

estimated. process models (GP) with exponential decay correlation kernel

In the examples in this paper, we adopt a first-order ne|gh—exp(_d/L) for several values of the range length Hered is

borhood approach in which the 8 cells that are physicale centroid-centroid distance between cells and the regression co-
neighbors (N, NE, E, SE, S, SW, W, NW) of grid celare efficients plotted are those for the regression of the central cell (3,3)
neighbors in the model, and only those. It turns out thaton the rest. The mesh size is not constant over the entire lattice;
this first-order dependence structure is capable of capturingssuming the mean radius of the Earth to be 6371 km, the average
spatial patterns sufficient to reflect much of the residual de-size of a # latitude x 5° longitude cell is 445 knx 556 km. Right:
pendency we see in MOPITT data, though more elaboraté&onditional regression coefficients from CAR model usingalues
neighborhoods could be examined using the same Bayesiafffted to match the regressions in the corresponding GP model.
approach; the changes would simply use a different proxim-

c

0 =099148
2 =0.00321

L

5000 km

c

o = 0.99969
2 =0.00122

L

ity matrix.
yDefine them x m matrix Dy, = diag(wir, o, ..., W) compare with CAR models is to look at the conditional re-
and the spatial precision matrix= r-2(D,,—pW). It fol- gression coefficients implied by such a GP model in compar-
lows from the specification of the CAR model that the joint iSON to those that are used to define the CAR model, simply
distribution of allm error values is the pw;; /w; term of Eq. @). Figurel shows such a com-
parison for several relevant values bf each plotted side-
MR N©O,UD). (5) by-side with a corresponding CAR model, on &5 grid

beyond which the GP coefficients are negligible. This ability
That is, the error covariance matr is replaced by the to adequately match local spatial patterns is a general feature
spatially structured CAR covariance mattfix 1 that has  of CAR models while its computational accessibility makes
non-zero pairwise correlations between cells over larger disit a clearly dominant choice over GP models for all but very
tances induced by the local neighborhood dependencies evesmall problems.
thoughU itself has zero entries between cells that are not Finally, note that we may aggregate measurements over
neighbors. Model fitting and inference relies on posterior es-a series of time epochs (e.g. from multiple months). In this
timation of U through estimation of = (p,7.) as uncertain  case, the variance matrix of the extend&4R will be block
parameters. Some of the computational tractability in deal-diagonal, with the number of diagonal blocks® equal to
ing with the spatial structure as an ingredient of the inversethe number of time epochs considered in the analysis.
analysis comes through the fact that the precision méatrix
is sparse; i.e., the elemeriis; are non-zero only when cells 2.3  Prior specification for fluxes
i, j are neighbors.

CAR models are capable of representing spatial structurdo date, inverse applications in atmospheric chemistry have
that has traditionally been modeled via spatial distance-basetktlied heavily on the linear-Gaussian theory associated with
correlation functions, referred to in the statistical literaturesmultivariate normal priors ovet and the resulting analytic
as Gaussian processes (GP) (éRgie and Held2005. One  closed-form posterior summaries in E®).( However, the
of several often used forms is the exponential kernel in whichfluxes of interest are often strictly non-negative, as for ex-
the correlation between grid cells; is exp(—d;; /L) where ~ ample, when CO sources are being estimated. In exploring
d;; is the great circle distance between the centroids of theposterior inferences using the traditional normal priors, we
cells andL is the range parameter. The appropriate way toroutinely encounter posterior densities that give appreciable
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probability to negative flux values; this is a purely technical MCMC analysis, noted in the next section and detailed fur-
issue as, in such cases, the data:prior synthesis is surely cother in the Appendix.

sistent with very low or zero flux, whereas the mathematical

assumption of normal priors leads to unconstrained posteri2.5 Bayesian computation

ors that support practically meaningless negative values.

Modern Bayesian computational methods allow us to dolterative posterior simulation using MCMC has been the de
away with such physically unrealistic assumptions that havefacto standard in the statistical community for Bayesian sta-
historically been made for purely mathematical tractability tistical computation for some year&¢lman et al. 2004.
reasons. Here we simply adapt the usual assumptions and utRecalling tha® stands for unknown parameters in the error
lize priors for strictly positive fluxes that are the usual normal varianceS,, the full joint posterior distribution for all un-
distributions but now truncated at some small chosen loweknowns{x,0, y,} conditional onyy is evaluated by simu-
bound to ensure scientifically relevant posterior inferencedating a large Monte Carlo sample, and basing inferences on
that disallow negative values. The traditional normal prior numerical summaries of that sample. MCMC analysis per-
specification based on bottom-up fluxes= (x5;) has been  forms this simulation iteratively, successively updating each
to adopt a multivariate normal prior wit8, diagonal and  of the unknowns by simulation from a relevant conditional
having ith diagonal variance elemesst; for each source distribution that may involve some of the most recently sim-
i=1,...,n. In particular, we defines,; =c§x§i based on ulated, or imputed, values of other unknowns. Our MCMC
a specified coefficient of variatiory. The direct modifica-  strategy for the current context is outlined in the Appendix,
tion to ensure non-negative fluxes above a lower value is towith further technical details provided in the supplemental
take the prior as a product of independent priors over sourcedocumentation.

p(x;) where each is defined by

xi ~ N(mai,vai) I(xi >1), i=1..,n. (6) 3 Synthetic data studies
Here/(-) is the indicator function, We first demonstrate the approach with an extensive set of
synthetic data analyses that parallel the problem of estimat-
ing CO sources from MOPITT data consideredArgllano
et al. (2004. We utilize synthetic data in order to provide
and; is a pre-specified small lower bound on realistic flux & context where the true sourcesare known, and to com-
levels. pare the CAR spatial model with a non-spatial (NS) statisti-
Given the prior flux estimatess;, and prior flux variance ¢l model to evaluate the effect of neglecting “true” spatial
Sa; we can numerically match the expectation and variance®0r cc_>rrelat|on§ on the inverse source estimates. The NS
of the prior distribution given by Eq6f with xa; and Sa; model is a special case of the CAR model obtained when
to determine the values of the required prior parametgrs ~ » = 0; in that special case, we denote the scale parameter
anduva;. In the examples below, we use this specification PY 7» rather thanc.. We pay special attention to evaluating

with the lower bound on fluxes defined @s= x5 ; /4. performance of the inverse approach using various statistical
diagnostic metrics.

1if x>,
0 if x; <1,

I(x,->t,-)={

2.4 Accounting for missing retrieval data
3.1 Generation of synthetic data with spatially

Satellite retrievals are inherently subject to missing data. correlated errors
This translates into an index skt for the CO retrievals that
are missing, while those indexed in the #ftare recorded. The inverse problemAtellano et al, 2004 consists of us-
Writing the observed data sub-vectorygg and the missing ing Level 2 V3 MOPITT daytime column CO retrievals
data sub-vector agy,, we include the information that,, from April-December 2000 to estimate annual CO emis-
is missing in the analysis. This is done in standard Bayesiarsions forn = 15 source categories consisting of: (a) fossil
fashion: y,, is included as part of the inference problem in fuel/biofuel (FFBF) combustion in 7 geographical regions,
an extended analysis that computes and summarizes aspe¢ts biomass burning (BIOM) in 7 geographical regions, and
of the posteriop (x,0,yy | yu). (c) and oxidation of biogenic isoprene and monoterpenes on

The missing rows of the transport matiy; ., for each  a global-scale (BIOG). The geographical extent of each of
i € M are linearly interpolated using the neighboring grid the FFBF and BIOM regions is shown in Fig. CO pro-
cells (since instrument characteristics required to calculateluction from methane oxidation is not estimated as part of
the corresponding elements Kf are unavailable) and the the inversion, but is taken into account by pre-subtracting
corresponding unknowns, i € M are assigned values that its contribution to the MOPITT retrievals. The Jacobian
are repeatedly updated via simulations from the relevanmatrix K is constructed by applying MOPITT averaging
conditional posterior predictive distributions in the Bayesiankernels to gridded CO fields calculated using an offline,

www.atmos-chem-phys.net/11/5365/2011/ Atmos. Chem. Phys., 11, 53852011
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priors x;~N (ma;,va;i)l (xi>t;) takingt; = x5, /4 such that
the prior mean of each; is the specified bottom-up value
xa; and the prior variance iSq;.

We generate a single synthetic MOPITT CO retrieval data
set with spatially-correlated errors by first generating a “true”
source vectory, simply sampling from the truncated normal
priors; we use to denote the synthetic quantities through-
out. We next construct a “true” error covariance matrix,
S., that includes off-diagonal terms representing spatial er-
ror correlations for cells within the same month; we assume
no between-month dependencies. Individual elements of this
matrix are specified using an exponentially decaying corre-
lation kernel; thus, for grid cells j the covariance element
in S, within each month iS, ;; = o 2exp(—d;; /L) whered;;
is the great circle distance between the cells Aride range
parameter. We further take the constant observation error
as 20 % of the global, annual-mean MOPITT-equivalent CO
columns from the CTM with prior CO source estimates. Cor-
responding error terms are then simulated fiomv (0,S.)
and the synthetic CO observations vector is calculated di-
" rectly from the model, Eq.1j, i.e., y = Kx+¢€. Finally, the
Fig. 2. Color-coded definition of fossil-fuel (FFBF) and biomass grid cells for V\_Ihlc_:h the rt_aa] MOP'TT data is missing are then
burning (BIOM) CO source regions (after Arellano et al., 2004). masked as mlssmg_, deflnlnglthe mdex_thandH. We ex-
Numbers represent the source category number used in the texP!Ore 6 repeat versions of this synthetic data using100,
1=FFBF North America (FFBF-NAM); 2 FFBF Europe (FFBF- 200, 500, 1000, 2000 and 5000 km, respectively; this gener-
EUR); 3= FFBF Russia (FFBF-RUS); FFBF East Asia (FFBF-  ates 6 synthetic data sets reflecting varying degrees of spatial
EAS); 5=FFBF South Asia (FFBF-SAS); 6 FFBF Southeast error correlation.

Asia (FFBF-SEA); %= FFBF Rest of the World (FFBF-ROW);  \we repeat this exercise to generate 1000 replicate simu-

i8c: ?é?OMM(_)’\tITX)ﬁ?ggé?ga);szj;gyL':\i’i:fh;;:‘eﬁg” (g%eh;- lations in order to quantify Monte Carlo variability and re-

SLA): 11— BIOM Northern Africa (BIOM-NAF): 12— BIOM sgltlng accuracy of recon;tructlons of the true source ﬂuxes.
Figures3 and4 show spatial plots of elements of the simu-

Southern Africa (BIOM-SAF); 13-BIOM South and Southeast by -
Asia (BIOM-SSA); 14= BIOM Boreal (BIOM-BOR). Source cat- latede andy for the month of December 2000 for one par-

egory 15 (not shown here) represents the global source of CO fronficular realization of¢ randomly drawn from the set of 1000
biogenic hydrocarbon oxidation (BIOG). replicates.

3.2 Results: model adequacy and model comparisons

tagged tracer version of the GEOS-Chem CTM at a res-

olution of 4x 5 degrees. The gridded, quality controlled For each value of., we compare the posterior mean esti-
MOPITT dataset used in the original analysis sparfshNé®@  mates of CO fluxes with the known “true” fluxes for each of
50° S, yielding a lattice of 26« 72 grid cells that vector- 1,000 synthetic data sets. FiguBegnd6 show the results via
izes to 1872 observations on a monthly basis. Combin-scatter plots of estimated CO flux versus the “truth” for one
ing data from April-December 2000 yields a complete re- FFBF and one BIOM source category, respectively. Similar
trievals vectory of lengthm =16 848 andK of dimension  comparisons for the remaining source categories are shown
16 848x 15. The original analysis oArellano et al.(2004 in the supplementary material. For one randomly selected
used only those MOPITT retrievals satisfying certain qual- synthetic data set, Figg.and8 display the estimated 95 %
ity control metrics. We modified these to require at leastposterior credible intervals for each of the 15 source cate-
5days of observations each month for a site to be considgories in both the CAR and NS model analyses; also shown
ered valid; sites not meeting this are those treated as havingre the corresponding 95 % prior credible intervals and the
missing data, yielding 139 missing values. Further detailsvalues of the “true” CO fluxes. It is readily evident from

on MOPITT data processing and constructioriKodre given
in Arellano et al.(2004); they also give the prior source vec-
tor x5 and the diagonal matri8, with ith diagonal element
Sai= chéi for a constant coefficient of variatian, = 0.5.

these figures that the performance of the NS model is com-
parable to that of the CAR model when the degree of spatial
error correlation is very low (i.e.LL is rather small). The
CAR model is clearly superior at higher valuesiobver the

We use these values as the basis for positively constrainethnge of “true” fluxes considered in this analysis. Results

Atmos. Chem. Phys., 11, 5365382 2011
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Fig. 3. Spatial images of randomly selected realizations of the synthetic MOPITT CO column observationéethorsinits of
10'8 molecules CO cm?) for December 2000 for different values bf The black cells represent missing observations.
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Fig. 4. Spatial images of synthetic MOPITT CO column measuremgifis units of 168 molecules CO cmz) corresponding to the errors
in Fig. 3. The black cells represent missing observations.

www.atmos-chem-phys.net/11/5365/2011/ Atmos. Chem. Phys., 11, 53832011



5372 C. Mukherjee et al.: Bayesian spatial modeling in atmospheric inverse analysis

L =100 km L =200 km L =500 km

300 g 300 ) 300

200 200 i

Estimated x
Estimated x
Estimated x

10 g 100

CAR, RMSE: 7.708 CAR, RMSE: 9.8284 CAR, RMSE: 16.5469
0 0 0
0 100 200 300 0 100 200 300 0 100 200 300
True x True x True x
L = 1000 km L = 2000 km L = 5000 km
300 . 300 P oaw :

200

Estimated x
Estimated x
Estimated x

100

;2 = . NS, RMSE: 41.2191 B . NS, RMSE: 47.8468

1 e ee o]

0 100 200 300 0 100 200 300 0 100 200 300
True x True x True x

Fig. 5. Scatter plots of “true’y; versus estimateg; (in units of Tg COyr1) for the FFBF North America (FFBF-NAM) source category
computed from 1000 synthetic data sets. RMSE is the root mean square error metric of the estifnatedhe “true”x; .

(see supplementary material) are similar across the range GIfable 1. Posterior means and 95% credible intervals for

synthetic data sets considered here. _log(BF(CAR:NS)) from the analyses of 1000 synthetic data sets.

To summarize performance across the 1000 synthetic
datasets, and to provide further insight into the relative per- I log(BF(CAR:NS)) 95 % Cl
formance of the CAR and NS approaches in reconstructing
source fluxes, we calculate two metrics for each CO source 100 3.69 [-36.26, 42.01]
category using the MCMC-sampled posterior distributions: 588 Zégi.gg [2£13%25£929’2f3%%2§)?i]]
Success Rate (#times the “true” CO flux falls within 1000 6040.01 [5643.34, 6473.56]

. . 2000 10450.46 9644.83, 11 346.37

posterior 95% intervaj100Q (7) 5000 16059.21 [1[4 180.68, 17 959.34]]

Learning Ratic= average of Prior 95% interval length
Posterior 95% interval length

Figure 9 shows a combined plot of these two metrics for due to the large amount of data. This is perfectly appropri-
each CO category for different values bf Notice that the ate and a consequence of model assumptions and data-model
Learning Ratio-1 in each source category under both mod- match. In this specific model the results serve as a first,
els, indicating both the models learn significant information proof-of-concept and example of the approach for account-
from the data; these ratios differ for different sources, reflect-ing for spatial error correlation structures only; the high level
ing the fact that the measurements provide varying degreesf posterior precision about fluxes may be reduced in more
of information on the magnitude of different sources. The elaborate spatial models for higher resolution data, and fur-
Success Rates demonstrate precision of the analysis in tHfer work will aim to explore this in new case studies.
standard statistical coverage sense; Bigupports the point Further substantiation in favor of spatial modeling with the
already noted that at low spatial dependencies the NS and the AR approach comes from formal statistical summaries for
CAR models have comparable accuracy, whereas the CARnodel comparison. A key, standard measure of relative fit
model very substantially outperforms the NS model whenof two models is the Bayes factor (an integrated variant of
spatial structure becomes practically meaningful. a likelihood ratio); to compare the CAR with the NS ap-
In this synthetic context and with the spatial model basedproach, this is
on a single spatial dependence parameter, posterior distribu-
tions and resulting credible intervals tend to be quite precisBF(CAR:NS) = pcar(Yr)/pns(y )
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Fig. 6. Scatter plots as in Figh now for the BIOM Southern Africa (BIOM-SAF) source category.

where p.(yg) is the marginal probability density function graphical and numerical summaries of posterior predictive
of the observed datpy under the assumptions of the model simulated data sets can highlight ways in which the model is
* = CAR or * = NS, respectivelyp.(yg) is otherwise re- inadequate when compared to the real ds¥eqt and Har-
ferred to as the marginal likelihood or evidence for mogdel rison 1997 Gelman et al.2004). Figures10 and11 show

and the ratio form in the Bayes factor measures relative evirepresentative posterior predictive samples from the NS and
dence on a likelihood scale; sBernardo and Smitl1994 CAR models forL =100 km andL =5000 km, respectively.
chapter 6) anilVest and Harrisofi1997, chapters 11 and 12), Itis clear that the spatial patterns of posterior predictive sam-
for example. A Bayes factor BEAR:NS)>1 indicates that  ples from the CAR model are visually similar to the syn-
the data favors the CAR over NS model, with values of 100thetic data, while they are clearly noisier for the NS model
or more indicating very substantial evidence indeed. Fromfor higher spatial dependences.

the MCMC analysis of each synthetic data set we can esti-

mate the values opcar(yy) and pns(yy) and hence es-
timate the Bayes factor for that particular data set. Table
reports the averages of the valugs over the. 1000 SImUIate&/e now consider the analysis applied to MOPITT retrievals
data sets, together with the associated 95 % intervals. We S€& =0 columns paralleling the study Afellano et al(2004
significantly positive values of log(BF(CAR:NS)) for larger '

S 4 . but now including spatial CAR structure, modified priors,
L, indicating extremely strong evidence in favor of the spa- o . )
. : and formal treatment of missing data. Figut2 displays
tial model over the non-spatial model.

95 % posterior credible intervals from CAR and NS models
We illustrate the effectiveness of CAR in modeling these for each source category, and TaBlgresents detailed poste-
synthetic (non-CAR) spatial dependencies by comparing the&ior summaries. We observe significant differences between
synthetic data with samples from the posterior predictive dis-the two analyses for several of the CO source categories con-
tribution. Exploring posterior predictions is a traditional sta- sidered here. In particular, the CAR analysis suggests that,
tistical method for both informal and formal evaluation of for several of the FFBF and BIOM source categories the top-
model fit; here we simply present graphical summaries ofdown estimates are not as inconsistent with the bottom-up es-
prediction from the model. For any of the posterior MCMC timates as is suggested by the NS analysis. Again, as with the
draws of{x,0, yr} we can, using these values, directly sim- synthetic data study above, we note relatively precise poste-
ulate additional synthetic datafrom the model; such sim- rior intervals based on the MCMC approach; these are accu-
ulations generate random draws from the posterior predicrate summaries of uncertainties conditional on the assumed
tive distribution — i.e., synthetic representations of what dataform of the model.

will look like if the model is true. Often, simply exploring

4 Analysis of real MOPITT retrievals
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Fig. 7. Plots of 95 % posterior credible intervals for NS and CAR model analysds#dr00, 200 and 500 km, showing summary inferences

of source magnitude for all 15 CO source categories for one synthetic dataset (sE®Figfinition of source category numbers). Posterior
means for both are marked with dots inside the corresponding intervals. Alongside we plot 95 % prior credible intervals for the corresponding
source and indicate the “true” CO source with a square.

Model comparison wusing Bayes factors vyields 5 Concluding remarks

log(BF(CAR:NS))>10073 simply overwhelming sta-

tistical evidence that the CAR model substantially improvesThe fast-expanding ability to access increasingly high-
model:data match due to the presence of significant spatidlesolution atmospheric data using satellite imagery raises ex-
residual structure. To further indicate the ability of the citing opportunities for substantial advances in data synthe-
spatial model to reflect realistic spatial structure, Fi§.  Sis ininverse modeling. Capitalizing on this opportunity will
displays two randomly selected posterior predictive samplednvolve increased attention to core challenges that are inher-
from the NS and CAR model analyses, together with the€ntly statistical in nature. The work presented here reflects
actual data for December 2000. The spatial dependenctis view and exemplifies the potential to address rather basic
patterns in the CAR samples are visually similar to thatyet challenging problems of very large-scale spatial model-
in the real data, while the NS samples are again noisiering, coupled with refined prior specifications and treatment
These preliminary comparisons suggest that accounting foff missing data, in inverse studies of atmospheric trace gas
spatial error structures in the real data is important in thesource/sink flux estimation. To date, although the broader
context of constraining CO sources using spatially-denséield of atmospheric chemistry inverse modeling has become
satellite measurements. Further investigations at h|gheheaVI|y invested in statistical methods, there has been limited
spatial and temporal resolution with the latest version ofdevelopment of what are standard statistical approaches uti-
the MOPITT dataset, as well with retrievals from other lizing Bayesian simulation methods, including MCMC. The
satellite instruments, are required to more fully characterizevork here demonstrates the utility of the Bayesian perspec-

and account for these spatial error patterns and to refinéve and the enabling computational methodology provides
top-down CO source estimates. for extending inverse modeling frameworks to incorporate

relevant spatial stochastic structure.
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Fig. 8. Plots as in Fig7, now based o. =1000, 2000, and 5000 km.
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Table 2. Summary of posterior inferences for the CO fluxes (in units of Tg CGyand model parameters from analysis of actual MOPITT
retrieval data. See Fi@.for definition of source category numbers.

Prior NS model NS model CAR model CAR model

mean (SD) mean (SD) 95% ClI mean (SD) 95% Cl
X1 102.99 (51.49) 83.13 (3.46) [76.26, 89.85] 73.24  (10.84) [51.97, 94.11]
x2 95.20 (47.60) 37.18  (5.42) [26.90, 48.40] 4271 (10.87) [25.22, 66.09]
x3 4572  (22.86) 9543  (5.98) [83.56, 106.92] 54.17 (11.41) [31.45, 76.10]
x4  108.72 (54.36) 195.06 (3.58) [188.09, 202.19] 158.55 (8.61) [141.74,175.70]
x5 88.14  (44.07) 147.75  (3.14) [141.61,153.93] 116.96  (7.48) [102.37, 131.79]
X6 41.03 (20.51) 70.29 (2.84) [64.72, 75.93] 67.90 (7.38) [53.43, 82.71]
X7 120.98 (60.49) 265.42 (5.63) [254.48, 276.36] 108.83  (13.95) [81.20, 136.02]
xg 21.99 (10.99) 6452  (1.56) [61.49, 67.59] 38.94  (4.24) [30.63, 47.23]
X9 38.58 (19.29) 96.56 (1.68) [93.24, 99.78] 34.23 (4.31) [25.80, 42.77]
X10 88.28 (44.14) 100.03 (1.47) [97.11, 102.93] 59.41 (4.07) [51.39, 67.26]
x11 13391  (66.95) 9225  (1.83) [88.70, 95.86] 5256  (4.53) [43.72, 61.44]
x12 146.51 (73.25) 92.53 (1.50) [89.62, 95.48] 90.99 3.77) [83.71, 98.61]
x13 4151  (20.75) 104.48  (2.13) [100.31,108.66] 4427  (4.74) [34.78, 53.47]
x14 2805 (14.02) 13.09  (1.88) [9.45, 16.81] 1032  (2.20) [7.19, 15.34]
x15 462.12 (231.06) 152.00 (7.73) [136.47, 166.94] 22474  (20.73) [183.57, 265.80]
Tnz 0.1333 (0.0666) 0.0277 (3.0e-4)
12 1.0662 (0.5331) 0.0008 (8.9e-6) [0.0008, 0.0008]
o 0.5000 (0.2890) 0.99992 (3.6e-5) [0.99983, 0.99997]
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Fig. 9. Success Rate (top panels) and Learning Ratio (bottom panels) for all CO source categories for different yal$=edtig2 for
definition of source category numbers.

Our analysis framework explicitly paralleled the earlier time using our current Matlab code and is approximately lin-
work of Arellano et al(2004) in order to demonstrate the ex- ear in FLOP counts, stopwatch tim#c(toc) and elapsed
tensions with spatial CAR modeling and other statistical in- CPU time €putimg. This is the best one can expect and in-
novations. Based on this proof-of-concept in studies of bothdicates that indeed the analysis and computational approach
synthetic and real MOPITT retrieval data, some next steps inis scalable to much larger and higher resolution problems.
clude expanding the model framework to explicitly representMoreover, the matrix multiplications that constitute much of
time dependencies in data and models. The extension of spahe computational burden with increasimgcan be trivially
tial modeling into a temporal framework is standard, and this,parallelized on multi-core machines or clusters, or via ex-
together with extension to model potential time-variations in ploitation of GPU parallelization, suggesting the opportunity
source fluxes, will rely on additional Bayesian computational for very substantial gains with larger.
methods that are well-developed in other areas of multivari-
ate time series analysigvest and Harrisorl 997 Prado and Finally, we note again that the analysis presented is in-
West 2010). Additional important directions include the ap- tended as a first, proof-of-principle analysis and example
plication of these techniques to carbon dioxide and methan®f the opportunity to integrate spatial structure into inver-
as high quality satellite measurements of these climaticallysions. The single-dependence parameter CAR model is

important gases become available, especially in the contextkely overly simplistic as a representation of spatial errors
of source/sink estimation with high spatial resolution. that combine model misfit and natural local dependencies in

satellite retrieval data. To represent additional complexity in

With regard to computational demands for higher resolu-spatial structure, especially with regard to the potential op-
tion problems, we note that the running time for the MCMC portunities to fit higher resolution models that can capture
algorithm increases roughly linearly with the size of the  more refined structure, extensions or alternatives to CAR
source vector. This is based on evaluations of computationainodels will be needed. Indeed, one of our current research
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Fig. 10. Two samples of column CO fields (in units offmolecules CO sz) from the posterior predictive distributions of NS (lower 2
left panels) and CAR (lower 2 right panels) models for December 200D £6100 km; top panels show the corresponding synthetic data.
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Fig. 11. Posterior predictive plots as in Fi$j0, now with L =5000 km.

projects is to extend the general strategy of the paper to modthis paper demonstrates the ability of simple CAR models to
els that permit changes in the local dependency parametesubstantially improve over the standard non-spatial models
across the spatial region; importantly, such extensions willin terms of statistical fit, source flux recovery in synthetic ex-
also need to come through precision matrix models, ratheamples, and predictive match with the real data; this gives
than covariance models, for both the feasibility of compu- us a basis to move ahead with development of more general,
tations and, we believe, for practical realism. Our work in flexible and likely realistic spatial structures in future work.
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Fig. 12. Plots of 95 % prior and posterior credible intervals for the real MOPITT data inversion. Posterior means for both models are marked
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Fig. 13. Two samples of column CO fields (in units of anolecules CO cmz) from the posterior predictive distributions of NS (lower
2 plots, left panels) and CAR (lower 2 plots, right panels) models for December 2000; the top panels show the corresponding MOPITT
retrieval data.

Appendix A the latest values dfx,8}. The specific distributions used for
each of these three stages are summarized here with more
Posterior computation technical details in the supplemental documentation.

We use the following notation:

The Markov chain Monte Carlo posterior simulator succes- 1. x_; = (X1,...,Xi—1,Xi+1,...,Xn)
sively re-simulates values of all of the unknownse, y s} - ) .
to draw a large Monte Carlo sample from the full joint pos- 11 K. is theith column ofK

terior p(x,0,yy | yg). Initializing at (essentially arbitrary)
starting value$, y,s, the MCMC proceeds through many it-
erations to revise the full set of unknowns, at each iterate
stepping through the stages below to stochastically update jy, y, — (y;);c4, a subvector of
conditional on the last values ¢4, y,/}, thend conditional

on the latest values dk, y,s}, and theny,, conditional on V. Ka s« = (K )iea, a submatrix oK

iii. K, - is the submatrix oK obtained by deleting the
ith column
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vi. Ug p= (Uij)iea,jeB, @ submatrix otJ

vii. M is the set of indices for missing retrieval, C {1:
m}, while H ={1:m}\M

viii. 1G(a,b) stands for an inverse gamma distribution

We give summary details for MCMC in both the non-
spatial and CAR model contexts. As described in S2§.
analysis is based on the use of the truncated normal pri-
ors for sources with that for théth source beingx; ~
N(mgi,va;)l (x; >t;) wheremg; andvy; are numerically
specified so that the prior has meag; and varianceS,;
with 7; = x4, /4.

Al Single epoch data

We first give summaries for the analysis of a single epoch of
data — a single monthly retrieval in the case of MOPITT
data. The extension to the context analyzed in our examples,
parallelingArellano et al (2004 with multi-month retrievals
and time-invariant fluxes, is then also summarized in the fol-
lowing subsection.

Al.1 Posterior computation for the non-spatial model

The prior distribution forz? is an inverse Gamma distribu-
tion, 72~1G(ay,, »,) Where we set the prior meali(t?) =

o2 (known), and the coefficient of variation to 0.5 so that
o, =6 andx, =502. The MCMC algorithm alternatively
samples from the following conditional distributions:

— Fori =1,...,n, resample théth source element from
(xi 12—, T2y, K) ~ N(En i, Vi) I (xi > 1;)
where
Vi = (03147, 2K (o Kei) ™
and

Epi=Vu,i {U;,-lma,i +T,1_2K/(*,,-)(y - K(*,—i)xfi)}‘

— Resample (z2 | x,y,K) ~ I1G(a, + m/2,%, + q/2)
whereqg = (y—Kx)'(y—Kx).

— Resample values of the missing data vector from

the conditional posterior predictive distributiiy s |
x,72 K)NN(K(MV*)x,thI).

v tno

Al1.2 Posterior computation for the CAR model

The prior fort2~IG(a., A.) with prior mean,E(z?) = 842
(known, sets unbiased prior when there is no spatial depen-

5379

— Fori=1,...,n, resample théth source element from

(xi 1x—i, 22, 0,3, K) ~ N (Ec,i, VeI (xi > 1)
where

Vei= (”a_,il"'K/(*,i)UK(*,i))_l
and

Eci=Vci {U;ilmai + Ky Uy — K(*,fi)x—i)}

with U =12(D,,—p*W).

Resample (2 | x,p,y,K)~IG(ac+m/2,1c+q/2)
whereg = (y—Kx)' (D, —pW)(y—Kx).

Resample (p | x,rcz,y,K) with a random-walk
Metropolis step as follows. First, sample a candidate
valuep*~N (p,s?) and comput&)* = 72(D,,—p*W).
The candidate value is then accepted with probability

N(y|Kx, Ut 1
a:mm{l M}

" N(y|Kx,U™D

if accepted, sep = p* andU = U*; otherwise retain the
previous valuep,U. The step size is defined adap-
tively during the initial burn-in phase of the MCMC.

— Resample values of the missing data vector from the

conditional posterior predictive distribution

(ymlx.72.0.y0.K)~

N[K m,59x — U;,IJ:MUM,H(J’H —KH.5%), U;,I%M].

Note here how the spatial covariance structurelin
plays a key role in determining the relative weight-
ings of cells having observed data via the current val-
ues of multiple regression coefficients (in the regres-
sion of yps on yg). Actual sampling from this distribu-
tion does not in fact require any matrix inversions; only
a Cholesky decomposition of a square matrix whose di-
mension is the number of missing valués| (137x 137

in our MOPITT study context)Rue 2001, Rue and
Held, 2005. As a result, these successive imputations
of missing data to represent the posterior estimates and
uncertainties abouy,; do not add measurably to the
overall computational burden of the MCMC.

A2 Multi-epoch data with time-invariant fluxes

dence, i.ep =0), and coefficient of variation set at 0.5; this To parallelArellano et al.(2004), consider now the case of
impliesa, = 6 andi. = 4002, Further, we adopt the uniform  several epochs (e.g. months) of retrieval data. In epeeh
prior for p on O<p<1. The MCMC algorithm alternatively 1,...,T, retrievals follow the model of Eq1] where we now
samples from the following conditional distributions: index byr, viz. y, =K;x+e¢, fort =1,...,T. We can simply
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stack the vectors of retrievals to obtain a model as in Eq. ( References
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