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Abstract. Numerical diffusion induced by advection has to Isichenko(1992, the diffusion coefficient for a cloud of
a large influence on concentration of substances in atmotracer is defined as the limit for large timef the variance
spheric composition models. At coarse resolution numeri-of the positionx of the particles

cal effects dominate, whereas at increasing model resolution 5

a description of physical diffusion is needed. A method to Dy = lim <(x — () ) 1)
investigate the effects of changing resolution and Courant t—00 2t

number is defined here and is applied to the WAF advectionnderlining that this coefficient is constant with time in a true
scheme (used in BOLCHEM), evidencing a sub-diffusive giffusive process.

process. The spread rate from an instantaneous source An exhaustive review of the numerical diffusion issue can
caused by numerical diffusion is compared to that producethe found inRood (1987, while the problem relating to sub-
by the physical diffusion necessary to simulate unresolvedyrig turbulence parameterizations is reviewedAfgngaard
turbulent motions. The time at which the physical diffusion (2004,

process overpowers the numerical spread is estimated, and it Thjs work aims to explore the effects of these two aspects

is shown to reduce as the resolution increases, and to increagg tracer transport and diffusion, described by the equation
with wind velocity.

(%—l—U-V)C:V.F, 2

1 Introduction whereU is the non divergent wind field; is the tracer con-
centration, and- is the turbulent flux of concentration that
Discretisation of equations used in numerical simulationsneeds to be closed in terms of the mean gradient via a turbu-
of atmospheric composition models has two main effectslent diffusion coefficient.
the numerical solution of the advection equation causes the Odman (1997 analysed the numerical diffusion intro-
spread of localised concentrations, which has the effect otluced by four different advection schemes, concentrating
smoothing the gradients, referred to as numerical diffusionmainly on numerical aspects. He also compared to few exam-
error (for brevity, numerical diffusion). In addition, discreti- ples of diffusion parameterisation. However, to give a more
sation acts as a low-pass filter in the energy spectrum. Theomplete picture, a systematic comparison between numer-
unresolved small scales of motion (those smaller that thecal and physical diffusion is needed, especially in view of
mesh size) require a parameterization to account for the difthe continually reduced horizontal mesh size in air quality
fusive effect of the neglected part of the energy spectrummodels. As an example, in GEM8t{p://gems.ecmwf.int/d/
This effect is referred to as physical diffusion, and is de-products/rag/the mesh size of regional models ranges from
scribed by the turbulent diffusion coefficient. According 0.5 to 0.1 degrees. Orders of 1 km are even attained in other
applications Goncalves et al2009 Jimenez-Guerrero et al.
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In the present study, use is made of the BOLCHEM model e— ﬁ <0.61— 5#), Lyo >0 (5)
(Mircea et al, 2008, developed at CNR-ISAC, which is KZ L
part of the GEMS-RAQ ensembldd(ijnen et al, 2009.
BOLCHEM is an on-line coupling of the meteorological Whereg—lzgalJrZ—l, in which¢o =500 m is assumed, and
mesoscale model BOLAMBuzzi et al, 2003 2004 with Lo is the Monin-Obukhov length.
the SAPRC90 gas-phase modul@after 1990 and the Above the boundary layet & h) e =5x 10°°m?s 3 is
AERO3 aerosol schem@&inkowski and Roselle2003. The  assumed as being representative of tropospheric data. For
mass conservative Weighted Average Flux (WAF) advectionmodel applications, the heightcan be determined case by
scheme Billet and Torg 1997 adopted in the BOLCHEM  case, using model profiles along with the actual stability.
model is used here to perform a systematic study on the rel- As an example, in the free-troposphere, for a grid mesh
ative importance of numerical and physical diffusion at dif- sjze Ax = 10 km, theTampieri and Maurizi(2007) model
ferent spatial resolutions. givesDy =310n?s 1.

The paper is organised as follows. Sect®muliscusses
a parameterization of diffusion arising from unresolved tur-
bulent motions, as a paradigm of physical diffusion. Sec-3 Discretisation of the advection term
tion 3 deals with the numerical aspects. Subsequently, 8ect. . . . . o
presents some numerical simulations for an idealised case, it Pointed out in the Introduction, the discretisation of the

order to establish a general method for the evaluation of thédVection term in Eq.2) produces, in general, the spread of

numerical vs. physical effects of the diffusion. Finally, some & cloud of tracer advected by the velocity field (see, 8ngo-
conclusions are drawn. larkiewicz, 1984. The nature and magnitude of this spread

is a function of the resolution, and depends on the numeri-
cal scheme. For simplicity, the spread is referred to as nu-
2 Sub-grid turbulent diffusion merical diffusion, regardless of whether the process displays
diffusive behaviour or not, i.e. a growth of the cloud size
The term representing the divergence of turbulent fluxes ofproportional to the square root of time.
concentration in Eq.2), i.e., the diffusive effect of unre- In order to identify the parameters relevant to the study
solved scale, can be described using a sub—grid turbulent dlfof numerical diffusion, the horizontal source dimensi®n
fusion coefficientDy;, by writing V- F = Dy V2C, where  and the characteristic wind spe&icare selected as scales for

the subscript/ emphasises the fact that only horizontal dif- |ength and velocity, respectively, to give to the left-hand side
fusion is considered. The value ofy can be estimated at of Eq. (2) the non dimensional form:
a given resolution when the properties of turbulence at the

scale of the resolution are known. As an example, it can b i/ + EU’ V)C'=0 )
described in a dynamical fashion by a sub-grid scale model 97 R
like the one proposed bymagorinsky(1963. where the prime indicates non-dimensional quantities and

However, different approaches can be adopted. For exampperators. The time scale must be defined’as RU ! to
ple, Dy can also be represented statically using known prop-make Eq. 6) scale-invariant. This scale represents the time
erties of the inertial subrange spectrum and the typical valmeeded for an air parcel to travel across the source. The so-
ues of turbulent kinetic energy dissipation in the atmospheregdefined non-dimensional time suggests that the solution of
Assuming aKolmogorov(194]) (K41) spectrum,Dy as a  the advection equation is the same, if the time is measured in

function of the wavenumber is given by units of the scal@ (the time to cross the source) and distance
92 in units of source dimension.

Dy (k) == —L¥3=4/3 ©) To solve Eq. 6) numerically, space-time are discretised by
2Co Ax and Az, respectively. Combining the non-dimensional

where C1 = 0.25Ck (Cx = 2), Co=6.2 is the Lagrangian  grid mesh size\x’ = R~1Ax and time step\’ = UR 1A,
structure function constant, arrdcan be determined from the following set of non-dimensional parameters is defined:
velocity spectra measured in a variety of flow conditions

and experimental arrangements. Following Taenpieri and — the resolution:
Maurizi (2007 model, in the boundary layet & 1), the fol- R
. . n—1
lowing are obtained: p==Ax) )

— unstable conditionsAlbertson et al.1997):
— and the Courant number:
3 ~
u;, Z
=—2(061-175—),L 0 4 AtU _
¢ KZ( LMO) MO = ( ) UZEE(A/)(AX/) 1. (8)

— stable conditionsKahlow et al.2001):
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.lt IS. V\_Iorth noting thatp - 1 as t_he _actual size of a SOL_jrce Table 1. Summary of the numerical experiments performed, show-
is limited by the spatial discretisation. Sources physmallying parameters andv. Experiments are organised in groups (A

smaller than the grid mesh size are represented in numerica |), each characterised by a given The suffix numbers used in

simulations by a grid cell, making= 1. the text indicate the values gfandv, respectively, used for each
Using these parameters, the non-dimensional time is exexperiment.
pressed by
oo va_l ©) Exp. Resol(p) Courant(v)
Apy 25 0.1, 0.2, 04, 06, 038, 0.9
whereN =tAr~1 represents the number of integration steps. Boy 2 0.1, 0.2, 04, 06, 08, 09
Any solution of Eg. 6) depends on two parameters only, C,, 15 0.1, 0.2, 04, 06, 08, 0.9
as does the increase in varianeé of the tracer distribu- Dpy 1 0.1, 02, 04, 06, 08 09
tion C(x,t) with respect to its initial value, which in non- Epy 07 0.1, 02, 04, 06, 08, 09
dimensional terms, reads Fpv 05 01, 02 04, 06 08 09
2(t") — o2(tg) 0 o 01 02 04 06 o8 09
oc“(t)—o ) 1, 0.2, 04, 06, 08, 0.
Ac(t'sp,v) = TO- (10) Iy 0125 01, 02 04, 06 08 09

To perform a systematic evaluation of the relative impor-
tance of numerical and physical diffusion at different spatial . .
. : . 4 Results and discussion
resolutions, in the present study use is made of a mass con-
servative advection algorithm based on the WAF numerical, o der to evaluate the effect of numerical diffusion, several
scheme Billet and Torqg 1997, which is briefly described

below. _ _ , , chosen, with wind fieldu, v) = (U, 0), in order to single out

The advection part of Eq2] is solved numerically using ¢ effects of sub-grid processes. The initial tracer distribu-
an operator splitting approach, namely, by carrying out thejqn was chosen with Gaussian-shape and standard deviation
computations for each of the space dimensions sequentially, ' » - Ajming to measure the effect of numerical diffusion
Discretising ini-th direction in space, one obtains as a function of the mass distribution resolution, the numeri-

At cal tests were set up varying the two paramepesiadv. The
citt=cr - A—x_(fiil/z —fiZ12) (11)  experiments are summarised in Table
' Figure 1 shows the increase in normalised puff variance

where f* is the numerical WAF flux fubbard and Niki-  wjth non-dimensional time for different values pf(a) and

numerical tests were performed. A simplified framework was

forakis 2003, defined as v (b). Variations ofp induce large variations ako'2, while
1 1 varyingv has a slightly weaker impact. Furthermore, in a real
fi2= §(1+¢i+1/2)fi + 5(1—¢i+1/2)fi+1 (12)  numerical simulationy is not a fully controllable parameter

o o that can vary in space and time. Only the requiremeatl
andg; are “limiter functions”, which generally have the form has to be met. In the following, is fixed to 06 to simplify
of an amplification factor applied to the Courant number  he analysis. An example of the experimental setup is given

In order to eliminate undesired oscillations from the solu-jn Fig. 2, showing the time evolution of the source shape for
tion, the limiter functions are defined to be functions also of the experimentsi, s 06 and Io 12506, Corresponding to the

spurious oscillations by adding a numerical dissipation. The  Fqr |arge non-dimensional time, s&(100), it can be as-
limiter functions are defined as sumed that the increase in variance with time can be well

(1) = S [L+ (|v| — 1)b] (13) approximated by a power law:
where Ac?=at’?. (15)

] ) Fitting Eq. (L5) to data allows the determination of both
b=max0, min(2r, 1), min(r, 2)]. (14)  slope g and “diffusion coefficient’a. The results are re-

Given the above hypotheses, the resulting WAF advectiorP0rted in Fig.3a and b for differenp. Althoughp varies, its

scheme is second order accurate in space (first in time) an&ariation is sufficiently small to justify the direct comparison
mass conservative of @ in Fig. 3a. Itis worth noting that the representative value

of B highlights the sub-diffusive nature of the numerical dif-
fusion process. Moreover, in terms of diffusion coefficient
of a normal diffusion process (a process in which variance
increases with time), a sub-diffusive process would be repre-
sented by a diffusion coefficient that varies with time.
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Fig. 1. (a)Normalised variance as a function of non-dimensional tifrfer different values ofo: starting from bottom to top the curves
refer to experimenta ;2 5 ,0.6: B2,10.6: Cp1.5.v0.6: Dp1.v0.6: £50.7,00.6: Fp0.5.v0.6: G p0.4,10.6: H0.2510.6 and1 0,125 10,6, respectively.
(b) The same as (a) but for experiments with the sanend different values of: 1,0.125.,0.1 and/,0.125.0.9, black and white circles,
respectivelyA ;2 5 ,0.1 andA 2 5. ,,0.9, black and white squares, respectively.
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Fig. 2. Gaussian shaped source represented for resolptio.5 (a) andp = 0.125(b). Continuous line represents the source at initial time;
dotted line represents the source’at 300. Sources are plotted in arbitrary units, with grid points oncthgis.

The magnitude of this process is mainly driven by resolu-the wavenumber i& = 7(Ax)~%, from Eq. @) D’ can be
tion, as shown in Fig3a, where the sub-diffusion coefficient expressed by
« varies by orders of magnitude wifh This suggests that 13
conditions can be met for physical diffusiom {') to become  p/ _ y@ o~ 43 (17)
dominant, depending on the numerical resolution. To obtain U
an idea of yvhat such cqnditipns are, a_ldire'ct comparison Witn/vherey _ (9/2)ﬂ’4/3(0-25CK)2C51- Note that since the
the sub-grid turbulent diffusion described in Sextvas per- turbulent diffusion process does not dependzorand R,

formed_. ) ) _ ) the non-dimensionalisation maké¥ explicitly dependent
The increase in non-dimensional variance for the turbulentyy them. Therefore, in order to compare the results of the nu-

(Lagrangian) diffusion process is expressed by merical and turbulent processdsandU must be selected.
HereR, representing the source scale, is given a fixed value,
Ao'? — 2Dt oDy (16) R=12500m, representative of the resolution for regional air
L= g2 — quality models, where the sub-grid sources are distributed

instantaneously over the grid, thus limiting the size of the
whereD’ = D(RU)~1 is the non-dimensional sub-grid dif- source itself. The value d@f is left to vary in a typical range
fusion coefficient, which is a function afx. Assuming that ~ from 1to 20 ms™.
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Fig. 3. Coefficientx (a) and exponeng (b) of Eq. (15), as a function op.
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Fig. 4. Comparison of numerical (continuous line) and physical diffusion (dashed lines) for different wind velocities, for four resolutions:
(@ Bp2,v0.60 (B) Cp15106: (C) Dp1,vo6 @and(d) Fpos5 .06 Dashed lines represent, from top to bottom, physical diffusionifes

1,2,5,10,20ms 1, respectively.

Figureda, b,candd showsaiz(li, U) for different reso-  the numerical sub-diffusion coefficient declines more rapidly
lutions (p =2, 1.5, 1, and 0.5, respectively), each for different than the turbulent diffusion coefficient. This makes high-
values ofU, along withAo'2 for comparison. resolution simulations more sensitive to turbulence param-

The intersection betweeno’? and Aof(l?,U) defines ete_risation. Furth_erm_ore, for low wind velpcity the_ time at
the time at which turbulent diffusion starts to dominate over Which turbulent diffusion starts to be dominant arrives ear-
numerical sub-diffusion. Increasing resolution reduces botHi€r- In fact, in the limit/ — 0, the numerical effects on
variances, although, due to the different dependencp,on diffusion vanish.

www.atmos-chem-phys.net/10/2737/2010/ Atmos. Chem. Phys., 10, 27832010



10

(b)

1
P

10

Fig. 5. Non-dimensional timer, as a function ofp, computed
(for given R) for different conditions: curves ifa) refers to fixed
v=0.6 and varying/ =20,10,5,2,1 ms~1 from top to bottom, re-
spectively. Curves irfb) refers to fixedU =5 ms 1 and varying
v=0.1,0.2,0.4,0.6,0.8,0.9 from top to bottom, respectively.

The non-dimensional time at which the size of the puff
would be equal for the numerical and turbulent diffusion pro-
cesses, can be computed combining B§) &nd Eq. 16) by

BE-D7t

Figure5a and b reports, as a function op (for given R)
for fixed v = 0.6 (varyingU) and fixedU =5 ms™ (varying
v), respectively. It is worth noting that wind velocity vari-
ations play a major role in determiningwith respect tov
variations, especially for resolutions bel@\1). For higher
resolutions, howevet, decreases rapidly.

A factor to be taken into account is that for a given grid
mesh sizeAx, even when an explicit description of the un-
resolved energy through a sub-grid scale model is given, th

2D'(p,R,U)

18
a(p) (18)
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accounted for in the explicit solution of primitive equations
is therefore less than that expected from a K41 in the high-
wavenumber end of the spectrum. This means that the dif-
fusion coefficientD estimated from Eq.3), which implies a
“perfect” sub-grid model, is probably underestimated, mak-
ing the results biased towards an underestimation of physi-
cal diffusion and, hence, an overestimationrof With the
present value of the source siZand for grid mesh size
between 5 and 20 km (typical of hydrostatic models), the nu-
merical diffusion overpowers the physical one for values of
T approximately between 1 and4,@orresponding to times
ranging from few hours to days. Thus the gradients are
excessively smoothed and there is no possibility of a more
physical description of the diffusion process.

Preliminary experiments conducted fpr=3 show that
T drops by order of magnitude. Therefore, for finer grid
mesh sizes~+ 1 km), the role of physical diffusion becomes
more and more important. This requires the extension of the
present study to values of resolutiprabove 3, moving in to
the range attainable by non-hydrostatic models.

Further remark should be made regarding current air qual-
ity simulations: the resolutiop is always about 1, because
sources scales are much smaller than the grid mesh size.
Therefore in this kind of simulation, numerical diffusion al-
ways dominates over the physical one, even for very low
wind velocity.

5 Conclusions

The present article has considered the horizontal spread of
a cloud of tracer released instantaneously in a uniform wind
field, to study the diffusion induced by the numerical advec-
tion scheme WAF in comparison with the sub-grid physical
diffusion. The dimensional analysis of the advection equa-
tion shows that numerical diffusion depends on two param-
eters only: resolution (ratio of the source dimension to grid
mesh size) and the Courant number. By means of numeri-
cal simulations, it is found that the numerical spread induced
by WAF is sub-diffusive, i.e., the concentration distribution
variance grows with a power of time less than unity. The time
at which physical diffusion starts to be larger than numerical
diffusion was computed in different configurations and found
to decrease as the resolution increases (se&¥-iyloreover,

it was found to be further reduced in low wind conditions and
large Courant number.

Such findings point to the conclusion that for coarse res-
olution, there is no possibility of correctly describing diffu-
sive processes. The dominating numerical diffusion induced
by WAF is larger and displays a “wrong” (sub-diffusive) be-
haviour. Other schemes may have qualitatively different be-
haviour, constituting grounds for extending this kind of anal-

é(sis.

range in which the energy spectrum is not well represented

actually extends up to%x (Bryan et al, 2003. The energy
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However, increasing resolution in air quality models Hubbard, M. E. and Nikiforakis, N.: A Three-Dimensional, Adap-
makes the correct description of sub-grid processes impor- tive, Godunov-Type Model for Global Atmospheric Flows, Mon.
tant. Dynamical models of sub-grid turbulence, such as those Weather Rev., 131, 1848-1864, 2003.
used in Large Eddy Simulations (like the family that stems Huiinen, V., Eskes, H. J., Amstrup, B., Bergstrom, R., Boersma,

from the seminal work oSmagorinsky1963, should be in- K. F., Elbern, H., Flemming, J., Foret, G., Friese, E., Gross, A.,
vestigated and adopted. D’Isidoro, M., Kioutsioukis, I., Maurizi, A., Melas, D., Peuch,

The method presented in this study can be applied to dif- V:-H., Poupkou, A., Robertson, L., Sofiev, M., Stein, O., Strunk,

f ical ad - h . d hei A., Valdebenito, A., Zerefos, C., and Zyryanov, D.: Comparison
erent numerical advection schemes in order to compare their ¢ oy NO, tropospheric columns with an ensemble of global
performances.

and European regional air quality models, Atmos. Chem. Phys.

) ) Discuss., 9, 22271-22330, 2009,
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